
Norwegian University of Science
and Technology
Department of Mathematical
Sciences

TMA4180
Optimisation I

Spring 2019

Exercise set 2

1 Consider the function

f(x, y, z) = 2x2 + xy + y2 + yz + z2 − 6x− 7y − 8z + 9.

a) Find all points (x, y, z) ∈ R3 satisfying the first order necessary conditions for
this problem (critical points).

b) Assess whether the critical points satisfy the second order necessary/sufficient
optimality conditions.

c) Verify that the function f is convex, and conclude that all critical points of f
are global minima.

d) Let now (x̂, ŷ, ẑ) = (0, 0, 0) and let p = (1, 2, 0). Verify that p is a descent
direction for f at (0, 0, 0). Find the range of step lengths α > 0 that satisfy the
Armijo condition for steps from (0, 0, 0) in direction p with c1 = 4/5.

e) With the notation/assumptions of d), determine the step length you would
obtain by using a backtracking line search with the Armijo condition (with
parameter c1 = 4/5) with an initial step length α̂ = 1, and a step length
reduction parameter of ρ = 1/4.

2 Show that the function f : R2 → R,

f(x, y) = log(ex + ey)

is convex.

3 (See N&W, Exercise 2.8) Assume that f : Rn → R is a convex function. Show that
the set of minimisers of f is convex (possibly empty, though).

4 Show that a strictly convex function f : Rn → R has at most one global minimiser.
In addition, find a strictly convex function that has no global minimiser at all.
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5 Assume that f is a continuously differentiable function satisfying

lim
‖x‖→∞

f(x)

‖x‖
= +∞.

Show that the equation
∇f(x) = u

has a solution for every u ∈ Rn.

Hint: Consider global minima of the function fu(x) := f(x)− uTx.

6 Cf. the exam 2016.

A function f : Rd → R is called strongly convex,1 if there exists c > 0 such that the
function x 7→ f(x)− c

2‖x‖
2 is convex.

a) Show that a twice differentiable function f : Rd → R is strongly convex, if and
only if there exists c > 0 such that

pT∇2f(x)p ≥ c‖p‖2

for all p ∈ Rd and x ∈ Rd.
Verify that this is equivalent to the condition that all the eigenvalues of all the
matrices ∇2f(x), x ∈ Rd, are larger or equal to c.

b) Assume that f : Rd → R is twice continuously differentiable and strongly convex,
and assume that x∗ is a minimiser of f . Show that there exists c > 0 such that

f(x) ≥ f(x∗) + c

2
‖x− x∗‖2

for every x ∈ Rd.

c) Show that every strongly convex and continuously differentiable function f : Rd →
R has a minimizer x∗ ∈ Rd and that that minimizer is unique.

d) Consider the damped Newton method

xk+1 = xk + αkpk with pk = −∇2f(xk)
−1∇f(xk),

where the step length parameter αk is chosen according to backtracking Armijo
line search with parameters α̂ > 0, 0 < c1 < 1, and 0 < ρ < 1.
Show that pk is a descent direction in each step, and that the sequence xk
converges to the unique minimizer x∗ of f .
Hint: Use Theorem 1 in the note “Convergence of descent methods with back-
tracking (Armijo) linesearch. . . ” by Anton Evgrafov.

1Not to be confused with strictly convex, which is a weaker notion!
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