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1 We will consider sets Ω1 = {x ∈ Rn | |xi| ≤ 1 } = {x ∈ Rn | ‖x‖∞ ≤ 1 }, Ω2 = {x ∈
Rn | ‖x‖2 ≤ 1 }, and Ω3 = {x ∈ Rn | ‖x‖2 = 1 }.

a) Show that the sets Ω1 and Ω2 are non-empty, convex and closed.

b) In 2D, determine the normal cones NΩi(x) and radial cones (cones of feasible
directions) RΩi(x) at x1 = (0, 1) for i = 1, 2 In case of Ω2 do the same at
x2 = (1, 1).
It may be easier to start with a sketch.

c) Show that the radial cone RΩ3(x) = {0} for all x ∈ Ω3. Owing to the symmetry
it is sufficient to analyse only one such point.

d) Consider the projection problem

πΩi(z) = argminy∈Ωi
f(y) :=

1

2
‖y − z‖22.

Use the necessary and sufficient optimality conditions∇f(πΩi(z))
>(x−πΩi(z)) ≥

0, ∀x ∈ Ω, to verify the projection formulae πΩ1(z) = min{1,max{−1, z}},
where min and max is applied component-wise to the vector, and πΩ2(z) =
z/max{1, ‖z‖2}.

e) Consider a two-dimensional situation, and put f(x) = x21 + (x2 + 2)2. Let
x(0) = (1,−1). Find the point of global minimum for this function over Ω1.
(you can do this graphically). Compute one step of the projected gradient
method x(1) = πΩ1 [x

(0) − α∇f(x(0))] using steplength α = 1.

2 Consider a convex set Ω ⊂ Rn and a point x ∈ Rn. Show that the radial cone (cone
of feasible directions) RΩ(x) is convex.

3 a) Consider a set Ω described using linear equality constraints, Ω = { z ∈ Rn |
a>i z = bi }, i = 1, . . . ,m. Express the radial cone RΩ(x) and the normal cone
NΩ(x) using the vectors ai ∈ Rn, i = 1, . . . ,m for x ∈ Ω.

b) Consider a set Ω described using linear inequality constraints, Ω = { z ∈ Rn |
a>i z ≤ bi }, i = 1, . . . ,m. Given x ∈ Ω let A(x) ⊂ {1, . . . ,m} be the set of
active, or binding constraints: a>i x = bi, i ∈ A(x), a>i x < bi, i 6∈ A(x). Express
the radial cone RΩ(x) using the vectors ai ∈ Rn, i = 1, . . . ,m, and A(x). Show
that NΩ(x) ⊇ {

∑
i∈A λiai | λi ≥ 0 }. (In fact the last inclusion is equality, but

it is a bit more difficult to prove.)
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