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This exercise illustrates numerically the relationship between BFGS and CG with
exact linesearch applied to convex quadratic problems. As in Exercise 1 from the
previous week, let

2 -1 -1 1
A= |-1 3 -1 and b= 10
-1 -1 2 1

Use BFGS method with g = 0 and Hy = I for solving minimizing the function
f(x) = 0527 Az — b"z. Compare the results with those produced by CG (see
Theorem 6.4 in N&W).

Solution: We perform the computation:

o = (07070)7
goTpo
go = Vf($0) = (_1707 _1)7 Po = —HOQO = (1707 1)7 Qo = — T = 11
V20! Apo
r1 = w9 + aopo = (1,0, 1), g1 =V f(x1) =(0,-2,0),
so =z1— 20 = (1,0,1), Yo=91—go=(1,-2,1),  po=1/(y] s0) = 0.5,
2 1 1
H, = (I T T T _
1= = posoyy ) Ho(I — poyosgy ) + pososy =1 11
1 1 2
T
91 P
b1 = _ngl = (27272)7 ap = — = la
pi Ap1
To =21+ a1p1 = (37273)a g2 = Vf(:EQ) = (070> O)

Note that the method has converged at this point — and performed exactly the
same iterations as CG applied to this problem. Since we did not have to perform 3
iterations for this 3-dimensional problem, the matrix H at the last iteration does not
equal to

NEERE
A*1:§333
4 3 5

We consider limited memory BFGS (L-BFGS) method, where we store only one pair
of vectors sg,yr at each iteration, and simply set the initial approximation for the
inverse Hessian to be H,g =1
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Show that this method with exact linesearch is equivalent with Hestenes—Stiefel non-
linear CG method (cf. N&W, p. 123) with exact linesearch.

Solution: The two linesearch methods in question (with the same/exact linesearch)
will be equivalent if we can show that the search directions at each iteration are
equivalent.

Since we use exact linesearch we have the relation

d
Gesrpk = Vf(xr1) ' pr = VI(og +arpr) ok = %f(l’k + app)|a=a, =0,

owing to the first-order necessary optimality conditions. As a consequence, at each it-
eration we have the equality S;—gk_i_l = (Tpp1— k) Gry1 = ozkp;—gkﬂ = 0. Therefore
we can write

Pri1 = —Her19k1 = — (1 — prswyd YHO(I — pryrsi) + pesesy |gk1
(9k+1 - gk)Tng
(gk+1 — k) " oD

= —(I — pkSkYy )Gkt = —Grk+1 + PE = —Gkt1 + Bes1Pks

exactly as claimed.

Some analysis of Nedler-Mead method is deferred to the exercises in Nocedal &
Wright.

a) Exercise 9.11: show that the average function value at the Nedler-Mead simplex
points will decrease over one step if any of the points Z(—1), Z(—2), #(—1/2),
Z(1/2) are adopted as a replacement for x,,1.

Solution: Note that #(—1) is accepted when either f_1 < f(x,) < f(zp41) Or
fo1 < fz1) < f(@ns).

Z(—2) is accepted when f_o < f_1 < f(z1) < f(zn41).

7(—1/2) is accepted when f_;/5 < f1 < f(znt1).

Finally, #(1/2) is accepted when f) /5 < f(zn11).

Therefore, in all cases the function value at the new point is strictly smaller
than f(x,41), and the average value over the simplex vertices (all other points
being the same) will improve.

b) Exercise 9.12: show that if f is a convex function, the shrinkage step in the
Nedler-Mead simplex method will not increase the average function value over
the simplex. Show that unless f(z1) = f(z2) = --- = f(2n+1), the average
value will in fact decrease.

Solution: Note that in the shrinkage step we replace x; with Z; = (x1 + x;)/2,
i=2,...,n+ 1. As a result of convexity, f(z;) < [f(z1) + f(zi)]/2 < f(=:),

i =2,...,n+ 1, where the latter inequality is owing to the fact that f(z;) is
the smallest function value over the simplex vertices.

Therefore the average over the simplex vertices cannot increase. Furthermore,
unless all function values over the simplex points are the same, at least one of
these inequalities is going to be strict.
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Note that since there is no “sufficient decrease” guarantee in these exercises, the
method may stagnate! Indeed, the following example is due to McKinnon (https:
//doi.org/10.1137/S1052623496303482):

c) Consider
09|z|” +y + v2, if x <0,
027 +y + 32, ifx >0,

f(z,y) :{

where 6, ¢, T are positive constants. For 7 > 2 the function f is twice con-
tinuously differentiable, strictly convex, and the point 0,0 is not a point of its
minimum (e.g., the direction (0,—1) is a descent direction at this point). In
fact, the minimum of this separable function is atained at (0, —1/2).

Let Ay = (14++/33)/8, A2 = (1 —+/33)/8, and consider the simplex with vertices
(0,0), (A7, M%), and (NPT ADHD) for some integer n > 0. Tt turns out that for
carefully select parameters 6, ¢ and 7, Nedler—-Mead algorithm for this function
performs the “inside contraction” step, resulting in a sequence of simplices with
the same structure as the starting simplex, n — oo. The resulting sequence
of simplices “converges” to the non-stationary point (0,0). Therefore, even for
strictly convex functions in 2D the method may fail.

Implement Nedler—-Mead algorithm, test it on this function to confirm the de-
scribed behaviour. You can for example use 7 = 3, 6 = 6, and ¢ = 400.

Solution: See a possible implementation on the wiki.

Implement the linesearch Newton-CG algorithm (algorithm 7.1 in the book) and test
it on the Rosenbrock function for larger values of n:

n—1

fla) = la(wip —af)® + (1 - )7,

=1

where a > 0 is a parameter, e.g. o« = 100.0. The global minimum is attained at
¥ =(1,1,...,1).
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