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Solutions to exercise set 4

1 Implement both the gradient descent method and Newton’s method with a line search
satisfying the Wolfe conditions (you may want to use a bisection algorithm for the
implementation of these conditions)

Apply your method to the minimisation of the Rosenbrock function

f(x, y) := 100(y − x2)2 + (1− x)2.

The Newton direction is not necessarily a descent direction for this function, as f
is not convex, and thus it might be necessary to modify the search directions in the
Newton method. Do this by switching to the negative gradient direction, whenever
the inequality

−∇f(xk)T pNewton
k ≤ ε‖∇f(xk)‖‖pNewton

k ‖

holds (here, ε > 0 is some fixed, small parameter).

Solution: See attached notebook.

2 Let

A :=

 2 −1 −1
−1 3 −1
−1 −1 2

 and b :=

1
0
1

 .

Use the CG-method with initialisation x0 = 0 for solving the linear system Ax = b.

Solution: Applying Algorithm 5.2 in Nocedal & Wright, we find that

x0 = (0, 0, 0), r0 = (−1, 0,−1), p0 = (1, 0, 1), α0 = 1,

x1 = (1, 0, 1), r1 = (0, 2, 0), β1 = 2, p1 = (2, 2, 2), α1 = 1,

x2 = (3, 2, 3), r2 = (0, 0, 0).

Since r2 = 0 we stop and conclude that x = (3, 2, 3) solves the linear system. (Note
that convergence would have been guaranteed only in three steps, not in two. It is
because of the additional symmetry in the problem that the true result is reached
earlier than expected.)

3 Assume that A ∈ Rm×n is a matrix and that b ∈ Rm.
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a) Show that x∗ ∈ Rn solves the least squares problem

min
x∈Rn
‖Ax− b‖2, (1)

if and only if x∗ satisfies the normal equations

ATAx∗ = ATb.

Solution: The least squares problem is an unconstrained minimisation problem
for the function f(x) = ‖Ax− b‖2 on Rn. Observe that f is smooth, and that

∇f(x) = 2AT(Ax− b) and ∇2f(x) = 2ATA.

Calculation of ∇f follows either from the chain rule in the multivariable setting,
or by direct expansion

‖Ax− b‖2 = (Ax− b)T(Ax− b) = xTATAx− 2bTAx+ bTb.

The matrix ATA is symmetric, and also positive semi-definite, because

vTATAv = (Av)TAv = ‖Av‖2 ≥ 0 for all v ∈ Rn.

Hence, f is convex and we infer that every critical point is a global minimiser
(and conversely). As such, x∗ minimises f if and only if ∇f(x∗) = 0. In other
words,

ATAx∗ = ATb.

b) Show that the optimization problem (1) admits a solution x∗ ∈ Rn.

Solution: There are many ways to show this, but we shall use the previous
result. From linear algebra we have that the column space of ATA and AT

coincide,
colATA = colAT.

If the reader is not familiar with this result, the reader can prove this by first
showing that kerATA = kerA (note that Ax = 0 ⇔ 0 = ‖Ax‖2 = xTATAx)
and combine this with the matrix identity (kerX)⊥ = colXT. Using this result,
the trivial statement ATb ∈ colAT implies that ATb ∈ colATA, and so we
deduce the existence of x∗ ∈ Rn satisfying

ATAx∗ = ATb.

By the previous exercise, x∗ ∈ Rn is also a solution of (1).

c) Show that the solution x∗ of (1) is unique, if the rank of A equals n.

Solution: If rankA = n it means that the columns of A are linearly inde-
pendent, and therefore the homogeneous problem Av = 0 admits only a trivial
solution. As a result, the Hessian of our objective function is positive definite;
indeed

vT∇2f(x)v = vTATAv = ‖Av‖2 ≥ 0

with equality only when v = 0. Consequently the function is strictly convex,
and the global minimum is unique.
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d) Show that, regardless of the rank of A, the optimization problem

min
x∈Rn
‖x‖2 s.t. x solves (1) (2)

admits a unique solution x† ∈ Rn.

Solution: We have already shown that the function f is convex, and that its
set of global minimizers is non-empty regardless of A. Owing to the convexity
of f , its set of global minimizers is also a convex set; let us call it Ω — these are
precisely the points satisfying (1). Clearly Ω is closed (this is true for any l.s.c.
function f). Therefore, a continuous and coercive function g(x) = ‖x‖2 admits
at least one minimizer onΩ. Further, since g is strictly convex (∇2g = 2I), there
cannot be more than one minimizer in Ω (otherwise their convex combination
would be an even better solution in Ω).

4 Assume that A ∈ Rn×n is symmetric and positive semi-definite and b ∈ RangeA.
Show that (in exact arithmetics) the CG algorithm converges for every starting point
x0 ∈ Rn in at most m = dim(RangeA) iterations to a solution of Ax = b.

(This shows that at least theoretically the assumption of positive definiteness can be
slightly relaxed.)

Solution: The main difficulty is in showing that the algorithm does not break
down with divisions by zero when the steplength αk is computed, as there are could
be directions p 6= 0 such that pTAp = 0. For this to be the case, however, the
direction p needs to be in kerA: indeed, if we expand p =

∑
i civi in terms of

orthonormal eigenvectors vi of A, which correspond to eigenvalues λi ≥ 0, then
pTAp =

∑
i λic

2
i . For the latter sum to be zero p must be a linear combination of

eigenvectors, corresponding to the zero eigenvalue.

We will first show that throughout the usual CG algorithm we maintain pk ∈ RangeA
so that divisions by zero are avoided. We will then show the estimate on the number
of iterations.

At iteration 0 we have p0 = r0 = b − Ax0 ∈ Range(A) − Range(A) ∈ RangeA.
Assuming that pk ∈ Range(A), we compute pk+1 = rk+1 + βk+1pk ∈ Range(A) −
βk+1Range(A) ∈ Range(A), because rk+1 = b − Axk+1 ∈ Range(A) − Range(A) ∈
RangeA.

The usual inductive proof of convergence of CG implies that the algorithm constructs
orthogonal residuals {r0, r1, . . . } and conjugate directions {p0, p1, . . . }. Normally we
rely on the fact that the number of conjugate or orthogonal directions in the n-
dimensional space is n, therefore the algorithm must converge in at most n steps.
Hovever, all residuals are by construction in RangeA, which in the present case
has dimension m ≤ n. Thus the algorithm will generate a zero residual (in exact
arithmetics) after at most m steps.
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