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We begin by recalling that if @) is symmetric and positive definite, then so is Q1.
This will be useful later. Next, we observe that

fz) = leQa: — bl

2
Vi) =Qz—b
V3 f(x) = Q.

When using Newton’s method, the search direction is p = —(V2fx) "'V fi, where
we have written Vf, = Vf(x) and V2fy = V2f(z) for short. In our case, this
gives

pr=—zp + Qb

One may note that this implies that Newton’s method converges in one step for any
quadratic minimization problem where @ is SPD, since for any zy one has 1 = Q ',
which is the unique minimizer of the problem. Taking unit steps (i.e. a = 1), the
condition of sufficient decrease requires that

Flan+pr) < flar) + (Vi) b (1)

In this case, we have

Pt p) = 5(@7D)TQQ b TQ b= HTQTh— 1" Q b =~ 1TQ M,

since Q7T = Q7! by symmetry. We also find, after some calculation, that
1 _
flaw) + (Vi) 'pe = ifoxk — bz + c1(Qup — b)) (—zp + Q')
1 1
- (2 — 01> el Quy, — (2 — c1> 20 2 — b Q710

Inserting the two quantities into (1), we find that the condition of sufficient decrease
can be stated as

1 1 1
—§bTQ‘1b < <2 — 01) tFQuy — (2 — c1> 27z, — c1b” Q7 'h,

which is equivalent to:

1
— <2 — cl> [x{@a:k — 207z, + bTQflb] <0.
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We now observe that the second factor is equal to (V)T Q™ 'V fi, and find that the
condition of sufficient decrease is equivalent to requiring that

(q - ;) (Vi)TQ 'V fi <.

Since Q! is positive definite, meaning (Vf,)TQ !V fi > 0 unless the stationary
point with V fi = 0 is reached, this condition will hold if and only if ¢; < 1/2.

Next, we look at the curvature condition
(Vf (ke +p0) i > (Y fi) i
where we can see that
Vf(xr+pe) = VHQT0) =b—b=0,
and with p, = —Q 'V f3, we see that the condition requires
~a(VAi) Q7' i <0,

which is satisfied for any co > 0.

An example implementation is given in the MATLAB file Newton.m, which can be
found on the course webpage.

Exercise 3.7

We follow the hints given in the exercise and find first that

Tt1 = T — gV [
= |[zp1 — 23 = [la — 2* — YV fil[H
= lzx — 2|3 — 20k (V fi) " Q2 — 2) + 0 (V) QV fr
= ||loe — 2[5 — llzes — 2[5 = 206 (Vi) T Q2 — 2*) — (Vi) " QV fi

Next, we observe that

Qzp —x*) =V and ap = —(ka)TQka.
Applying this, we get
T o2 T _ (V)" V i)
2enlV ) Qo =) = bV @V = g v,

Finally, we observe that

loe — 2[5 = (2r — 2T Q(zr — 2*) = (Q7'V ) QQ 'V fi = (Vi)' Q "V fi
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and since @ is SPD, Q=7 = Q7! so we get ||zy — x*HZ? = (Vfi)"Q 'V fi. Inserting
all of this into the first equation, we get

* . V)TV fr)?
2 =2l = llox — H%‘W
T 2
- VT [

(VI)TQV fi(V fi)TQ™IV fy,
Exercise 3.8 Since ) is SPD, we can diagonalize it, i.e.
Q =RDR", Q'=RD'RT,

where R is an orthonormal matrix and D = diag{\1, A2, ..., \p}. Each column of R
is an eigenvector of () and the A\; > 0 are the eigenvalues of (). We may assume
without loss of generality that the eigenvalues are ordered, i.e. A\ < Ay < ... < A,
Since RRT = I, we can write

(x7x)? (z"RRT x)? (d"d)?

b= (27Qz)(2TQ z)  (2xTRDRz)(xTRD'RTz)  (dTDd)(d’D1d)’

2
with d = RTz. We now define & = %. Then, & > 0 and ), & = ﬁEi d? = 1.
Using this, we may observe that

dd 3, d? dTd>". & 1

d'Dd S d2N;  dTdY &N D EN

and similarly that

d'd 1
—1 - i .
dD—1d > %

Hence,
1
(6 (X §)

Furthermore, define A = ), &A; and \ = > % Observe that \; < X < )\,,. Since
the function ¢(A\) = } is convex, we know that

8=

A — N 1 )\i_)\li_/\n‘i‘)\l_)\i

< _
T A — A\ An — A1 Ap M,

1
Ai
Hence,

_ A A1 — N A+ A1 — A
< n AL A A
A—Z< M, )él .

Finally, we deduce that

= — > >
g AT A A A = A) T maxgep g {an F A — o) (A A

which is the desired inequality. In the final equality, we have used that a(\, +A; — )
attains its maximum at o = %, which can easily be verified.
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4] a)

b)

c)

We begin by finding

f(z,y) =222 +y* — 22y + 223 + 2*

dx — 2y + 622 + 423
Vi) = |G T
4412z + 1222 —2

From this, we find the stationary points of f to be (0,0), (—3,—%) and (-1,-1).
To characterize the points, we check the definiteness of the Hessian at each
one by observing the eigenvalues of the Hessian. At both (0,0) and (-1,-1) we
find the eigenvalues A = 3 + /5 > 0, meaning the Hessian is positive definite

and the points are minimizers of f. At (—1,—3) we find the eigenvalues to be

A= % One of these is positive while the other is negative, so the Hessian

is indefinite at this point, meaning (—%,—%) is a saddle point.

Next, we check the function values and see that f(0,0) = f(—1,—-1) = 0.
In addition, we can see that f(z,y) — oo as 22 4+ y?> — oo, and thus we may
conclude that (0,0) and (-1,-1) are both global minimizers.

The gradient descent method uses iterations of the form

Tp4+1 = Tk + QP
pe = —V f(xg).

Starting at xo=(—1,0), we find f(z¢) = 1, Vf(x0) = [~2,2]" and py = [2, —2]7.
With ¢ = 1/4, we find that the acceptance criterion for step lengths becomes

f(mo + aopo) < f(wo) + cao(V f(x0)) po
= f(zo + agpo) < 1 — 2ay.

With ag = 1, we find 29 + po = [1, —2]7 and f(x¢ + po) = 13. This exceeds the
acceptance criterion f(zg 4 pp) < —1, so we consider instead op = 1/2.

With g = 1/2, we find zg + po/2 = [0,—1]7 and f(xo + po/2) = 1. This
still exceeds the acceptance criterion f(zg + po/2) < 0, so we consider instead
oy = 1/4.

With ag = 1/4, we find zg + po/4 = [~1/2,-1/2] and f(zo + po/4) = 1/16.
This satisfies the acceptance criterion f(zg+ po/4) < 1/2, so we accept the step
length and take x1 = (—1/2 — 1/2). From the previous exercise, we know this
is a saddle point, and thus a stationary point, such that Vf(z1) = [0,0], and
thus the iterations will stop. However, it is not a minimum, so the iterations do
not converge to a minimum.

Newton’s method uses iterations of the form

Th+1 = Tk + QkPk
pe = —(V2f(xr) "'V f ().
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Starting at xo=(—1,0), we find f(z¢) = 1, Vf(x0) = [~2,2]" and py = [0, —1]7.
With ¢ = 1/4, we find that the acceptance criterion for step lengths becomes

fzo + aopo) < f(wo) + can(V f(20)) po
= f(xo 4+ aogpo) <1 —ap/2.

With ag = 1, we find 29+ pg = [-1 — 1]7 and f(xg +po) = 0. This satisfies the
acceptance criterion f(xo + pp) < 1/2, so we accept the step length and take
x1 = (—1—1). This is one of the global minimizers, and we see that the method
converges in just one iteration.
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