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Methods for constrained optimization

The first four exercises are concerned with different computational methods for constrained
optimization and, specifically, with penalty methods, which are discussed in Nocedal &
Wright, Chapter 17. Exercises 1 and 4 are purely computational (though 1 can be a bit te-
dious), whereas 2 and 3 are more of theoretical interest. Exercise 2 in particular shows some
connection between topics in optimization and linear algebra: The matrix AT (AAT)~! that
is defined there actually coincides (in this particular case) with the Moore—Penrose pseu-
doinverse AT of A (cf. the lecture notes on Linear methods, last page, from the last term).
In addition, the matrix in 2b is an approximation of the Moore—Penrose pseudoinverse;
this allows another definition of AT as AT = lim,, AT(% Id +AAT)~! which avoids the
usage of a singular value decomposition. Finally, 2c shows that the quadratic penalty
method can be regarded as a relaxation of constrained optimization: instead of solving the
constrained problem exactly, one allows instead for a small error in the constraints.

Consider the constrained optimization problem

1
5( 24 y2) — min subject to xy = 1.

a) Find (by whatever means) the solutions of this problem. In addition, find the
values of the corresponding Lagrange multipliers.

b) Formulate the unconstrained optimization problem that results from the ap-
plication of the quadratic penalty method with parameter p > 0. Solve these
problems for all possible parameters p and verify that the solutions converge to
the solutions of the constrained optimization problem as pu — co.

c) Formulate the augmented Lagrangian for this constrained optimization problem
and find (for all possible parameters A € R and p > 0) the global solutions of this
(unconstrained) optimization problem. For which parameters does one recover
the solution of the original constrained problem?

Assume that A € R™*" with m < n is a matrix of full rank and that b € R™ \ {0}.
Consider the optimization problem

1
§||:U||2 — min subject to Az =0.
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a) Formulate the KKT-conditions for this problem and show that the unique so-
lution is given by

z* = AT(AAT) ™.

b) Formulate the quadratic penalty method for this constrained optimization prob-
lem, and show that the unique minimizer with parameter y > 0 is given by

2y = AT(;Id +a4")

with Id € R™*™ denoting the identity matrix.
¢) Now consider the optimization problem
L2 . . 1 2
§||a:|] — min subject to §||A:U —b||*<e
for some € > 0, and denote its solution by .. Show that either ||b[|> < e (in

which case Z. = 0), or there exists ¢ > 0 such that Z. = z,.

Find an equality constrained optimization problem, for which the augmented La-
grangian is unbounded for all Lagrange parameters A and every parameter p > 0.

Consider the optimization problem
Lo, o : .
§($ + y°) — min subject to x = 1.
Compute for every parameter p > 0 the minimizers of the non-smooth penalty func-

tion @1 (z; p). For which parameters do these minimizers coincide with the minimizer
of the constrained problem?

Convex analysis

The following six examples are concerned with convex functions, their subdifferentials and
their conjugates. You find all the theory and notation needed to solve these problems in
the lecture notes on convex analysis on the course webpage.

Assume that f: R — R is convex and that g: R — R is convex and monotoneously
increasing. Show that the function g o f is convex.

@ Prove that the function f: R — RU{+o0}, f(z) = —y/ for z > 0 and f(z) = 400,
is convex, and compute its subdifferential df(z) for every z > 0.
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Compute the convex conjugate of the function f: R — R, f(x) = e”.

Prove that the function f: R? — R U {+o0},

2?/y ify >0,
flz,y) =<0 ifr=y=0,
400 else,

is convex and compute its subdifferential whenever it exists.

@ The Huber function f: R — R is defined as

f(z) = {éﬁ if o] < 1,

2| — 5 if |z > 1.

Show that this function is convex, and compute its conjugate f*.

Assume that f: R" — RU{+o0} is strictly convex and that = # y € R™. Prove that

of(x)naf(y) = 0.

Calculus of variations

The last set of exercises is concerned with calculus of variations in a one-dimensional
settings. Mainly, you are asked to derive and solve the Euler—Lagrange equations for certain
variational problems. Note that it will be necessary in problem 12b to find additionally

the correct boundary condition at z = 1.

Let £ > 0, a, b > 0, and let y: (0,¢/) = R>( be a non-negative function satisfying
y(0) = a and y(b) = £. Denote by S(y) the surface of the body defined by rotating

y around the z-axis. Then

¢
S(y) = 27r/0 y(z)v/1+y (x)?de.

a) Formulate the Euler-Lagrange equation for this variational functional.

b) Verify that solutions of the Euler-Lagrange equation have the form

y(z)=A COSh(%)

for parameters A > 0 and B € R.
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Given a function y: (0,1) — R define

1
Fly) = /0 y(@)? + 4/ (2)% de.

a) Minimize F' subject to the constraints y(0) = 1 and y(1) = 0.

b) Minimize F' subject to the constraint y(0) = 1.

Minimize the functional

2
F(y) = / ey (2)? — y(z) da

subject to the constraints y(0) = 1 and y(2) = 0.

April 17, 2015 Page 4 of []



