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1 Let κ ∈ R be a real coefficient and let f ∈ L2(0, 1). Consider the Helmholtz equation

−y′′(x) + κy(x) = f(x), 0 < x < 1,

y(x) = 0, x ∈ {0, 1}.

a) Determine a weak formulation for this PDE.

b) Prove that the PDE admits a unique (weak) solution for κ ≥ 0.

c) Comment on the difficulty that arises for κ < 0.

d) Implement a numerical method for the solution of this equation. Discuss why
the numerical method might have issues for κ < 0.

e) Replace the boundary conditions by u(0) = 1 and u′(1) = 0, derive a weak
formulation, and discuss existence and uniqueness for this problem.

2 Consider the PDE
−∆y +∇y · b+ y = f in Ω,

y = 0 on Γ,

where b : Ω→ Rd is a bounded continuous function and f ∈ L2(Ω).

a) Determine the weak formulation for this PDE.

b) Find reasonable conditions for the function b that guarantee the existence of a
unique (weak) solution.

Hint: As in the lecture, you might want to use the formula div(yb) = ∇y · b +
y div b and integration by parts.

c) Show that this PDE is in general not an Euler–Lagrange equation for a varia-
tional problem.

Hint: Study the symmetry of the associated bilinear form.

3 Given a function f ∈ L2(Ω) and a parameter α > 0, we define the functional
J : H1(Ω)→ R,

J(y) =
1

2

∫
Ω

(y(x)− f(x))2 + α|∇y(x)|2 dx. (1)

a) Formulate the Euler–Lagrange equation for the functional J (both in weak and
strong form) and show that it admits a unique solution in H1(Ω).
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Exercise set 2

Assume specifically that Ω ⊂ R2 is some rectangular domain Ω = [0, a]× [0, b].

b) Implement a numerical solver for the Euler–Lagrange equation for the functional
J , and test it for different functions f and parameters α.

Remark: It could be a good idea to test your code first with f being the charac-
teristic function of a simple subset K of Ω. If you want more interesting results,
use grayscale images.

The approach for the numerical solution of variational problems, where one first
derives the Euler–Lagrange equation and then applies a numerical PDE solver, is
called “optimise, then discretise” approach.

The alternative to this appraoch is (obviously . . . ) “discretise, then optimise.” Here,
one starts by replacing the function y by some discretisation (either point evaluations
on a grid or some spline or possibly Fourier interpolation) and then approximates
the gradients and integrals in the definition of J using numerical differentiation and
integration techniques. Then one ends up with a finite dimensional optimisation
problem of the form

min
~y∈RN

JN (~y).

c) Formulate a discrete approximation of the optimisation problem (1) and imple-
ment a gradient descent method with backtracking Armijo line search for its
numerical solution.1 Test the method for the same functions f and parameters
α as in the previous task, and compare the solutions.

d) Discuss the advantages and disadvantages of the different approaches.

1Feel free to use more sophisticated numerical optimisation algorithms.
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