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Exercise set 1

1 In the following, we will assume that V is a (possibly infinite dimensional, real) vector
space.

Recall (?) that a subset U ⊂ V is called affine, if U is non-empty, and λy+(1−λ)z ∈
U whenever y, z ∈ U , and λ ∈ R.
We assume now that J : V → R is a functional, and we consider the optimisation
problem

min
y∈U

J(y). (P )

a) Assume that y∗ is a global solution of (P ). Show that

δ−J(y)(z) := lim inf
t→0+

1

t

(
J(y + tz)− J(y)

)
≥ 0

for every z ∈ (U − y∗).

b) Assume that J is convex. Show that the one-sided directional derivative

δJ(y)(z) := lim
t→0+

1

t

(
J(y + tz)− J(y)

)
exists and is finite for every y, z ∈ V .1

Hint: You can (and probably have to) use without proof2 that the (univariate!)
convex function t 7→ J(y+ tz) is, for fixed y and z, locally Lipschitz continuous.

c) Assume that J is convex and that y∗ ∈ V is such that δJ(y∗)(z) ≥ 0 for every
z ∈ (U − y∗). Show that y∗ solves (P ).

2 For the following functions, decide whether they are contained in H1 and compute
their weak derivatives if possible:

a) The function y : [0, 1]→ R, y(x) = x lnx.

b) The function y : [−1, 1]→ R, y(x) = sgn(x).

c) The function y : [0, 1]→ R, y(x) = sin(1/x).

1The result can be generalised to the case where J is allowed to take the value +∞, although the limit
need not be finite in this case. Values of −∞ are possible as well, but exceptionally boring.

2Feel free to prove this result, though!
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3 For which parameters γ > 0 (depending on the dimension d!) is the function y : B :=
B1(0) ⊂ Rd → R, y(x) = |x|−γ contained in H1(B)?

Hint: Denote by g(x) = ∇y(x) the classical gradient of y, which exists outside of
x = 0. The goal is to show that g is actually the weak gradient of y and that both y
and g are square integrable. Start with showing the latter, and find first conditions
on γ that guarantee this square integrability (spherical coordinates are your friend!).
Then take an arbitrary function z ∈ C∞0 (B;Rd) and consider the integrals

∫
B g · z dx

and −
∫
B y div z dx. In order to show that these integrals are equal, cut out a ball of

radius ε around 0, and consider the corresponding integrals over B \ εB. Show that
these integrals are almost equal (equal as ε→ 0), and that the error you make in the
original integrals by ignoring this ball εB tends to zero as ε→ 0.

4 The brachistochrone problem3 is one of the classical problems in the calculus of vari-
ations, and was posed (and solved) by Bernoulli in 1696. Given two points A and B,
it asks for the path from A to B along which an object would slide in the shortest
possible time, if it is originally at rest and is only accelerated by gravity (we disregard
friction).

We can assume without loss of generality that A = (0, 0). In order to simplify the
notation, we will assume moreover that the y-axis points downwards and that the
point B is situated at B = (a, b) with a > 0 and b > 0. We can then write the path
as the graph of a function y : [0, a]→ R with y(0) = 0 and y(a) = b.4

In the following, we will derive an explicit formula for the travel time along the path
y. To that end, we will denote by v the speed of the object.

a) Using the principle of conservation of energy, show that v and y satisfy the
relation

v(x) =
√

2gy(x),

where g is the gravitational acceleration at the earth’s surface. Show moreover
that y(x) ≥ 0 for all x.

b) The length of the path between 0 and x is given by s(x) =
∫ x
0

√
1 + y′(x̂)2 dx̂.

Use this and the formula for the speed in order to show that the travel time
along the path y is given by

T (y) =

∫ a

0

√
1 + y′(x)2√
2gy(x)

dx.

As a consequence, we have obtained a reformulation of the brachistochrone problem
as a typical variational problem of the form: “Minimise T (y) subject to the constraints
y(0) = 0 and y(a) = b.”

c) Formulate (and simplify) the Euler–Lagrange equation for the brachistochrone
problem and show that the solution satisfies

y + y(y′)2 = C

for some constant C > 0.
3The term is composed of the greek words brachistos meaning shortest and chronos meaning time.

Thus it literally translates to shortest time problem.
4Try to argue why this must be the case!
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d) Show that the solution can be parameterised as

t 7→
(
x(t)
y(t)

)
= C

(
t− 1

2 sin 2t
1
2 −

1
2 cos 2t

)
.

e) Sketch the solution without electronic tools!
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