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Exercise set 3

1 Consider the quadratic function

f(x) =
1

2
xTQx− bTx

with Q ∈ Rd×d symmetric and positive definite and b ∈ Rd.

a) Compute the gradient and the Hessian of the function f , verify that f is strictly
convex, and find the unique global minimum of f .

b) Let x ∈ Rd, and let p ∈ Rd be a direction satisfying the inequality ∇f(x)T p < 0.
Compute analytically the step length αx,p that solves the (exact) line search
problem minα>0 f(x+ αp).

c) Let x, p ∈ Rd, and αx,p be as in the previous question. Show that the step
length αx,p satisfies the strong Wolfe conditions if and only if c1 ≤ 1/2.

2 Assume that f : Rd → R is a strongly convex function (see Exercise set 2, problem 6).
We have seen (in said exercise) that the function f has a unique minimiser x∗ ∈ Rd
and that Newton’s method with backtracking Armijo line search converges to that
minimiser. In this exercise, we will show that this method is invariant under affine
transformations:

Assume that B ∈ Rd×d is a non-singular matrix (not necessarily orthogonal) and
that c ∈ Rd. Define the function

g(x) := f(Bx+ c).

a) Find expressions for ∇g(x) and ∇2g(x) in terms of f , B, and c.

b) Let x ∈ Rd and denote by x1 the result of one Newton step starting at x for
the minimisation of g with (Armijo) backtracking line search with parameters
0 < c1 < 1 and 0 < ρ < 1.
Moreover, let y = Bx+c and denote by y1 the result of one Newton step starting
at y for the minimisation of f with (Armijo) backtracking line search with the
same parameters 0 < c1 < 1 and 0 < ρ < 1.
Show that

y1 = Bx1 + c.
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3 Consider the function

f(x, y) = 2x2 + y2 − 2xy + 2x3 + x4.

a) Compute all stationary points of f and find all global or local minimisers of f .

b) Consider the gradient descent method with backtracking for the minimisation
of f . Use the parameters ρ = 1/2 and c1 = 1/4. Perform one step with starting
value (x0, y0) = (−1, 0). Does the method converge to a minimiser of f?

c) Consider Newton’s method with backtracking for the minimisation of f . Use
the parameters ρ = 1/2 and c1 = 1/4. Perform one step with starting value
(x0, y0) = (−1, 0). Does the method converge to a minimiser of f?

4 Implement both the gradient descent method and Newton’s method with a line search
satisfying the Wolfe conditions (you may want to use a bisection algorithm for the
implementation of these conditions)

Apply your method to the minimisation of the Rosenbrock function

f(x, y) := 100(y − x2)2 + (1− x)2.

The Newton direction is not necessarily a descent direction for this function, as f
is not convex, and thus it might be necessary to modify the search directions in the
Newton method. Do this by switching to the negative gradient direction, whenever
the inequality

−∇f(xk)T pNewton
k ≤ ε‖∇f(xk)‖‖pNewton

k ‖

holds (here, ε > 0 is some fixed, small parameter).

January 25, 2019 Page 2 of 2


