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Consider the function
flzyy,2) =222 4 ay + 1> +yz+ 22 — 62 — Ty — 82 + 9,

and the associated unconstrained minimization problem min, , . crs f(2,y, 2).

a) Find all points (z,y,z) € R? satisfying the first order necessary conditions for
this problem (critical points).

Solution: Vf(x,y,2) = (4o +y — 6,2 + 2y + z — 7,y + 2z — 8), so critial /stationary
point(s) of f, that is, points for which V f = 0, must satisfy the system

4 1 0| |z 6
1 2 1] |yl =17
01 2 |z 8

The unique solution is (z,y, z) = (6,6,17)/5.

b) Assess whether critical points satisfy second order necessary and/or sufficient
optimality conditions.

Solution: We evaluate the Hessian of

f:
4
Vif= |1
0

10
21
1 2

All three eigenvalues of V2 f are positive, and thus it is positive definite. There-
fore, both necessary and sufficient conditions for a local minimum are satisfied
at (x,y,z) = (6,6,17)/5.

Alternatively, one can look at the leading diagonal minors of V2f. Indeed

det(4) =4 > 0,
det[4 1}:4~2—1-1:7>0
1 2 ’
and finally
4 10
det [1 2 1| =10>0.
01 2

Since all leading minors are positive, the matrix is positive definite.
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c)

d)

f)

g)

Verify that the function f is convex. Conclude that all the critical points are
points of local minimum.

Solution: The function is twice differentiable with positife semi-definite Hes-
sian (in fact, positive definite). Therefore, it is convex (in fact, strictly and even
strongly convex) and all critical points (and owing to strict convexity there can
be at most one) are points of global minimum.

Let (Z,9,2) = (0,0,0), and let (ps,py,p.) = (1,2,0). Verify that this is a
descent direction for f at (&, 7, 2). Find the range of steplengths a > 0 satisfying
the sufficient decrease condition for steps from (Z,7, 2) along (ps, py,p-) with
C1 = 4/5

Solution: p = (ps,py,p.) is a descent direction if f(z,vy,2)T (ps,py,p.) < 0.
Substituting the numbers we get f(z,y,2)T (pz, Dy, pz) = —6—7-2=—20 < 0.
Let us define ¢(a) = f(z + apz, y + apy, 2 + ap,). In our case, ¢(a) = 2a2 +
202 + 402 —6a —14a+9 = 8a® —20a+9. Similarly, consider (o) = f(z,y, z) +
c1aV f(2,y, 2)Y Dz, Py p2) = 9+ 0.8a(=6 — 7-2) =9 — 16a.

Finally, & > 0 satisfies the sufficient decrease condition if ¢(a) < ¢(«), or
8a? — 20a + 9 + 16a — 9 = 4a(2a — 1) < 0. Thus o € (0,1/2] would be
acceptable.

In the assumptions/notation of d), determine the steplength satisfying the suffi-
cient decrease condition by utilizing the backtracking linesearch with the initial
steplength ap = 1.0 and the step reduction parameter p = 1/4.

Solution: We use the same notation as in the previous exercise.

We begin by setting o = 1.0. Since ¢(1.0) =8—-20+9 = -3 > ¢(1.0) =9—-16 =
—7, whis steplength is unacceptable and is therefore reduced to o := a-p = 1/4.
At this point ¢(0.25) = 8/16 —20/4 + 9 = 4.5 < £(0.25) = 9 — 16/4 = 5, the
step is accepted by the backtracking linesearch.

In the assumptions/notation of d), find the range of steplengths o > 0 satisfying
the (weak) curvature condition with ¢z = 0.9.

Solution: We need to solve the inequality ¢'(a) > c2¢/(0), or 16ac — 20 >
0.9(16 - 0 — 20) = —18. Thus 16a > 2 or a > 1/8.

As in the previous case, use the bisection linesearch algorithm to find a steplength
satisfying the weak Wolfe conditions.

Solution: We simply follow the bisection algorithm.

Initialization: o =1, apin = 0, amax = +00.

Sufficient decrease condition is not satisfied at a = 1, therefore we put apax = 1,
a=0.5.

Sufficient decrease condition is satisfied at &« = 0.5. We now check the curvature
condition: ¢/(0.5) = 16-0.5 —20 = —12 ¢'(0) = 16 - 0 — 20 = —20. Since
—12 £ 0.9 - (—20) we stop and return o = 0.5.
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(See NEW, Ezercise 2.8) Assume that f: R” — R is a convex function. Show that

the set of minimisers of f is convex (empty or non-empty).

Solution: Let C' C R" be the set of minimisers of f, and let z,y € C' and X € [0, 1]
be arbitrary. Then f(z) = min f = f(y) by definition of C'. Owing to the convexity
of f we have that

fz+ (1 =Ny) <Af(x)+ (1= A)f(y) = min f.

Hence, by definition of min f, we must have f(Ax + (1 — A)y) =min f. In other
words, Az + (1 — ANy € C, so C' is convex.

Show that a strictly convex function f: R™ — R has at most one global minimiser.
In addition, construct a strictly convex function that has no global minimisers.

Solution: Suppose that f has two distinct global minimisers x and y. Let us take
a convex combination of x and y, namely, consider the point z = Az + (1 — A)y for
some A € (0,1). Owing to the strict convexity of f we have the strict inequality

F(2) < Af(@) + (1= A)f(y) = Amin f + (1 — A) min f = min f,
which contradicts the definition of min f. Therefore f has at most one global min-
imiser.

Every exponential map f: x — a” with @ > 0 and a # 1 is strictly convex, but admits
no local (and thus no global) minimiser on R. Indeed, since f'(z) = a” Ina, it follows

that f is strictly increasing for ¢ > 1 and strictly decreasing for 0 < a < 1. Moreover,
strict convexity is a consequence of the inequality f”(z) = a®(Ina)? > 0.

Show that the function f: R? — R,
[z, y) =log(e” +¢¥)

is convex.

Solution: We utilise the fact that twice continuously differentiable functions are con-
vex if and only if their Hessian matrix is (symmetric) positive semi-definite. Routine
calculations yield that

+y
9 et 1 -1
Ve y) = (e +ev)? [—1 i
The exponential terms are positive, and the constant matrix has eigenvalues 0 and 2.
As such, V2 is positive semi-definite, and f is convex.

An alternative criterion for positive semi-definiteness of the matrix

-

is that all diagonal (not only leading) minors are non-negative. Thus we can check
det1 >0, det1 > 0, and finally

1 -1

det [1 1

}:020.
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Assume that f is a continuously differentiable function satisfying

flz) _

im =
Jeli—oo ||z
Show that the equation
Vi) =u
has a solution for every u € R".

Hint: Consider global minima of the function f,(z) := f(x) —u’z.

Solution: Let u € R™ be arbitrary. Using the hint, note first that critical points
of f,, are solutions to the equation V f(x) = u, because V f,(x) = Vf(z) — u. Thus
it suffices to show that f, has a critical point, and in particular, we look for a global
minimum, which is guaranteed to exist provided f, is coercive (it is continuously
differentiable and therefore lower semi-continuous). Now, f is certainly more than
coercive: it grows superlinearly—faster than a linear function in the sense of the
norm—to 400 as ||z|| — oco. (Indeed,

f(x)

f(z) = w z]] = 400 - (+00) = +o0 as ||| = oo.)

Moreover, owing to Cauchy-Schwarz’ inequality u'z < |lul|||z| we can derive the
estimate fa) )
T T T
fule) = 181l = o = (T =l ) .
b [l edl

Since f(x)/|x|| — +oo as ||z|| = oo, the first part in the parenthesis will eventu-
ally be larger than ||u||, no matter which u we consider. Therefore f,(z) — 400
as ||z|| — oo, and f, is coercive.

@ Consider a twice differentiable function f : R — R. Suppose that inf,egrn f(z) =
f* > —oo. Assume further that the gradient of f is a Lipschitz continuous on R"
with constant L > 0, that is

IVf(z) =Vl <Llz-yl, Vz,yeR™

a) Show that Vp,z € R" : pTV2f(z)p < L||p||*.

Solution: Per definition of (directional) derivatives, we have

[Vf(x+dp) = VI@)]"p
5 :

p'V?f(z)p = lim

6—0

It remains to use the Lipschitz continuity of Vf(-) and Cauchy-Schwarz in-
equality on the right hand side of this inequality.

b) Consider a steepest descent step xx41 = Tk + agpg, where pp = —V f(x). Use
a) and a 2nd order Taylor series expansion of f to show that

flarar) < fla) — (1= Lag/2)a||V f ().
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Note: this inequality implies that steepest descent method with any 0 < ai <
2/L is a descent method, i.e. f(xp1) < f(xg) if Vf(xg) # 0.

Solution: The desired inequality follows immediately from Taylor expansion:

1

flangr) = flan) + Vf(ar) T (@re — zx) + §(fb‘k+1 — a) TV f(zh, + Eoupr) (Ths1 — 1)

2
(6%
= f(xr) + eV f(z) o + %pEVQf(xk + Eaupr )P

27,
< flak) = apllV () ? + O%va(xk)\l%

for some ¢ € [0, 1].

c) Let us consider a steepest descent method with fized steplength aj, = o €
(0,2/L). Use b) to conclude that for steepest descent method with such a
choice of steplength we have limg_,o ||V f(zx)|| = 0.

Solution: From b) it follows that the sequence of function values f(x41) must
be monotonically non-increasing. If limy_,o ||V f(2g)|| # 0 then this sequence
is strictly decreasing and unbounded from below. (Indeed, this would mean
that 3¢ > 0: VNIN(e) > N : |[Vf(zn())l| > €). However, we also know that
f(zry1) > f*, and therefore limg_, ||V f(zk)|| must be zero.

Note: c¢) implies that any limit point of the sequence (), if exists, must be a critical
point.

The problem with algorithm above is that we may not have any information about
the Lipschitz constant L, which is necessary for step size selection. One possible
workaround could be to use the following algorithm. (An even better idea is to use
a linesearch procedure.)

d) Consider now a steepest descent method with wvariable (positive) steplengths,
which satisfy two conditions: limy_, oy = 0 while >~ j ap = +00. Show that
under these conditions we have liminfy_,o ||V f(zk)|| = 0.

Hint: algorithm becomes a descent method from some k € N. Try to sum up
the terms f(xxy1) — f(zk) for such large k in order to arrive at the desired
conclusion.

Solution: Since o — 0 from some k; € N we have that oy € (0,2/L), k > ky,
and as a result the method becomes a descent method. In fact, from some ko € N
we have that oy € (0,1/L], k > ko, which means that —(1 — Lay/2) < —1/2
and as a result

flargr) < flan) —an/2|VF(@n)l?, k> ke

Therefore, as in ¢), we conclude that the sequence of function values f; will be
non-increasing starting from k£ = k1, and since it is bounded from below it must
also converge to some limit f > f*.
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Let us sum up the terms f(xp41) — f(zx) starting from some k = m > ko up to

k=n>m:
F@ng1) = F@m) = > [F@rg) = flan)] < =Y on/2/V f ()]
k=m k=m
<30t Vi@l > o

If we take a limit on both sides of the inequality above with respect to n — oo
while recalling that f,11 — f > —o0 and limy, 00 Y p_,,, U = +00, We can see
that it can only hold if inf,,< ||V f(2x)||? = limy,—e0 inf <<y |[Vf(z5)[> = 0,
for every m > k/2. Therefore, per definition lim inf,, o ||V f(zm)||* = 0.

Note, that d) implies that, for some subsequence &/, we have that limg o ||V f(2p)|| =
0. Therefore, any limit point of this subsequence, if exists, must be stationary, simi-
larly to c).
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