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Exercise set 1 solution

1 a) By definition,

lim inf
k→∞

yk + lim inf
k→∞

zk = lim
k→∞

inf
n≥k

yn + lim
k→∞

inf
m≥k

zm = lim
k→∞

( inf
n≥k

yn + inf
m≥k

zm).

Note that the two infima on the right hand side are taken over separate indices,
so we can use the fact that

inf
n≥k

yn + inf
m≥k

zm ≤ inf
l≥k

(yl + xl),

such that

lim
k→∞

( inf
n≥k

yn + inf
m≥k

zm) ≤ lim
k→∞

inf
l≥k

(yl + xl) = lim inf
k→∞

(yk + zk).

In total, we thus have

lim inf
k→∞

yk + lim inf
k→∞

zk ≤ lim inf
k→∞

(yk + zk).

As an example of where the inequality is strict, consider the sequences (yk)k∈N
and (zk)k∈N, with yk = (−1)k and zk = (−1)k+1. Clearly,

lim inf
k→∞

yk = lim inf
k→∞

zk = −1.

However, we see that yk + zk = 0 for all k, such that

lim inf
k→∞

(yk + zk) = 0.

So,

−2 = lim inf
k→∞

yk + lim inf
k→∞

zk ≤ lim inf
k→∞

(yk + zk) = 0.

b) First off, we know that (by definition of the supremum), for any k ∈ N and any
i ∈ I:

yik ≤ sup
i∈I

yik.

Consequently, we can state that for all i,

lim inf
k→∞

yik ≤ lim inf
k→∞

sup
i∈I

yik.

Since this holds for all i ∈ I, we know that the sequence (lim inf
k→∞

yik)i∈I is

bounded from above by the value lim inf
k→∞

sup
i∈I

yik. Therefore, it follows that

sup
i∈I

lim inf
k→∞

yik ≤ lim inf
k→∞

sup
i∈I

yik,

since the supremum is the least upper bound.
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2 For any sequence xk converging to x, we have

f(x) = sup
i∈I

fi(x) ≤ sup
i∈I

lim inf
k→∞

fi(xk)

by lower semi-continuity of the functions fi. Moreover, we have that for any fi,

sup
i∈I

lim inf
k→∞

fi(xk) ≤ lim inf
k→∞

sup
i∈I

fi(xk).

Hence,

f(x) ≤ lim inf
k→∞

sup
i∈I

fi(xk) = lim inf
k→∞

f(xk),

and so f is lower semi-continuous.

3 The matter of showing that a function is lower semi-continuous becomes easier with
two additional properties. The first is that a function is continuous if and only if it
is lower and upper semi-continuous. Hence, any continuous function is lower semi-
continuous. The second property is that if f and g are two lower semi-continuous
functions, then the function f + g is also lower semi-continuous, since

lim inf
k→∞

{f(xk) + g(xk)} ≥ lim inf
k→∞

f(xk) + lim inf
k→∞

g(xk) ≥ f(x) + g(x).

(This may easily be extended to finite sums of lower semi-continuous functions.)

a) We split the function f(x) = x4 − 20x3 + supk∈N sin(kx) into two functions:

f1(x) = x4 − 20x3,

f2(x) = sup
k∈N

sin(kx).

Since f1 is a polynomial, it is continuous and hence lower semi-continuous. Next,
we see that sin(kx) is also a continuous function and thus lower semi-continuous.
From exercise 2 (or the lecture notes) we know that since f2 is of the form

f2(x) = sup
k∈N

fk(x),

with each fk lower semi-continuous, then f2 is also lower semi-continuous. Since
f = f1 + f2, with f1 and f2 lower semi-continuous, then f is also lower semi-
continuous.
To show that f is coercive, we first observe that since x ∈ R, ||x|| → ∞ implies
x → ±∞. Since x4 → ∞ as x → ±∞ and dominates the two remaining terms
in f , then f(xk)→∞ for every sequence where ||xk|| → ∞, and so f is coercive.
By Theorem 9 in the lecture notes, f : R→ R has at least one global minimizer
since it is lower semi-continuous and coercive.

b) We employ the same strategy as above, and find that since both the functions

g1(x) = ex,

g2(x) = −
1

x2 + 1
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are continuous and thereby lower semi-continuous, then g = g1 + g2 is lower
semi-continuous. However, g is not coercive, since x → −∞ implies g(x) → 0.
Therefore, Theorem 9 from the lecture notes does not apply. However, since
f(−1) < 0 and since f is continuous and bounded from below, there does exist
a global minimum.

c) By the same reasoning as before, h is lower semi-continuous. It is not coercive,
as can be seen by taking any sequence xk = (xk,1, xk,2) with xk,1 = 1 and
xk,2 → −∞, since h(xk)→ −∞ in that case. This also disproves the existence
of a global minimizer.

4 Since f is convex, all local minima are global minima by Theorem 2.5 in N&W, i.e.
f obtains the same value at all minimizers. Call this value c, and define the set of
minimizers

S = {x ∈ Rn|f(x) = c}.

We want to show that S is convex, i.e. that

for all x, y ∈ S and α ∈ [0, 1], αx+ (1− α)y ∈ S.

To this end, we choose arbitrary x and y in S, and observe that since f is convex,

f(αx+ (1− α)y) ≤ αf(x) + (1− α)f(y) = c.

Since c is the minimum obtainable value, we conclude that

f(αx+ (1− α)y) = c,

and so αx+ (1− α)y ∈ S. Since x and y were chosen arbitrarily in S, S is convex.

5 a) The gradient and Hessian of the Rosenbrock function are given as following:

∇f =

[
−400x1(x2 − x21)− 2(1− x1)

200(x2 − x21)

]
∇2f =

[
2− 400x2 + 1200x21 −400x1

−400x1 200

]
.

b) We search for extreme value candidates by setting ∇f = 0, and find the only
viable candidate to be the point (1,1). The Hessian at (1,1) is

∇2f(1, 1) =

[
802 −400
−400 200

]
,

with eigenvalues λ± = 501 ±
√
250601, both of which are greater than zero.

Thus, ∇2f(1, 1) is positive definite, and (1,1) is a strict local minimizer of f ,
by Theorem 2.4 in N&W. Since (1,1) is the only extreme point of f and since
f(x)→∞ as ||x|| → ∞, it is also the unique global minimizer of f .

January 28, 2016 Page 3 of 4



Exercise set 1 solution

6 We want to show that a strictly convex function f has at most one global minimizer.
Let us assume the opposite, and say that x and y are distinct global minimizers of
f , such that f(x) = f(y) = c is the global minimum value. Then, since f is strictly
convex we have for all α ∈ (0, 1):

f(αx+ (1− α)y) < αf(x) + (1− α)f(y) = c,

meaning f obtains a lower value than c at the points αx+(1−α)y, which contradicts
our assumption that x and y are global minimizers. Therefore, there cannot be more
than one global minimizer.

An example of a strictly convex function with no global minimizer is the exponential
function f(x) = ex. Since f ′′(x) = ex > 0, it is strictly convex, and since f ′(x) =
ex > 0, it has no extreme points and thereby no global minimizer.

7 Define g(x) = λ||x||2. Since f and g are continuous functions, fλ = f+g is continuous
and thus lower semi-continuous. Also, since f is bounded below and ||x||2 → ∞ as
||x|| → ∞, then fλ(x)→∞ as ||x|| → ∞, so fλ is coercive. Thus, by Theorem 9 in
the lecture notes, there exists at least one global minimizer of fλ.

Next, we observe that the Hessian of g is 2λI, where I is the identity matrix. Thus,
the Hessian has only one eigenvalue 2λ > 0, which means it is positive definite, and
so g is strictly convex. The sum of a convex function and a strictly convex function is
strictly convex, and so fλ = f + g is strictly convex. From the previous exercise, we
know that a strictly convex function has at most one global minimizer. Since there
exists at least one global minimizer and there can be at most one global minimizer,
we conclude that fλ has a unique global minimizer.
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