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Exercise set 2

1 Assume that w is the weak derivative of y and use test functions supported on either
(−1, 0) or (0, 1) to show that w necessarily has to be equal to zero almost everywhere
outside of 0. Then use a general test function v supported on (−1, 1) to arrive at a
contradiction.

2 a) There are several (equivalent, but seemingly different) possibilities of translating
the first term into weak form. It is possible, but not necessary, to use the Gauß–
Green theorem.

b) We want to use the Lax–Milgram theorem, of course. Boundedness of the
bilinear form is pretty straight-forward. For the coercivity it first helps to note
that (product rule!) div(~bu) = div(~b)u+~b ·∇u = ~b ·∇u. Then the Gauß–Green
theorem ∫

Ω
div(~bu)u dx = −

∫
Ω
(~bu) · ∇u dx = −

∫
Ω
div(~bu)u dx.

c) Here one obtains with the same trick as in the previous part that∫
Ω
div(~bu)u dx =

1

2

∫
div bu2 dx.

From there it is almost trivial to find some conditions. However, by using the
Poincaré inequality, it is possible to relax these conditions a bit.

3 Finding the weak form of this PDE boils essentially down to inserting the definition
of the inner product on H1. For the strong form, one has to be somehow careful in
identifying the correct boundary conditions.

4 a) Use for instance the monotonicity and surjectivity of f .

b) The complement of C consists of countably many intervals where f is constant.

c) The basic idea is the same is in the first exercise on this sheet: Show that the
only candidate for the weak derivative is almost everywhere equal to zero, and
then try to find a contradiction.
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