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a) We start by writing the problem in the form

min z,y), s.t. c(x,y) =0,
(x,y)ERQf( y) (z,y)

where

1
fla,y) = 5@ +y?) and c(z,y) = 2y — 1.
We then form the Lagrangian

'C(xvyvA) = f(xay) - )\C(l’,y),

and find its gradient

|z =Ay
VL(x,y,\) = [y B /\m] .

We may note that Ve(z,y) # 0 for all (z,y) # (0,0), meaning the LICQ holds
for all feasible (z,y). We can therefore use the first order KKT conditions to
identify candidates for extrema. Solving VL(x,y, \) = 0, we find

=y and y(1 — \?) =0.

Thus, we may have either A = £1 or y = 0. But, if y = 0, then ¢(z,y) =1 # 0,
so this possibility is excluded. Also, taking A = —1 yields imaginary values
for x and y, which are disregarded. Therefore, we take A\ = 1 and continue by
observing that

c(:c,y):c(y,y):yzfleiy:il.

Thereby, we have the two solutions (x,y) = (&1,+1), both of which has La-
grange multiplier A = 1. To verify that they are indeed minima, we check the
second order sufficient conditions. We have that

Vet = |1].

T

so the LICQ holds at both points and in addition, for any w in the critical cone
at (£1,41), we have w = [y, —7]T, v € R. At the two points we then get

w2 L(z,y, Nw = [y —1] [_11 11] [7 ] =4y% >0,

April 25, 2015 Page 1 of 14




Exercise set 8 solution

b)

with equality if and only if v = 0, i.e. w = 0. Thus, (z,y) = (£1,£1) are
indeed minima.

Alternatively, we could argue that since f is coercive and {2 is closed, then there
exist minimizers to the problem, and since the points are KKT points where
the LICQ holds, these are the only two candidates for minimizers. Then, since
f takes the same value at both points, both points must be global minimizers.

The quadratic penalty method considers the unconstrained minimization of the
objective function
Iz 1 Iz
9(@,y) = fla.y) + Selr,y)* = 5@ +y°) + Sley = 1)

We find that

@+ pu(y® — y)]
AV Z, = )
5(@9) [y +p(a?y — )
and solving Vg(z,y) = 0 gives (from the first component)

e W
L4 py?

Inserting this into the second equation, we get
i < 1y P )
(L+py?)?” 1+ py?

One solution of this is y = 0, giving (z,y) = (0,0). If y # 0, we can simplify
the equation to

1+ py® = p,

1
y::t 1_77
V I

which exist as long as ¢ > 1. From here, one can check that this also gives

/ 1
r==+4/1——.
7

It can be checked that these points are minimizers as long as they exist. The
solution (z,y) = (0,0) is a minimizer while x4 < 1, but becomes a maximizer
when p > 1. Also, we can see that as u — oo, (z,y) — (£1,+1).

with solutions

The augmented Lagrangian for this problem is

1
La(w,y A ) = 5 (@ +9%) = May = 1) + 5 (ay — 1)

which is coercive and lower semi-continuous such that a minimizer exists, and
it has gradient

v =My + play® —y)
VL A ) =
A(xvy’ a/‘L) y—A\r + ,u(:r:2y _ SL’)
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After a similar computation to that in part b), we find

(n+ Ny

14 py?
and the equation for y:
(L+py?)? = (A +n)*.

In addition, we have the solution (z,y) = (0,0). We must be somewhat careful
in finding y. First, we have

L+ py? = £(A + p),

but since the left hand side is positive, we must choose the right hand side
positive as well. Therefore, we have

14 py® = (A +
and thus

A 1
[ u

which exist if |A + | > 1. It can be checked that here, too, we have z* = y*.
The points (x*,y*) are the global minimizers if A + p > 1. Otherwise, (0,0) is
the global minimizer. We see that the original solution is obtained when either
A =1or g — oo. The fact that (z*,y*) are the global minimizers if A + p > 1
can seen by checking when L4(x*, y*, A\, u) < L£4(0,0,\, ). This leads (after
some computation) to the condition

Ot p= DA +al =12 300+ 4l - 12

Since (x*,y*) exist only if |A + p| > 1, and if [A 4+ x| = 1 then (2*,y*) = (0,0),
we can divide by |\ 4 u| — 1 to obtain the condition

A+p—=1)> (A +ul—1),

1
2
which holds if A + g > 1 but not if A4+ pu < —1.

We are now considering the problem

min f(z), sit. c(x) =0,
where
1
flz) = §a:T:r and c(z) = Az — b,
with b # 0. The Lagrangian is now

L(z,\) = %xTas —\(Az —b),
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b)

where A € R™. The KKT conditions become
VL(z,\) =2z — ATA =0,
Ax —b=0.

Also, since A has full rank, then the LICQ hold, meaning the KKT conditions
are necessary for minimizers. We therefore look for solutions that satisfy the
KKT conditions. If A =0, then x = 0 and Az = 0, meaning Ax — b # 0, so we
must have X\ # 0. The first condition then gives = AT\, and inserting this
into the second gives AATX = b. Since A has full rank, AAT is invertible and
we have A = (AAT)~1b, meaning + = AT (AAT)=1b. Also, since V2L(z,\) =
V2f(x) = I, which is positive definite, this is a minimum.

The quadratic penalty method considers the unconstrained optimization of

which in our case becomes

o(z) = %x% + Bz~ )T Az ~ ).

Taking the gradient of this, we get
Vy(z) =z + p(AT Az — ATb) =0

= <1I+ATA)x:ATb
o

1 -1
=1 = (I - ATA> AT,
7
This is, however, not the expression we were looking for. We can easily see that

AT <11 + AAT> = (11 + ATA> AT,
I [t
—1
Multiplying both sides from the left by (%I + ATA) and from the right by
-1
(i[ + AAT> , we see that
1 T - T T 1 T -
ST+ ATA) AT =AT 1+ AA ,
I I
meaning that we get
1 —1
z=AT (I + AAT> b.
I

Another way of arriving at the desired expression is by use of the singular value
decomposition of A, writing A = USV”, where U € R™*™ and V € R™" are
orthogonal matrices (U~! = U? and V~! = VT) and ¥ € R™*" is the matrix
containing the singular values of A along its diagonal. The singular values are
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all positive. We will write .., for an r x r identity matrix. Now, we observe
that

1 -1
<1Ian + ATA) AT = <1Inm + (UEVT)TUZVT) (UnvhHT
% H

—1
lfnm + VETUTUZVT> vxTu”
7

-1
<Inm + 2T2> VT> vxTu”

-1
= (ifm + VETEVT) vxTy”
1
Vv vTysTyT

-1
=V <Imxm + 22T> u”
1 —1
=vsuTu (Ime + EZT> U’
ol
1 -1
=AT <Imm + UEZTUT)
7!

1 —1
= AT (Imxm + UEVTVETUT)
7!

-1
= AT <1Ime + AAT> .
I

1 -1
Thereby, we have z,, = AT (Ime + AAT) b. The fact that
1

1 ! 1 !
(Im + 2Tz) =¥ <Ime + 22T)
Iz H
can be checked by writing the product componentwise.

c) We now consider the problem
i 5.1 >
min f(z), st. c(x) >0,
where
L 7 1 2
flx) = 2% and c(x) =€ — §]|Aa§— bl|*,
The KKT conditions for this problem are
VL(z,\) =z + MNAT Az — ATh) =0
1
Me— 3l Az~ bl2) =0
1
€— §|\A$ —b|*>0
A>0.
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With A = 0, we get = 0. For the third condition to hold, we must have
€ > ||b]|?/2. This is then a valid KKT point. Also, we have V2L(z,0) = I,
which is positive definite, so it is a minimum.

If A # 0, we get, as in the previous exercise, that

-1
i, = AT <i1mxm + AAT> b.

Here, A must satisfy the condition that A > 0 and A must solve

—1
(AAT (i]mxm + AAT) - Imxm> b

We can show that such a A\ exists; since f is coercive and €2 is bounded and
closed, there must exist a global minimizer. Since the LICQ holds, the KKT
conditions are necessary for a minimum, and since, if e < 3|[b[|?, our candidate
Ze is the only KKT point, it must be the global minimum, and thereby have a
A satisfying the above conditions. Thus, by taking p = A, we get 2. = x,.

2
=0.

1
€ — —

2

Take, for example, the minimization of the function f(z,7) = —2% — %% on the unit
circle, i.e. with ¢(x,y) =1 — 22 — y2. We then have

La(z,y) =—-2°—y° = A1 -2 —y®) + p(l — 2° — y?)?,

which clearly is not bounded from below.

We are considering the problem

i ) ) 't‘ b} = O’
(xgl)lensz(x y), st c(z,y)

where
1
f(z,y) = 5(332 + yz) and c¢(z,y) =1— .

We can clearly see that the minimum is found at (z,y) = (1,0). The penalty function
is

1
“(+ ) +p(l-2), z<1

1
<I>1(:c,y;u):§(w2+y2)+u!1—x!: ~ (22 +y?), x=1

§($2 +y3) —p(l—z), x>1.

We split the minimization problems up into the three cases x =1,z < 1 and = > 1.
When z = 1, we have ®1(z,y;u) = %(1 + y?), for which a minimum is attained at
y = 0, with the value ®1(1,0; u) =

[y

5.
For z < 1, we find the minimizer by solving V®(x,y; 1) = 0, yielding (x,y) = (u,0),
and with ®1(u,0; 1) = p(1 — ). Note that this minimizer exists only when p < 1.
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[6]

For x > 1, we find the minimizer by solving V®;(z,y; u) = 0, yielding (x,y) =

(=#,0), and with ®1(—p,0; ) = —p(1 4 §). However, we see that this minimizer

exists only when u < —1, and as such can be disregarded as we are only looking at
positive values of p.

Comparing the minimizers (u,0) and (1,0), we see that since u(1 — %) < % when
@ < 1, the global minimizer of ®; will be (i,0) until ¢ = 1, when the minimizer
becomes (1,0), the minimizer of the constrained problem. This is in accordance
with theorem 17.3 in N&W, since one can check that the Lagrange multiplier for the
constrained problem is A = 1.

For clarity, define h = g o f. That is, let h(xz) = g(f(z)). Then, we have
h(Az + (1= Ny) = g(f(Az + (1 = N)y)).

Since f is convex, we know that f(Ax + (1 —N)y) < Af(x)+ (1 — ) f(y). Moreover,
since g is monotone increasing, we therefore know that

g(f(Az 4+ (1= A)y)) < g(Af(x) + (1 = A)f(y)).

Since g is also convex, we have

gAf(2) + X =N f(y) < Ag(f(z)) + (1 = N)g(f ()

In total, we see that

h(Az + (1= AN)y) < Ag(f(z)) + (1 = Ng(f(y)) = A(z) + (1 = A)h(y),

meaning h = g o f is convex.

We wish to prove that the function

fz) = {—i—oo, x <0

—x, x>0
is convex. First, assume that either z or y is negative. Then, we clearly have
fQz 4+ (1= Ny) <Af(z) + (1= A)f(y) = +oc.

Next, if both = and y are strictly positive, we observe that the function g(x) = —\/x
is convex; its double derivative is strictly positive for positive x. Therefore, we have

fAz+ (1 =Ny) =—VAz+ (1 =Ny < -AWa— (1 =Ny =Af(z)+ (1 -A)f(y),

Furthermore, if x = 0 and y > 0, we have
fOz+(1=Ny) ==V =N)Vy <=1 =2y =Af(2) + (1 =N f(y),

since /(1 —AX) > (1 — A) for A € [0,1]. The same argument holds for z > 0 and
y = 0. Finally, if both z = 0 and y = 0, convexity holds trivially. Thereby, we have
that for all z € R, y € Rand X € [0,1], f(Az 4+ (1 = N)y) < Af(z) + (1 —X)f(y), so

f is convex.
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To compute the subdifferential df(z) for every x > 0, we first observe that f(x) is
differentiable at all > 0, so there we simply have

oo} --55)

At x = 0, the matter is slightly more complicated since f is not differentiable. We
search for all subgradients of f at 0, i.e. all £ € R such that

fly) = f(0)+&(y—0) VyeR,

or

fly) >y VyeR

If y < 0, then f(y) = 400, and the inequality holds for all £&. However, if y > 0, then
we require

_\/g > 53/7

or

<L

a
Such a number does not exist, since the left hand side goes to —oco as y — 0.
Therefore, the subdifferential at x = 0 is

af(0) = 0.

y € (0, +00).

Alternatively, we could have argued that since the subdifferential is monotone, we
would have the condition that if £ € 9f(0), then

gg——z Vo > 0,

which is impossible.

We wish to find the convex conjugate of the function f : R — R, f(x) = e*. By
definition we have

f7(&§) =sup&z — f(x),

z€eR

meaning we have to maximize the function g(x) = £z — e” for each £. We find that
g (z) =& —e” and ¢"(z) = —€7,

so g(x) is concave, meaning any x s.t. ¢’(z) = 0 is a maximizer. Solving ¢'(z) = 0,
we get = In(£), which works if £ > 0. Otherwise, we have ¢/(z) < 0 for all z,
meaning g(x) is monotone decreasing such that sup, g(x) is obtained in the limit
x — —oo. Thus, we get

Eng—-¢  £>0,
(€& =10, £=0,
00, £ <.
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We wish to prove that the function

a?fy, y>0
f(z,y) =10, r=y=0
400, otherwise

is convex. That is, given two points (z1,y1) and (x2,y2), we want to show that

FQz1 + (1 =Nz, dyn + (1= Nya) < Af(z1,91) + (1= N) f(x2, y2) (1)

when A € (0,1). First, if y3 < 0,21 # 0 or y2 < 0,22 # 0, (1) holds since the right
hand side is infinite, similarly as in exercise 6.

If y; > 0 and y2 > 0, (1) will also hold since the Hessian of f is defined and positive
semi-definite for all y > 0. This can be seen as follows:

2 2

. )
VQf(.fU,y) = %.’IJ 2_32

y2 3

2 222 472

, ) Gs ) =

Y Y Y
which can be solved to find

71 =0 V2

Since v and -9 are non-negative, the Hessian is positive semi-definite. Finally, if
(z1,91) = (0,0), and y» < 0,22 # 0, we have

FOr1 + (1= N2, Adyr + (1= ANya) = f((1 = N)wa, (1 = Nyz)

2

X
=(1-)=2
( )y2

= )\f(:cl,yl) + (1 - A)f(anyQ)v

and so (1) holds with equality. The same applies to the case (x2,y2) = (0,0), and
y1 < 0,21 # 0. If (x1,11) = (z2,52) = (0,0), (1) holds trivially. Thus, we have
shown that f is convex.

The subdifferential df(x,y) can be easily computed when y > 0; we then have
2x

Of (w,y) = {Vf(z, )}t =1 | Y2
T2

At the point (0,0), we once more need to be careful. We look for ¢ € R? such that

F(ey) > £0,0) + €T M V(e,y) € R.
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If y < 0, this clearly holds since then we have f(z,y) = 4o00. If y > 0, we look for
components £ and & such that

2
§1x+§2y§% V€ R,y € (0, 00). 2)

One way of arriving at the answer is by rearranging (2) to:
2? — by — Ey° > 0,

and considering this as a polynomial in z for some arbitrary value y > 0. Since
the polynomial has a positive leading term, this is equivalent to requiring that the
polynomial have at most one real root. This is achieved if the discriminant is non-
positive, i.e.

Y’ + 467 <0 vy >0,
implying that £ < —4&, which can only hold if &, < 0. Thereby, the subdifferential
at 0 is

0f(0,0) = {(&1,&) | & < —4& and & < 0.}.

Another way of arriving at the same conclusion is as follows: we may begin by
observing that by taking x = 0, we get

523/ < Oa vy € (07 00)7
meaning we must have & < 0. First, assume that £, = 0. Then, we require

2
flxg% Vo € R,y € (0,00).

The only possibility for this to hold is taking & = 0. Otherwise, we could take y = 1
and x = sgn(&;)y with v < |£;| as a counterexample. Thus, the choice (£1,&2) = (0,0)
is a possibility. Next, consider the choice of & < 0. We may then write & = —a?,
a € R\{0}. The inequality (2) is then equivalent to:

Gy —a’y? —2* <0 VzeR,ye(0,00),

which (by completing the square) is equivalent to:

ar\* &

—<ozy—2a —x 1—@ <0 Vr e R,y € (0,00).

Changing sides in this, we get the equivalent condition

2 2

2 [ & S
T <W— >§<ay—2a> Ve e R,y € (0,00).

This will hold if the left hand side is negative, i.e.
&
L <
(4&2 =0,

& < —46.
Otherwise, we may choose x = @, making the right hand side zero but the left
hand side positive. To summarize, the relation (2) holds if

€2 <46 and & <0.

meaning
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@ We wish to prove that the function

lwz, lz] <1
flz)= 2 1
ol = 5, el > 1
is convex. It is continuously differentiable, with
-1, z<-1
fllw) =Sz, o<1
1, x> 1.

Since f’(z) is monotone increasing, f(z) is convex. We find its conjugate f* by the
definition
f7(§) =supx — f(x)
z€R

To find this, we define g(x) = {x — f(x) and find its supremum through considering
its derivative,

E+1, z< -1
g/(.’IJ): f—fL’, ’.T‘ <1
E—-1, x>1.
We see that if £ > 1, then ¢'(z) > 0, and therefore sup g(z) = oo. Also, if £ < —1,
we have ¢'(z) < 0, meaning supg(x) = oo (approached in the limit x — —o0).
Otherwise, if |£] < 1, we have ¢'(z) = 0 at = £, with function value g(&) = %

These are maxima, since ¢”(x) = —1 at these points. In total, we get
52
* a0 S 1
re=42 1
+oo, €] > 1.

We wish to prove that if f : R” — R U {400} is strictly convex and = # y € R",
then df(x) Ndf(y) = 0. This can be done through proof by contradiction. Assume
that df(x) NOf(y) # 0. Then, there exists a & € R™ such that

f) 2 f@)+& (2 —x), VzeR" (3)
f(2) 2 fly) +€ (2 —y), VzeR™ (4)
Furthermore, since f is strictly convex, we know that
fQz+ (1 =Ny) <Af(z) + (1= AN)f(y). YA€ (0,1)
Inserting (3) and (4) into this inequality, we find
FOz 4+ (1=Ny) < f(2) + AT (z =) + (1 = NN (z — ),

which should hold for all z € R™. But now, if we take z = Az + (1 — \)y for some
A € (0,1) and clear up the terms, we come to the conclusion that

fOz+ (1 =Ny) < fQz+ (1 - Ny),

which is a contradiction. Therefore, we cannot have df(xz) N df(y) # 0, meaning

Of(x)Nof(y) =0.
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11] a)

b)

We wish to find the function y(x) minimizing the functional

l

S(y) = 27r/y(x)\/ 1+ y/(x)2dz.

0

To this end, we identify the function

f@y(@),y (@) = y(@)V1+y(2)?

and see that from Theorem 4 in the note on the calculus of variations that f
must satisfy the Euler-Lagrange equation

S @y(@) /(@) = 5 e y(e). o/ (@) o)

with the boundary condition y(0) = a, y(I) = b. We can see that

%ﬂ@mmym»—wuww%
and

d 0 pon Y@ Fy@)y(z)  y@)y (@)Y (x)
@aiy,f(xhy(x)?y (.’L’)) - 1+y,($)2 (1+y/(.’IJ)2)3/2 :

Inserting these two expressions into (5) and collecting terms gives the differential
equation

L+y (@2 - y(@)y'(a)
(1+ v/ (@P)?

=0,

which, since the numerator is strictly positive, is equivalent to the differential
equation

1+y/(2)* —y(z)y"(z) = 0. (6)
This is the Euler-Lagrange equation for the variational functional S(y).

With the assumption that

y(z) = Acosh (x ;B> ,

we have

Inserting this into (6), we find

1+ 9/ (z)? — y(z)y"(x) = 1 + sinh? (331—4]3) — cosh? <x_AB> — 0,
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since cosh?(z) — sinh?(z) = 1. The constants A and B can be determined by
solving the set of equations

0= oot () =
y(1) = Acosh (l_AB> =b.

In both a) and b), we wish to find the function y(z) minimizing the functional

S(y) =

N

1
/y(w)2 + 9/ (z)?dz.
0

To this end, we identify the function

flay(@),y (z) = y(2)* +y/ (z)?,

and find that y must satisfy the Euler-Lagrange equation
y(z) —y"(z) =0,
meaning we have
y(z) = Ae® + Be™ ™,

which is equivalent to

y(x) = Acosh(z) + Bsinh(z).
The latter form of y is easier to work with for our purposes. The remaining task is to
find the constants A and B, which must be determined through boundary conditions.

a) Here, we want y to satisfy the boundary conditions
y(0)=A=1,
y(1) = Acosh(1) + Bsinh(1) = 0.
This can easily be solved to yield A =1, B = —1/tanh(1), meaning we have

sinh(x)
tanh(1) "

b) In this point, we want y(0) = 1, but with the natural boundary condition (as
described in section 6 in the note on variational calculus) at = 1:

fy, (L y(1), /(1) = 24/(1) = 0.

y(z) = cosh(z) —

Thereby, we get the boundary condition equations

y(0)=A=1,
y'(1) = Asinh(1) + B cosh(1) = 0,

which can be solved to yield A =1, B = — tanh(1), meaning we have
y(x) = cosh(z) — tanh(1) sinh(x).
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We wish to find the function y(z) minimizing the functional

2
S(y) = /e“’y’(ﬂ:)Q — y(z)dz,
0

with the constraints y(0) = 1 and y(2) = 0. To this end, we identify the function
fla,y(@),y () = ey (2)* —y(),
and find that y must satisfy the Euler-Lagrange equation
—142e "y (x) — 2e7 "y (z) = 0,

which is equivalent to

From this, we get

y'(2) = B + Ce”,
which can be solved to yield
xe” 1) e*
= —— - | —+4D.
y(x) 5 + <C’+ 2> 5 +

Imposing boundary conditions, we find
1 1
y(0)=Ct +D=1=C=;-D
and so
1
y(2):—62_}_62_De2_|__D:0:>_D:0:>C':57

which yields
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