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Please read sections 4.1-4.2 in [TY].

Let Assumptions 4.2 (i), (iii) and Assumptions 4.3 hold. Follow the ideas of Theo-
rem 4.4 to show the existence and uniqueness of the solution to the semi-linear BPV
for Laplace (or other uniformly elliptic operator as defined in (2.19)) operator with
Dirichlet boundary conditions:

Ay +d(z,y)=f, nQ
y =0, on I

Solution: The proof literally follows the steps of Thm. 4.4, with the exception that
in the present case the bilinear form a(y, v) = [, Vy(z)-Vu(z) dz on [Hg(€2)]? is used
to define a coercive and strongly monotone operator Ay : H}(Q) — [H(Q)]*. The
coercivity /strong monotonicity follows from the coercivity of a (see Section 2.3.1,
and in particular Friedrichs inequality).

In several places in Section 4.2, for example in the proof of Theorem 4.5 or 4.7, the
inequality
yllzoery < Iyl ¥y € H(Q) N L™(Q),

is used. Prove it! (this is Exercise 4.1 in [Tr|, see the hints there).
Additional hints:

a) Show that if |lyn — yllg1(q) — O then |y,| — [y|, weakly in HY(Q). (It is
sufficient to show that |y,| — |y|, weakly in L?(2) and D;|y,| — D;|y|, weakly
in L2(2).)

b) The previous point shows that if ||y, —yl| g1(q) — 0 then P_ g(yn) — P_c,q(v),
weakly in H!(Q).

c) The trace operator trace : H'(Q) — L?(I') is compact and therefore maps
weakly convergent sequences into strongly convergent ones. Use this informa-
tion to prove the final result. Recall that convergence in L? implies convergence
almost everyehere, up to a subsequence.

Solution:

(i): As suggested in the hint to the exercise let ¢ = ||y[|r~(q), and further let
yn € C(Q) N H'(Q) be such that |y, — yll 1) — 0. Let further g, = Pi_. g (yn).
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(ii): gn = max{—c, min{c,yn}} € C(Q) (vecall: max{y1,y2} = (Jy1—y2l+y1+72)/2)-
Thus |[trace(Fn) || ooy = [UnlrllLeery < ¢, since sup,cq [9n(7)| < ¢ by construction.
(iii): Now we would like to show that the map |-|: H'(Q2) — H'(Q) (see exercises
from the previous week) maps strongly convergent sequences into at least weakly
convergent ones. Thus we want to show: Yz € H'(Q):

(2 |ynl = (W) ) = (23 lynl = WD) r2(0) + > (Diz, Dilyn| — Dilyl)r2() — 0.

The first summand goes to zero because | |y,| — |y| | < |yn — y|. It remains to apply
C-S inequality and use the strong convergence of y, to y in H'(2) (hence also in
L2(Q)).

For the second term, we use the density of C§°(€2) in L?(2). Let C§°(2) 3 ¢y — Dz,
strongly in L?(Q2). Then

|(Diz, Dilyn| — Dily|) L2yl < (Diz — ¢, Dilyn| — Dilyl) L2yl + [(9k, Dilyn| — Dilyl) 20|
< ||Diz — ¢l L2 (o) Isign(yn) Diyn — sign(y) Di(y)| L2 () + | — (Did, [ynl — [¥]) £2(0)

< ||Diz — il L2 (o lIsign(yn) Diynl L2y + lIsign(y) Diyll 2 )] + [(Didk, [ynl — Y] L2
<||Diz = dkllp2@) | Divnll L2(0) + 1 Diyll 2] + 1Didkl L2y l1ynl — [yl L2()-

Since Dy, — Dy, strongly in L?(Q2), the term [ Diynllz2(0) + [DiyllL2 (o) in the
square brackets is bounded. Let us first select and fix k so large, that the term
|D;z — ¢kHL2§Q)[||DiynHL2(Q) + Dyl r2(o] is small for all n. Then, since |y,| — |yl,
strongly in L*(Q), it only remains to choose n so large that the last term is small.

(iv): We now use the fact that trace maps weakly convergent sequences in H!()

into strongly convergent sequences in L?(I"). Thus y, — ¥, strongly in H'(Q) =

P[—c,c] (yn) — P[—c,c] (y), weakly in H Q) = ||trace(P[_c7c] (yn))_trace(P[—c,c] W)l L2 ) =
[trace(gn) — trace(y)| z2ry — 0. Thus g, [r — trace(y) for some subsequence yy,,
almost everywhere on I', and therefore trace(y) < ¢, a.e. on I'.
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