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a) We wish to reformulate the unconstrained optimization problem

b)

min f(a,b), fla,b) =) lat —i+b—s. (1)
=1

(a,b)eR?

The problem can be stated as a linear programme by introducing artificial vari-
ables u; where ¢ = 1...m, writing X = [u1, ...%m, a, b]” and considering the linear
optimization problem

m > at:+b—s;
min Zui, s.t. i = ati 5 i=1,...,m. (2)
u; > —(at; +b—s;)

This is an equivalent problem to (1) since an optimal solution will always be
such that w; = |at; + b — s;|. The argument for this is as following: Pick some
jel,...,om. If

uj > max{at; +b—sj, —(at; + b —s;)} = |at; + b — s,
then the objective function value can be reduced further by lowering u; such
that w; = |at; + b — s;|. Therefore, any optimal solution to (2) will have
U; = |ati +b— Si|.

To formulate the KKT conditions for problem (2), we first state it in the stan-
dard form (still with x = [u1, ...up, a, b]7):

m
; —at; — b ;>0
min gui, s.t. i At T2 1=1,...,m.
u; +ati+b—5,>0

and identify the 2m inequality constraint functions as following:

ci(x)=u;—at;i—b+s;, i=1,...m

ci(X) = Ui + atimpm +b— Si—m, i=m+1,..,2m.

The Lagrangian function becomes

m 2m
E(X, )\) = Z’LLZ — Z )\iCi(X)
i=1 i=1

= zm:uz —zm:)\z(ul — at; _b+3i) —zm:)\i+m<’lu + at; +b—82‘)
i=1 i=1 i=1
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Using the above definitions of V,£(x,\) and ¢;(x), we can state the KKT

conditions as following:

Vi L(x",\") =0,
ci(x*) >0, i=1,
AF>0, i=1,
Nei() =0, i=1,

We begin by stating the problem in standard form, writing x = [z,y

min f(x) s.t. ¢i(x) >0,
x€ER?
where
fx) =2+,
ax)=z+y—1,
CQ(X) =2—
c3(x) =y

...2m
...2m

..2m.

i=1,23,

We then find the Lagrangian function and its gradient:

I

LN =224+ = Ma+y—1)— X2 —y) = A3(y* —x)
. 26 — A\ + A3
Val(x,A) = 20 — A1+ Ao —2yA3 |’
The KKT conditions can now be stated in full as:

22" — A+ A3=0 (3a)
2" — AT+ A5 —2y" A3 =0 (3b)
r+y"—1>0 (3c)
2—y*>0 (3d)
Yyt -z >0 (3¢)
AF>0, i=1,2,3 (3f)
M@E +y —1)=0 (32)
A5(2-y*)=0 (3h)
Ay —a2%) =0 (31)
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b) The feasible set is sketched in figure 1. We will find all KKT points by sys-
tematically considering all possible active sets of constraints. Remember that a
constraint ¢; is active at a point x if ¢;(x) = 0, and that if all A} are negative at
a point, then it is a candidate for a maximizer. Also, the LICQ conditions are
satisfied at every point we consider here; with one active constraint, the LICQ
conditions hold trivially, and in the cases with two constraints it is not hard to
check that the LICQ conditions do hold.

Feasible set

Figure 1: Feasible set. Note: The lower "triangle" extends further toward infinity.

Observe that if x* = [2*,y*]7 is a KKT point, then from (3a) and (3b) we have:
A A A A3
U B S S B
2 2(1— \)

From here on, we will drop the asterisk in the notation and write x for z*, etc.

First, if the active set is empty, i.e. neither of (3c)-(3e) are equalities. This
corresponds to the interior of the domain. Then, by (3g)-(3i), we have \; =
Ao = A3 =0, and so x = y = 0. But this point is not feasible, since it violates
condition (3c). Thus, with the active set empty, there are no KKT points.

Next, we consider the case when the active set contains one index, i.e. ex-
actly one of (3c)-(3e) is an equality. This corresponds to the boundaries of the
domain, excepting the corner points. If (3c) is active, then Ay = A3 = 0 while

A1 > 0. We get
A Al
xr= — = —
2 ) y 2 )
and inserting this into (3c) (which is now an equality), we get the condition
AlM
A4 0= M=1
> T2 e

giving us the point (z,y) = (3,1). But this point violates condition (3e), so

(3,1) is not a KKT point.
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If (3d) is active, then \y = A3 = 0 while A2 > 0, so

A2
pu— O —_ —— .
z Y 9
Inserting this into the equality (3d), we get
A
mwgzojxf:4.

Thus, (0,2) is a candidate for a maximizer. One can then check to verify that
all KKT conditions are satisfied, and we find (0,2) to be a KKT point corre-
sponding to a maximizer.

If (3e) is active, then \; = Ay = 0 while A3 > 0, so

A3
=23 y=o.
x 5
Inserting this into the equality (3e), we get
A
4§:O$Ay20

This gives the candidate point (0,0), which is not feasible since it violates (3c),
and thereby is not a KKT point.

Having considered all possible active sets of one index, we now turn to the
cases with two indices, i.e. exactly two of (3c)-(3e) are equalities. This cor-
responds to the corner points of the domain. First, if (3c) and (3d) are both
active, then A3 = 0 while A1, Ao > 0. This gives us

A A=A
—2 YT
Plugging this into equalities (3c) and (3d) yields:

A A=A
LAY Bl I

1=0
2 2
AL — Ao
9 _
2
with solutions A\; = —2 and Ay = —6, yielding the KKT point (-1,2). Note that
this is a candidate for a local maximizer, since all multipliers are negative.

=0,

Next, if (3c) and (3e) are both active, then Ay = 0 while A;, A3 > 0, which
means

= )\1 — )\3 . )\1
T2 0 YT ea oy

Plugging this into equalities (3c) and (3e) yields:

Al — A3 A1

1=
2 21—y 0
N M-
41— 23)? 2 '
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Solving this set of equations yields A\; =5+ % and A3 =2+ %, thereby giving
the candidate points (z,y) = (3(3 £ v/5), 3(—1 F V/5)) which both satisfy the
KKT conditions. Since A1, A3 > 0, these points are minimizer candidates. Note:
This result can be arrived upon by the easier approach of first finding the points
(z,y) where ¢; and c3 are both active, then working out what A; and A3 are.

Finally, we check the case where (3d) and (3e) are both active, i.e. Ay = 0
while A9, A3 > 0. This gives us

ﬁ __L
27 YT T )

r=—

Plugging this into equalities (3d) and (3e) yields:

A2
204 2 _
T2
A2 s
TR WERNC S

which can be solved to find Ao = —28 and A3 = —8, giving the candidate point
(z,y) = (4,2), which is a candidate for a maximizer, since the multipliers are
negative.

Concerning the case with all constraints active, we may conclude that no KKT
point exists; all three constraint functions cannot be active at the same point.
The KKT points and their corresponding multipliers are summarized in the
table below.

Point A Ao A3 Minimizer /maximizer candidate

(0,2) 0 -4 0 Maximizer
(%(3+\/5),%(717\@)) 5+% 0 2+% M?n?m?zer
(3(3=+5),5(-1+5)) 5—% 0 2-% Minimizer

(-1,2) -2 -6 0 Maximizer

(4,2) 0 -28 -8 Maximizer

c) To determine whether the KKT points are in fact local maximizers or minimiz-
ers, we first check the second order sufficient conditions from Theorem 12.6 in
N&W, i.e. whether

w!' V2, L(x, )w > 0 Vw € C(z,\),w # 0, (4)

where, C(z, A) is the critical cone at x, given by (12.53) in N&W. Note that for
a maximizer, we require

w2, L(z, )w < 0 Yw € C(z,\), w # 0, (5)

and any inequality in the definition of the critical cone will be in the opposite
direction.

For the four points we found with two active constraints, i.e. (-1,2), (4,2)
and (3(3 £ V/5),3(—1 F Vb)), we have that the critical cone is simply given
as C(x,\) = {0}. This is because any w € C(x,\) must be orthogonal to the
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Vei(z) for which A; > 0 (resp. A\; < 0 for maximizers), of which there are two
for each point. Since the LICQ conditions hold at all the points considered,
these two vectors are linearily independent and thus span R2. The only vector
orthogonal to R? is the zero vector. Thereby, the only vector in C(z, ) is the
zero vector for these points, and thus condition (4) (resp. condition (5) for
maximizers) hold by default. We can conclude that ((3 £ v/5), 3(—1 F V/5))
are strict local minimizers, and that (-1,2) and (4,2) are strict local maximizers.

Concerning the maximizer candidate (0,2), we can see that it does not satisfy
(5), as we shall see now. The critical cone at this point is {w : w = [w1, 0]},
since Vea(z) = [0, —1]7. However, the Hessian of the Lagrange function is

Vi L(x, A) = [(2) 2(19/\3)] N [g g]

and so, clearly
w2, L(x, Nw > 0,

meaning (5) is not satisfied. This gives us an indication that (0,2) is not a
maximizer, which indeed it is not. If we look at the function values ¢(x) =
f(x,2) = 4+ 22, we see that f is increasing in the  direction at the point (0,2),
so (0,2) cannot be a local maximizer.

In closing , we note that f(3(3—v/5), 5(—1+v/5)) < f(3(3+V5), 5(—1—/5)),
so (2(3—5),3(—14+/5)) is a global minimizer and (3(3+/5), 2(—1 — V/5))
is a local minimizer, while (-1,2) and (4,2) are both local maximizers since a
global maximizer does not exist since f(x) — oo in the unbounded region of
the feasible domain.

We begin by stating the problem in standard form, writing x = [z, y]”"

min f(x) s.t. ¢(x) >0, i=1,2
x€R?

where

f(x) = 2y,

ax)=y-=

co(x) = 2% — 9
The feasible set is sketched in figure 2. To characterize the tangent cone 7'(x)
and the set of linearized feasible directions F(x), we employ lemma 12.2 in
N&W, which states that if the LICQ conditions hold at a feasible point x, then

T(x) = F(x). In the interior of Q, there are no active constraints, and so
the LICQ condition is vacuously true. Also, since no constraints are active,

T(x) = F(x) = R%

Next, we look at the points with one active constraint, starting with the line
c1(x) = 0 (excluding the points where c3(x) = 0), and observing

=[]
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Feasible set
T T

0.9

0.8f

0.7f

0.6

0.4

0.3

0.2f

0.1

0.2 0.4 0.6 0.8 1
X

Figure 2: Feasible set, exercise 3.

This is nonzero, and so the LICQ condition holds. We find that
T(x)=F(x)={d € R?: Ve (x)Td >0} = {d e R? : dy > d; }

Considering the line ca(x) = 0 (excluding the points where ¢1(x) = 0), we
observe

veai) = | %1

which is also nonzero as the point (0,0) is excluded. Thereby, the LICQ condi-
tions hold, and we have

T(x) = F(x) = {d € R? : Vea(x)Td > 0} = {d € R? : 32°d; > 4y°dy}.

Lastly, we consider the corner points (1,1) and (0,0), where both constraints are
active. In (1,1) we have

Vei(1,1) = {1

] and ch(1,1)={_34],

so the LICQ condition holds. Thereby,
T(1,1) = F(1,1) = {d € R* : V¢;(1,1)Td > 0 and Vea(1,1)7d > 0}
={d € R?:dy > dj and 3dy > 4d,}.
In the last point, (0,0), the LICQ condition does not hold, since

—1

Ve1(0,0) = [ .

] and ch(o,O):m.

Therefore, we cannot expect that 7°(0,0) = F(0,0). Indeed, we have

F(0,0) = {d € R? : V¢;1(0,0)7d > 0 and Vez(0,0)7d > 0}
={deR?:dy>d},
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defining a half-space. On the other hand, we can find the tangent cone by
looking at the limiting vectors along the lines ¢j(x) = 0 and ca2(x) = 0 as

x — 0. Traveling toward (0,0) along ¢;(x) = 0, we take

= [1/’“} Lt = |zl = VR,

1/k

and find the limiting direction

d= lim Z’“:{
k—oco T

Along c2(x) = 0, we take

1/k
5= |+ =l

and find the limiting direction

d= lim 2k [O
k—oo T, 1

J.

1/\/5] ’
1/V2

VEk+1
k

The tangent cone at (0,0) contains all vectors between these limiting cases,

which can be shown to be:

7(0,0) = {d € R? : d; > 0 and dy > d1}.

b) We find the Lagrange function and its gradient:

L(x,\) =2y — My — ) — Xo(a® —y*)

Y+ A — 3%2/\2
2 — A+ 4PN

Vo L(x,\) = {

and state the KKT conditions as:

y+ A =322 =0
m—)\1+4y3)\2:0

y—x >0
2yt >0
Ai >0,

My —z) =
Ao(z3 —yt) = 0.

i=1,2

(6a)
(6b)
(6c)
(6d)
(Ge)
(6f)
(6g)

Now, we can check the different cases of active constraints to find KKT points. First,
with no active constraints, i.e. A} = A2 = 0, we get the point (0,0). In fact, this is a
point with both constraints active; it just so happens that Ay = Ay = 0 here. As seen
in a), the LICQ does not hold here, but it is still a KKT point because the gradient
of f at (0,0) (which is 0) can be written as a non-negative linear combination of the
gradients of the constraints. Thereby, we conclude that there exist no KKT points
with neither constraint active but that (0,0) is a KKT point. What the failure of the
LICQ at (0,0) implies is the following: There exists a function f which has a local
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minimum at (0,0), but for which (0,0) is no KKT point. However, we might still be
lucky for any given function f, as is the case here.

Next, we check with one active constraint. First, with Ay > 0, 2 = 0, we have
from (6a) and (6b) that x = A; and y = —\;. Inserting into the equality (6¢) yields
A1 = 0, and therefore (z,y) = (0,0) again, which is not a KKT point.

With A2 > 0, \; = 0, equations (6a), (6b) and (6d) become

y — 322\ =0,
z+ 4y = 0,
3 =yt

Multiplying the first of these by z, the second by y, applying the third and adding
the two first gives

y4)\2 =0.
Any solution of this leads to the point (0,0), which already discovered as a KKT point.

Finally, we check the case with two active constraints, for which there are two points;
(0,0), which is already considered, and (1,1). In the point (1,1), we find (by (6a) and
(6b)) that Ay = —7 and Ay = —2. All KKT conditions for maximizers are satisfied,
so (1,1) is a KKT point candidate for a maximizer. Since the LICQ holds here, with
two linearily independent V¢;, we know from the discussion in the previous exercise
that this is a local maximizer.

The only undecided point left is (0,0), for which the LICQ did not hold, and which
therefore can be neither confirmed or discarded as a minimizer/maximizer using
the second order necessary and sufficient conditions. However, it is clearly a lo-
cal minimum, as we are only considering nonnegative values for = and y, and since
f(z,y) = zy, its global minimum (in the feasible set) is located at (0,0).

a) We begin by stating the problem in standard form, writing x = [z, y]”:

min f(x) s.t. ¢(x) >0, i=1,2

x€ER?2
where
fx) ==z,
ax)=y-— z?
co(x) = % — Yy

The feasible set is sketched in figure 3. To characterize the tangent cone 7'(x)
and the set of linearized feasible directions F(x), we employ lemma 12.2 in
N&W as in the previous exercise. In the interior of €2, there are no active con-
straints, and so the LICQ condition is vacuously true. Also, since no constraints
are active, T(x) = F(x) = R2.
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Feasible set
T T
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Figure 3: Feasible set.

Next, we look at the points with one active constraint, starting with the line
c1(x) = 0 (excluding the points where c3(x) = 0), and observing

Ve (x) = {_‘fﬁ]

This is nonzero, and so the LICQ condition holds. We find that
T(x) = F(x) = {d € R? : Ve, (x)Td > 0} = {d € R? : dy > 4a3dy}

Considering the line ca(x) = 0 (excluding the points where ¢1(x) = 0), we
observe

Ve (x) = [3_:611 ;

which is also nonzero. Thereby, the LICQ conditions hold, and we have
T(x) = F(x) = {d € R? : Vea(x)Td > 0} = {d € R? : 32%d; > d»)}.

Lastly, we consider the corner points (1,1) and (0,0), where both constraints are
active. In (1,1) we have

Ve (1,1) = {14] and  Vea(1,1) = {_31]
so the LICQ condition holds. Thereby,

T(1,1) = F(1,1) = {d € R?* : V¢, (1,1)d > 0 and Veo(1,1)Td > 0}
={d € R?: dy > 4d; and 3d; > do}.

In the last point, (0,0), the LICQ condition does not hold, since

Ver (0,0) = m and  Vea(0,0) = [_OJ
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Therefore, we cannot generally expect that 7'(0,0) = F(0,0). We have

F(0,0) = {d € R? : V¢1(0,0)Td > 0 and Vep(0,0)7d > 0}
={deR?:dy>0and dy <0}
={deR*:dy =0} ={deR?:d = [dy,0]"}.

We can find the tangent cone by looking at the limiting vectors along the lines
c1(x) = 0 and ca(x) = 0 as x — 0. Traveling toward (0,0) along ¢;(x) = 0, we
take
2z = 1/k tk:HZk”:L
IV VES 1

and find the limiting direction

Along ca(x) = 0, we take

1/k K3
ZE = 1/k3] tk:HZk:H:\/Tja

and find the limiting direction

Thus, the tangent cone at (0,0) is
7(0,0) = {d € R*: d = [dy,0]T,d; > 0},
and we see that it does not coincide with the set of linearized feasible directions.

b) We find the Lagrange function and its gradient:

L(x,A)=x—M(y— 1:4) — )\2(563 —9)
1+ 4$3>\1 - 335‘2)\2

vxﬁ(x7 )\) = ) WIS )
and state the KKT conditions as:

1+4230 — 3220 =0 (7a)
A +X=0 (7b)
y—axt>0 (7c)
2 —y>0 (7d)
AN >0, i=1,2 (7e)
My —zH =0 (7f)
Ao(z® —y) =0 (7g)
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Now, we can take a shortcut; from (7b), we see that Ay = Ao, and from (7a) we
see that there cannot exist any KKT point for which A\; = Ay = 0. Therefore, the
cases with no active constraints (A\; = Ay = 0) and one active constraint (A; = 0 or
A2 = 0) cannot produce KKT points. We are left with considering the case where
both constraints are active, i.e. the corner points (0,0) and (1,1).

In the point (1,1), we find (by (7a) and (7b)) that \y = Ao = —1. All KKT condi-
tions for maximizers are satisfied, so (1,1) is a KKT point candidate for a maximizer.
Since the LICQ holds here, with two linearily independent V¢;, we know from the
discussion in the previous exercise that this is a local maximizer.

The last point is (0,0), for which we cannot write the gradient of f at (0,0) (which is
[1,0]T) as a non-negative linear combination of the gradients of the constraints, and
which therefore is not a KKT point. However, it is clearly a local minimum, as no
other points with = 0 are feasible.
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