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Consider the function
flzyy,2) =222 4 ay + 1> +yz+ 22 — 62 — Ty — 82 + 9,

and the associated unconstrained minimization problem min, , . crs f(2,y, 2).

a) Find all points (z,y,z) € R? satisfying the first order necessary conditions for
this problem (critical points).

Solution: Vf(x,y,2) = (4o +y — 6,2 + 2y + z — 7,y + 2z — 8), so critial /stationary
point(s) of f, that is, points for which V f = 0, must satisfy the system

4 1 0| |z 6
1 2 1] |yl =17
01 2 |z 8

The unique solution is (z,y, z) = (6,6,17)/5.

b) Assess whether critical points satisfy second order necessary and/or sufficient
optimality conditions.

Solution: We evaluate the Hessian of

f:
4
Vif= |1
0

10
21
1 2

All three eigenvalues of V2 f are positive, and thus it is positive definite. There-
fore, both necessary and sufficient conditions for a local minimum are satisfied
at (z,y,2) = (6,6,17)/5.

Alternatively, one can look at the leading diagonal minors of V2f. Indeed

det(4) =4 > 0,
det[4 1}:4~2—1-1:7>0
1 2 ’
and finally
4 10
det [1 2 1| =10>0.
01 2

Since all leading minors are positive, the matrix is positive definite.
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c) Verify that the function f is convex. Conclude that all the critical points are
points of local minimum.

Solution: The function is twice differentiable with positife semi-definite Hes-
sian (in fact, positive definite). Therefore, it is convex (in fact, strictly and even
strongly convex) and all critical points (and owing to strict convexity there can
be at most one) are points of global minimum.

d) Let (#,9,2) = (0,0,0), and let (py,py,p.) = (1,2,0). Verify that this is a
descent direction for f at (z, 7, £). Find the range of steplengths « > 0 satisfying
the sufficient decrease condition for steps from (Z,9, 2) along (ps, py,p-) with
c1 =4/5.

Solution: p = (ps,py,p:) is a descent direction if f(z,y,2)T (ps, py,pz) < 0.
Substituting the numbers we get f(z,y, 2)* (py, Py, ps) = —6 —T7-2 = —20 < 0.
Let us define ¢(a) = f(z + apz,y + apy, 2 + ap,). In our case, ¢(a) = 2a2 +
202 +40? —6a—14a+9 = 8a? —20a+9. Similarly, consider £(a) = f(z,y, 2) +
c1aV f(z,y,2) Y (pz, py,p2) = 9+ 0.8a(—6 — 7-2) = 9 — 160

Finally, & > 0 satisfies the sufficient decrease condition if ¢(a) < ¢(«a), or
8a? — 20a + 9 + 16a — 9 = 4a(2a — 1) < 0. Thus a € (0,1/2] would be
acceptable.

e) In the assumptions/notation of d), determine the steplength satisfying the suffi-
cient decrease condition by utilizing the backtracking linesearch with the initial
steplength ap = 1.0 and the step reduction parameter p = 1/4.

Solution: We use the same notation as in the previous exercise.

We begin by setting a = 1.0. Since ¢(1.0) =8—-20+9 = —3 > ¢(1.0) =9—-16 =
—7, whis steplength is unacceptable and is therefore reduced to o := a-p = 1/4.
At this point ¢(0.25) = 8/16 —20/4+ 9 = 4.5 < £(0.25) = 9 — 16/4 = 5, the
step is accepted by the backtracking linesearch.

Show that the function f: R? — R,

f(z,y) =log(e” + ¢¥)

1S convex.

Solution: We utilise the fact that twice continuously differentiable functions are con-
vex if and only if their Hessian matrix is (symmetric) positive semi-definite. Routine
calculations yield that

ety 1 -1
R =

The exponential terms are positive, and the constant matrix has eigenvalues 0 and 2.
As such, V2 is positive semi-definite, and f is convex.

An alternative criterion for positive semi-definiteness of the matrix

ERN
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is that all diagonal (not only leading) minors are non-negative. Thus we can check
det1 >0, det1 > 0, and finally

1 -1

det [_1 1

}:020.

(See NEW, Exercise 2.8) Assume that f: R” — R is a convex function. Show that
the set of minimisers of f is convex (empty or non-empty).

Solution: Let C' C R™ be the set of minimisers of f, and let z,y € C and A € [0, 1]
be arbitrary. Then f(x) = min f = f(y) by definition of C'. Owing to the convexity
of f we have that

fAz + (1= A)y) < Af(z) + (1= A)f(y) = min f.

Hence, by definition of min f, we must have f(Ax + (1 — A)y) =min f. In other
words, Az + (1 — \)y € C, so C is convex.

Show that a strictly convex function f: R™ — R has at most one global minimiser.
In addition, construct a strictly convex function that has no global minimisers.

Solution: Suppose that f has two distinct global minimisers « and y. Let us take
a convex combination of z and y, namely, consider the point z = Az + (1 — \)y for
some A € (0,1). Owing to the strict convexity of f we have the strict inequality

F(2) < AMf(@) + (1= N f(y) = Amin f + (1 — A) min f = min f,
which contradicts the definition of min f. Therefore f has at most one global min-
imiser.

Every exponential map f: x — a® with @ > 0 and a # 1 is strictly convex, but admits
no local (and thus no global) minimiser on R. Indeed, since f'(x) = a” Ina, it follows
that f is strictly increasing for @ > 1 and strictly decreasing for 0 < a < 1. Moreover,
strict convexity is a consequence of the inequality f”(r) = a®(Ina)? > 0.

Assume that f is a continuously differentiable function satisfying

@
el oo ||z
Show that the equation
Vix)=u

has a solution for every u € R™.

Hint: Consider global minima of the function f,(z) := f(x) —u'z.

Solution: Let u € R™ be arbitrary. Using the hint, note first that critical points
of f,, are solutions to the equation V f(x) = u, because V f,(z) = Vf(z) —u. Thus
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it suffices to show that f,, has a critical point, and in particular, we look for a global
minimum, which is guaranteed to exist provided f, is coercive (it is continuously
differentiable and therefore lower semi-continuous). Now, f is certainly more than
coercive: it grows superlinearly—faster than a linear function in the sense of the
norm—to 400 as ||z|| — oco. (Indeed,

f(x)

f(z) = W x| = +oo - (+00) = 40 as ||| — oo.)

Moreover, owing to Cauchy-Schwarz’ inequality u'xz < ||lul|||x|| we can derive the
estimate Fo) Fo)
x x
fule) = 181l =T > (T =l ) .
b ] ]

Since f(x)/|x|| — 400 as ||z]| — oo, the first part in the parenthesis will eventu-
ally be larger than ||u||, no matter which u we consider. Therefore f,(z) — 400
as ||z|| — oo, and f, is coercive.

@ A function f: R? — R is called strongly convez, if there exists ¢ > 0 such that the
function z — f(z) — §||z||* is convex.

a) Show that a twice differentiable function f: RY — R is strongly convex, if and
only if there exists ¢ > 0 such that

p" V2 f(z)p > c|lp|?

for every p € R? and z € R

Solution: A twice differentiable function ¢ is convex, if and only if VZg(x) is
positive semi-definite for all =, which is equivalent to p” V2g(z)p > 0 for all =
and p. Applying this characterization to the function g(z) = f(z) — §||z||* with
Hessian V2g(z) = V2f(x) — ¢l with I € R™ " being the identity matrix, we
obtain that f is strongly convex, if and only if V2f(x) — cI is positive semi-
definite for some ¢ > 0 and all € RY, which in turn is equivalent to the
condition that
P! (V2 f(x) —el)p>0

for all z € R? and p € R?, or, equivalently,
p" V2 f(z)p > ¢llp||?
for all z € R? and p € R%.

b) Assume that the function f: R? — R is twice continuously differentiable and
strongly convex and assume that z* is a minimizer of f. Show that there exists
¢ > 0 such that

F@) = fa) + 5l — |

for every x € R
Solution: An application of Taylor’s theorem yields

fl@) = f(=") + V) (@ —2*) + %(fﬂ — 2"V f(z +t(z - 2))(z — 2"
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d)

for some 0 <t < 1. Since z* minimizes f, we have V f(2*) = 0. Moreover, the
application of part a) of this problem allows us to estimate

(x — 2" )V f(z + t(a — ")) (@ — 2%) > c|z — 2"

Therefore ‘
f@) = f@) + 5l = a7

Show that every strongly convex and differentiable function f: R? — R has a
unique minimizer z* € RY.

Solution: Let ¢ > 0 be such that g(z) := f(z) — §||z||* is convex. Then the
differential characterization of convexity implies that

f@) = 5 llel* = g(a) 2 9(0) + Vg(0)" = J(0) + VF(0) "
and therefore
f(@) = £(0) + VO 2+ S[l2l? = £(0) = [VFO) 2] + 52>

In particular, if ||z|| — oo, then also f(x) — oo; that is, the function f is
coercive. Since f by assumption is differentiable and therefore continuous, it
follows that f attains its minimum.
Next assume that x and y are minimizers of f. From b) of this problem we
obtain that c

F@) = fy) + lle =yl

However, f(z) = f(y) because by assumption both = and y are minimizers of
f. Thus
lz = ylI* <0,

which is only possible if x = y. This shows that the minimizer is unique.

Consider the damped Newton method
Tyl = Tk + QgPk with pe ==V f(2r) 'V f(ap),

where the step length parameter oy is chosen according to backtracking Armijo
line search with parameters @ > 0,0 <c; < 1,and 0 < p < 1.

Show that pj is a descent direction in each step, and that the sequence xy
converges to the unique minimizer x* of f.

Hint: Use Theorem 1 in the note “Convergence of descent methods with back-
tracking (Armijo) linesearch...” by Anton Evgrafouv.

Solution: We assume f to be a twice differentiable function. We start by
showing that pj is well defined, or more precisely, that V2f is an invertible
matrix in all of R?. Consider z € R? fixed, and let Apm;n denote the smallest
eigenvalue of V2f(z). Using the constant ¢ > 0 from a), we obtain
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and so V2f(z) is positive definite and thus invertible. That py is a descent
direction also follows from the result in a),

V(@) pe = =V f (@) V2 f(ar) TV f(zp) < =V f (),

implying V f(z3)"pr < 0 (unless of course V f(x3) = 0, in which case we have
found the unique minimizer z* = xy,).

For the second part, we define the set S = {z € R?|f(x) < f(z0)}, where xg
is the first point of our iteration. Note that, by the sufficient decay (Armijo)
condition, our iteration will never leave S, that is, z € S for all £k = 0,1,2...
As f is continuous, S is closed. Moreover, combining the result of b) and c),
we know that there exist a minimizer z* € R% and a constant ¢ > 0 so that
f(z) > f(z*) + §[|z — 2*||%. Thus f is coercive and our set S must be bounded.
Finally, we introduce the two constants

m = inf inf p?VZf(z)p,

z€S lpl=1
M = sup sup p! V2f(x)p.
zeS ||pll=1

As pTV2f(z)p is continuous with respect to (z,p) and S x {p € RY|||p| =
1} is compact, we get (by Weierstrass) —oo < m,M < oo, and as argued
earlier in this exercise, we also have m > ¢ for some ¢ > 0. The eigenvalues of
V2 f(x) must lie in the intervall [m, M] whenever z € S; Theorem 1 in the note
“Convergence of descent methods with backtracking (Armijo) linesearch...” by
Anton Evgrafov, is then directly applicable. There are now two approaches
from here. In the proof of said theorem, we see that ||V f(zx)|| — 0. A quick
calculation using ¢ > 0 from a) gives

lz, = 2 IV f (i)l = (2 — )TV f ()
= (zx — ") (Vf(ar) - Vf(2"))

1
= (2} — :c*)T/ V2 f(ta, + (1 — )z (x) — 2*)dt
0
1
= /0 (x) — )TV f(tay + (1 — t)a")T (g, — 2*)dt

1
2/ cllzy — z*|*dt
0
= cllax — 2*|%,

which combined with |V f(zx)| — 0 implies ||z — z*|| — 0.

Alternatively, Theorem 1 in the notes guarantees that every accumulation point
is a stationary point, and as f is convex, the only stationary point is the unique
minimizer z*. Thus (zj) has only one accumulation point, namely z*. As (z)
lives in the compact set S, we can conclude that x; — x*. Note that, if this was
not the case, then there would be a subsequence (z;) C (x)) and some € > 0
so that (z;) C S == S\ {z € S||lz —2*|] < ¢}, but S’ is also compact, and
so (xj) would have an accumulation point in S’ C S different from z*. This
would also be an accumulation point of (xj), contradicting what has already
been established.
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