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Reading material: Section 2.8-2.10 from [Troltsch].

Exercise 2.11 [Tv]:

Let real numbers ug, up, B, p and some A > 0 be given. Solve the quadratic opti-
mization problem in R,

A
min {pr + 02},

UE[UQ,’U,[,] 2

by deriving a projection formula of the type (2.58) on page 70.

Solution: Let f(v) = Bpv+ Av?/2. Since f is convex and differentiable, 4 € [ug, up)
is an optimal solution iff f'(@)(u — @) = [Bp + Au|(u — @) > 0, Yu € [ug, up).

If Bp+ A > 0 the variational inequality can only hold when u — a4 > 0 Vu € [uq, up),
that is, when @ = u,. In this case we have \u, = A\u > —fp or u, > —fBp/A. Thus
U = ug = max{ug, —Bp/A} = min{uy, max{ua, —=Bp/A}} = Py, u,)(—=Bp/A).
Similarly if Bp+ Au < 0 the variational inequality can only hold when @ = up. In this
case we have Auy = A\u < —fp or up < —Bp/A. Thus @ = up = min{uy, —Bp/A} =
min{up, max{ua, —Bp/A}} = Py, u,) (—B8p/N)-

Finally, if Bp + Au = 0 the variational inequality holds, but we have the restriction
that [ugq,up) > uw = —Bp/A. Thus v = —pp/A = min{up, max{u., —Fp/A}} =
P[ua,ub] (_617/)‘)

Exercise 2.19 [Tr]:
Apply the formal Lagrange method to the problem with boundary control of Dirichlet

type:
min/ ly — yo|? dz + /\/ lul?ds =: J(y,u),
Q r
subject to
_Ay = 07
y‘l“ =u,
-1 <u(z) <1.
Solution:
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We define the Lagrangian:
L(y,u,p1,p2) = Ty ) + /Q (Ay)pr dr /F (v — w)pa ds
= J(y,u) —/Vy'Vp1d:c+/pw-Vde—/(y—U)des
Q T N

:J(y,u)—l—/y~Ap1dx—/yu-Vplds—i-/plz/-Vyds—/(y—u)pzds
Q r r r

Then one proceeds in the same way as outlined in Section 2.10 of the book. By
taking the variation of L with respect to y in any direction h € C§°(Q2) we get

0:L;h:2/(y—yg)h—|—/Ap1h,
Q Q

and therefore —Ap; = 2(y — yq), in Q. Next one requires that hlp = 0 but v - Vh is
allowed to vary. This “picks up” the term

0= L;h = /plu-Vhds,
r

and therefore pi|r = 0. Finally, we take h € W12(Q) to be an arbitrary direction,
which then gives us

O:L;h:—/hy-Vplds—/hpgds,
r r

and therefore po = —v - Vp; on I'.

Finally, taking the variation w.r.t. to u, we get that at any optimal solution —1 <
% < 1 the following variational inequality must hold:

L;(u—u):/F(Z)\u-i-pQ)(U—u)2(), V—1<u(z)<l1.

Exercise 2.15 [Tt]:
Derive the necessary optimality conditions for the linear optimal control problem on
page 79:

min J(y,u,v) ::/

(aqy + Aqu) dz + /(ary + Aru)ds,
Q

r
subject to

—Ay = Bqu, in Q,
vy + ay = Bru, on I,
vo(z) < ov(x) <wvp(x), ae. in Q,

ug(z) <u(x) < wup(z), a.e.onl,

Solution:
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Let (,u,v) € HY(Q) x Uyg x Vaq be an optimal solution (state, distributed control,
boundary control). Then for all (y,u,v) € H' () x Uyq x V,q we necessarily have:

:/(ag(y—ﬂ)+>\Q(U—5))d$+/(ar(y—ﬂ)+)\F(U—ﬂ)),
Q I

—A(y —9) = Pa(v —10),
oy —9) +aly —y) = fr(u—1a),

Note that y — i € H*(Q) solves the variational problem
/V(y—y)-Vz—/8V(y—y)z:/ﬁg(v—v)z, Vz € H'Y(Q),or
Q r Q
/ Viy—19)-Vz+ / aly —g)z = / Ba(v—0)z + / Br(u—u)z Vz e HY(Q).
Q r Q T

If we now introduce the adjoint problem (see p. 80 - can be derived using the Formal
Lagrange Method):
—Ap = aq, in Q,

dyp + ap = ar, on I,

with the variational formulation

/Vp~Vq+/apq:/aQq+/arq VqEHl(Q).
Q r Q r

If we put z = p, ¢ = y — ¥ in the above then

/QaQ@ —p+ /me —g)= /Qﬂgw —o)p+ /F,mu —a)p.

Thus the variational inequality J(y — gy, u — @, v — v) > 0 becomes
/(/BQP + Ao)(v—10) + /(Brp +Ar)(u—u) >0, Y(v,u) € Vig X Uyg.
Q r

Note that the problem is convex and therefore these conditions are also sufficient.
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