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1. BASIC COMPLEX ANALYSIS

1.1. Holomorphic functions.

Definition 1. A set U C C is said to be open if for every z € U,
D.(r) ={weC:|lw—z<r}cU

for some r > 0.

Example: The unit disk (centered at the origin)
D:={2eC:|z] <1}
is open. The annulus
Dy :={z€C:r<lz|<1l}, 0<r<l,
is also open.

Definition 2. A smooth function f on an open set U C C is said to be holomorphic ("analytic"
in the Ahlfors book) if it satisfies the Cauchy—Riemann equation

0

8_1; =0, onU.
(Our definition is different from page 69, Definition 10 in the Ahlfors book, but in any case, they
are equivalent, see page 122 for smoothness of the Ahlfors analytic functions.)

Remark: Write z = x + iy € C, then

(1.1) _2tZ2 _2—Z2 @_1 8__—_1_1
' T T YT Ty 92T 9z 2 Y
thus

1 0f _0for ofoy 105 10

0z 0w 0z 0y0z 20¢ 20y
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Exercise 1: For smooth f(x + iy) = u(z + 1y) + iv(x + iy) show that the followings are
equivalent:

(1) f is holomorphic;
(2) uy = vy and v, = —uy,.
Solution: A direct computation gives

fom e =) + 5 (0ot ),

hence (1) and (2) are equivalent.
Exercise 2: Let f = u + iv be holomorphic. Show that u,, + u,, = 0 and v, + vy, = 0.

Solution: By Exercise 1, we have u,, = v,y and v, = —ugy, thus u,, + u,, = 0. Similar
proof for v, + vy, = 0.

Exercise 3: For smooth f(z + iy) = u(z + iy) + iv(x + iy), we define the complex Jacobian
and real Jacobian as

Jac®(f) := det <(j§3z (%2) , Jac(f) := det <Z§ Z;’) :
Show that Jac®(f) = Jac(f).

Solution: Note that
Jac®(f) = |f]* = /=]
Input
7

(v — uy)7

1 7 1
== 5(“1 - Uy) + 5(“1 + uy), f.= 5(“:6 + Uy) + 5

we obtain

Jac®(f) = upv, — uyv, = Jac(f).

Proposition 1 (See Ahlfors page 22-27). Let f be an holomorphic function on an open set U C
C. Then the complex derivative

1y e i LR = f(2)
(1.3) f'(z) :== lim Y

h—0

exists and satisfies

14 S =5 " 20: 20y
on U, moreover, we have

d d
(1.5) PO _ (g 220)

for every smooth function g : (a,b) — U, where a < b are real numbers.
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Proof. From the taylor expansion of f with respect to z, Z

0 -0
f(z+h)=f(2) + ha—f + ha—JZ_c +O(|h?)

d
and a—fzf =0, we get

_ of 2
i JEEW = £G) WS+ ORE) _ of
h—0 h h—0 h 0z

thus the complex derivative f’(z) exists and equals %. Similar to the proof of (1.2), we have

0z 20x 20y
thus (1.4) follows. (1.5) follows from the chain rule

df(g(s)) _ 0f dg(s) , Of dg(s) _ Of

dg(s)

ds 027997 g5 9z 799 s T 8z|2:g(s) ds
and (1.4).

1.2. Cauchy integral theorem. Let us think of a piecewise smooth closed curve in C as a piece-
wise smooth 2r-periodic function v : R — C (i.e. 7y is piecewise smooth, (¢t + 27) = ~(t) for
every t € R and the associated closed curve, as a set, is given by the image of ). More precisely,
the curve associated to y is given by the following set

{r(t) - t € 10,2m)}
with orientation from 0 to 2. The fundamental theorem in complex analysis is the following:
Theorem 1 (Cauchy integral theorem). Let f be a holomorphic function on an open set, say U, in

C. Assume that inside U we can deform a piecewise smooth closed curve vy piecewise smoothly
to another piecewise smooth closed curve ;. Then

/%f(z) iz — /Mﬂz) iz,

Proof. We shall only prove the smooth case and leave the piecewise smooth case to the readers.
Let {7s fo<s<1 be a smooth family in U joining v, and ;. Put

F(s) = / f(2) dz = / " (6 d((t)) = / ) dt,

where 7. denotes the t-derivative of 7,. It suffices to show that F' does not depend on s, or
equivalently dF'(s)/ds = 0 for all s € [0, 1]. Compute (8th Jan)

) _ [ [T HIOD o900

ds
By (1.5), we have



thus
dF (s) o s d(v,)
= )Y —— o 52 dt.
P /0 POz + s =,
Notice that
drys d<7/) d drys
/ 1% ls s/ % “ls
FOshags T 10s) == 2 [ f0s) oo )
hence

) [ (5000 dr= (70052 ) e = (5605 ) b

Now, since each ~, is 2m-periodic in ¢, we know the right hand side of the above equality vanishes.
The proof is complete. U

Remark: The precise meaning for, {vs}o<s<1 is a smooth family in U joining ~o and 7, is the
following: there exists a smooth function
v (s,t) = (s, t) €U,
on a neighborhood of (s,t) € [0,1] x R such that each
Vst (s, t)
is 2m-periodic and

7(07 t) = 70(15)7 7(17 t) = 71<t>
One may similarly define the piecewise smooth case.

Definition 3. Let U be an open set in C. Two piecewise smooth closed curves in U are said to be
U-homotopic to each other if there exists a piecewise smooth family in U joining them. We write

Yo ~U M1

if vo is U-homologous to ~,. In case 7, is a single point, we shall write vy ~y 0 and say that
is U-homotopic to zero (or U-contractible).

Now one may rephrase the Cauchy integral theorem as follows.

Theorem 2 (Cauchy integral theorem-homotopic version). Let f be a holomorphic function on
an open set, say U, in C. If vy ~y 71 then

/7 ez = / )

Af(z) dz = 0

in particular,

ify ~u 0.
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1.3. Simply connected domains.

Definition 4. An open set 2 C C is called a domain (region) if any two points in ) can be
connected by a piecewise smooth curve in ).

Remark: In case () is a domain, one may check that ~q in Definition 3 is an equivalence
relation. Our definition of a domain is different from the Ahlfors definition in page 57, Definition
4. But in any case, they are equivalent by the following theorem.

Theorem 3 (Page 56, Theorem 3). Let €2 be a nonempty open set in C. Then the followings are
equivalent:

(1) Qis a domain;
(2) If Q2 = Q1 U Qy with Qy, Qy open and Oy N Qy = () then either Q, or Q5 is empty;

(3) Any two points in € can be connected by a piecewise horizontal/vertical curve in Q.

Proof. (1) implies (2): Otherwise, both are nonempty, so we can choose p € €1, ¢ € {2 and
connect p, ¢ with a piecewise smooth curve ~y(¢) in 2 with v(0) = p, v(1) = ¢. Consider

T:=sup{0 <t <1:79(t) €N},

Since y(1) ¢ €, we know that 0 < T" < 1. If 4(7T") € €y, then the continuity of  implies that
v(T + €) € €4 for some € > 0, this of course can not happen by the maximum property of 7.
So we must have (7") € €9, then continuity of ~ implies that v(7" — ¢,T + ) C €, this can
not happen either. So we know that one of €2y, {2, must be empty.

(2) implies (3): If p,q in Q) can not be connected by a piecewise horizontal/vertical curve in
(2, then one may define €2, to be the collection of points in €2 that connects to p by a piecewise
horizontal/vertical curve in €2. Then the complement, say €2, of €2, is precisely the collection
of those points that can not be connected to p by a piecewise horizontal/vertical curve in 2. The
basic observation is that €2; and €25 are disjoint nonempty open, which contradicts (2).

(3) implies (1): directly from the definition. O
Definition 5. A domain ) C C is said to be simply connected if v ~¢q 0 for every piecewise
smooth closed curve ~y in §). (9th Jan)

Remark: Our definition is different from the one given by Ahlfors in page 139, where 2 is said to
be simply connected if its complement with respect to the extended plane C U {00} is connected.

Theorem 4 (See page 141, Corollary 1). If f is holomorphic in a simply connected domain

Q C C then
/f(z)dz =0
v

for every piecewise smooth closed curve ~y in ).



Example: Convex open sets are simply connected. The annulus

Dy :={z€C:r<lz|<1}, 0<r<l,

/ %:2m'7é0.
|

e

are not simply connected, since

Theorem 4 also implies the following result.

Corollary 1 (Page 142, Corollary 2 in the Ahlfors book). If f(z) is holomorphic and # 0 in a
simply connected domain ) C C then it is possible to define single-valued analytic branches of
log f(2) and (f(2))"/™ in Q.

Proof. Fix zy € §2, by Theorem 4, we know that

z /

P e
2 f(w)
does not depend on the choice of piecewise smooth curves connecting zj and z and we have
!
72)

Thus f(z)e™"(*) has the derivative zero and is therefore a constant. Choosing one of the infinitely
many values log f(zo), we find that

e (2)=F(z0)+log f(z0) — f(2),
and consequently we can set

log f(2) = F(z) — F(z0) + log f(20).
To define (f(2))"/", we merely write it in the form e!/™ e f(z)_ (15th Jan) O

1.4. Cauchy’s integral formula. Let f be a holomorphic function on an open set U € C. Fix
z € U. Assume that inside U \ {z} we can deform a piecewise smooth closed curve 7 piecewise
smoothly to v, : t — z + e’ for all sufficient small € > 0. Then Theorem 1 implies that

L (R S B (R

e—0+ 271

In case 7 is given by |( — a| = r (always with the anti-clockwise orientation), then (1.6) gives:

Theorem 5 (Cauchy’s integral formula). Let f be a holomorphic function on a neighborhood of
the disk | — a| < r. Then

(1.7) %A_arg(%dng(z), V zwith |z —a| <.

Corollary 2 (page 122, Ahlfors book). Bounded holomorphic functions on C are constants.



8 XU WANG

Proof. Take the derivative of (1.7), we obtain

1 1(©)
2mi [(—al=r (C - Z>2
Assume that | f| < M on C. Then the above formula gives
: 1 f(©) M
=|— ———d —.
=l | <3

Let r tend to oo, we get f/'(a) = 0 for every a € C. Thus f is a constant. O

d¢ = f'(z), Vzwith|z—a| <.

Liouville’s theorem leads to a proof of the following fundamental theorem of algebra.

Corollary 3 (page 122, Ahlfors book). Polynomials of positive degree in C|z] always have a zero
point in C.

Proof. Let P € C|[z] be a polynomial of positive degree. If P has no zero point then P(z)~!
is holomorphic on C and tends to zero for 2 — oo. Thus P(z)~! is bounded and the Liouville
theorem implies that it is a constant, thus P is a constant, we get a contradiction. O

Exercise 1: Use (1.7) to prove the following results for holomorphic function f defined on a
neighborhood of the disk |[( — a| < r:

(1) For all positive integers k, we have

k! f(©)

% [(—al=r (C - Z)k+1

Solution: Take z-derivatives of (1.7).

(1.8) d¢ = f¥(2), Vzwith|z—al <7

(2) For all z with |z — a| < r, we can write

f(2) = fla) = (z = a) fi(2),
where f; is holomorphic on the whole disc |z — a| < r and

1 f(©)

= — —
fl (Z) 2mi [¢—al=r (C - Z) (C - Cl) C
Solution: (1.7) also gives
1 Q) [ z—a )
— = — — d¢ = —
f(Z) f(a) 2mi [{—al=r C -z C —a 2mi /|§—a|:7“ (C - Z)(C - a) <’
which implies (2).
(3) Show that in case f is a constant, (2) gives
1 1 .
(19) %/;_a|rmdg_o, va,ZE(CWIth ]z—a]<7“.

Solution: Take f = 1,then 1 — 1 = (z — a) f1(z) gives f1 = 0.



(4) Show that (1.9) implies that for every positive integer k,

1 1
(1.10) —/ d¢ =0, Ya,zeCwith|z—a| <
2w Sy C=2)C—afF & |z =l

Solution: By the Cauchy integral theorem

1 / 1 1 1
P ———d( = —/ —d(
21 Jic_qj=r (C—2)(C —a) 21 Jicjer (¢ — 2)(¢ — a)
for sufficiently big R > 0. Hence (1.9) implies

1 1
T = =k

for R > 0 big enough. Apply the a-derivative of the above formula, we obtain

1 1
o /m:R (DT

for every positive integer k. Hence the Cauchy integral theorem gives

1 1 1 1
g M p e L W e e
(5) Let us continue the process in (2) and write

fi(z) = fila) = (2 — a) f2(2),

use (1.10) to show that

i —Z>(C—CL) _2_7” [¢—al|=r (C—Z)(C—CL)Q
Solution: Since f1(¢) = (f(¢) — f(a))/(¢ — a), we have
1 f1(€) 1 f(Q) — f(a)
_ d¢ = —
2mi /Ca|:r (C - Z)(C - (Z) C 2mi |¢—al|=r (C - Z)(C - (I)
which equals the right hand side of (1.11) by (1.10).

(6) Let us inductively define f,,;1(z) such that f,,(z) — f.(a) = (2 — a) fr41(z) show that (see
page 125, Theorem 8 of the Ahlfors book)

S dc,

o / . L. f(n) ((Z) _ n o n+1
(1.12) f(z)=fla)+ fl(a)(z—a)+---+ o (z—a)"+ for1(2)(z —a)" ™,
with
_ b f©)
(1.13) feal) =5 [ e
and
(1.14) ™ (a) = n SO d¢.

B 211 [¢—al=r (C - a)n+1
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Solution: By induction on n, we have
(1.15) f(z) = fla) + fila)(z —a) + - + fu(a)(z = @)" + fasr(2)(z — )" "

Take z = a, we know that (1) implies (1.14), (1.13) implies f,(a) = % Hence it suffices to
prove (1.13). Apply (1.7) to f = f,.1, we obtain

1 fn+1 (()
(1.16) ) =5 |
By (1.15), we have
farr(Q) = IO =) = f@)(¢ —a) ™" = fi(a)(C = a) ™" =+ = fula)(¢ —a) 7"
Input it into (1.16), we know that (4) gives (1.13).
(7) Denote by M the maximum of |f| on the circle | — a| = r, use (1.13) to show that
M|z — a|™™!

(17 (@) =™ < SE =

In particular, as n — 00, fny1(2)(z — @)™ tends to zero uniformly in every smaller disk
|z —a| < § < r (this is the proof of Theorem 6 below in page 179 of the Ahlfors book).
Solution: Follows from (write ( — 2z =( —a — (z — a))

1 [ M M
mmm<—£rw< o

2 r—|z—al) ro(r—lz—al)

Exercise 2: Compute the following integrals:

(1) f7 x dz, where 7 is the directed line segment from 0 to 1 + i; Answer: (1 + 1) /2.
2

2) j]z‘:Txdz;Answer: 1re.
3) jiz‘ﬁ —&; Answer: 0.
4) f|z\:1 |z — 1] - |dz|. Answer: 8.

Exercise 3: Let P(z) be a polynomial in z and C' denote the circle |z — a| = R, show that

/ P(2)dz = —2miR*P'(a).
c

Solution: Note that on C' we have

o R?
T (2 —a)’
which gives
2
dz = — il dz
(2 —a)?
on C'. Thus . »
(Z) d Pl(a)

gives our formula.
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1.5. Taylor and Laurent series. The Cauchy integral formula implies that every holomorphic
function can be locally written as a convergent power series (called Taylor series) of z, in partic-
ular, holomorphic functions are always real analytic. (16th Jan)

Theorem 6. If f is holomorphic on a domain () C C then the representation

o
(1.18) f(z)=fla)+ fa)(z —a) +---+ ! n‘( )

is valid in the largest open disk of center a contained in §). Moreover, the series converges
uniformly in every smaller disk.

(z—a)" + -

More generally, we have the Laurent series of holomorphic functions on an annulus.

Theorem 7. If f is holomorphic in an annulus Ry < |z — a| < Rs then f can be developed in a
Laurent series of the form

S . f(2) e
(119) f(Z) = Z Cn(Z — Cl) , Cp = %/'Z_a':T m, VR <r< RQ,

n=—0oo

which converges uniformly on every circle inside the annulus.

Proof. See page 185 of the Ahlfors book for the proof. (22th Jan) U
1.6. Zeros, residues, poles and local description of holomorphic mappings.

1.6.1. Zeros, residues and poles. A direct consequence of the Taylor series expansion, Theorem
6, is the following

Proposition 2 (Page 126, Ahlfors book). Let f be a holomorphic function on a domain <) C C.
If for some a € ), f(a) = 0 and all derivatives f)(a) vanish, then f is identically zero in ().

Proof. Let E be the set on which f and all derivatives vanish. We know that 2\ ' is open (try!).
Theorem 6 implies that £ is also open. Since € is a domain, we must have £ = ). U

Assume that f(z) is not identically zero. Then if f(a) = 0 then there exists a first derivative
f®™(a) # 0, we say then that a is an order h zero of f. To summarize, we shall introduce the
following definition.

Definition 6. Let f be a holomorphic function on a domain Q@ C C. Assume that f(a) = 0 for
some a € (). We say the a is an order h zero of f, h € Z, h > 0, if

f"(a) #0and f*(a) =0, YO<v <h.
In this case we shall write h = Ord, f.
Remark: By (1.12), we have
(1.20) f(2) = (z — a)"fu(2), with h = Ord,f, fu(a)#0.

Since f, is continuous (in fact holomorphic), we know that f;, # 0 in a neighborhood of a. Thus
2 = a is the only zero of f in this neighborhood. We have proved the following result:
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Proposition 3 (Page 127, Ahlfors book). The zeros of a holomorphic function which does not
vanish identically are isolated. Moreover, let f, g be holomorphic functions on a domain ) C C,
if f = g on a set which has an accumulation point then f is identically equal to g in €.

We consider now a holomorphic function f in a punctured disk
Dor:={z€C:0<|z—a| <R}, R>0.

The point «a is called an isolated singularity of f. By Theorem 7 about Laurent series expansions
f can be written as

in Dy . We shall follow Berndtsson’s notes on residue calculus [B, Definition 1] and define:

Definition 7. The coefficient c_1 above is called the residue of f at a. We write
c_1:= Res,[.

(One may compare with Definition 3, page 149 in the Ahlfors book).
Theorem 7 (take n = —1 for the ¢,, formula there) also gives the following theorem.

Theorem 8 (Residue theorem, circle case). For f holomorphic in 0 < |z — a| < R we have

1
— f(2)dz =Res,f, 0<r <R.

2mi |z—al|=r

To generalize the above theorem, it is convenient to introduce (23th Jan):

Definition 8. Let v be a piecewise smooth closed curve in a domain 2 C C. Let {a;}1<j<n be
N points in Q, we say that y encloses {a;}1<j<n in Q0 if v can be shrunk to {a;}1<;<y in €,
more precisely, it means that v is 2\ {a; }1<j<n-homotopic to Zjvzl C; for some small circle C;
around aj, see the picture below.
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Apply Theorem 1, Theorem 8 can be generalized to

Theorem 9 (Residue theorem, homotopy version). Let v be a piecewise smooth closed curve
enclosing {a;}1<j<n in a domain Q2 C C. Then

(1.21) 2m/f dz—ZResa

What we will usually use is the following special case of the above theorem.

Theorem 10 (Residue theorem). Let f be a holomorphic function on Q \ {a;}1<j<n. Assume
that there is a closed disc D in ) such that all a; lie in the interior of D. Then

N
(1.22) L f(z)dz = Z Res,, f,
j=1

271 oD
for f holomorphic in Q\ {a;}1<j<n.
Proof. Use the above theorem and the fact that the curve 9D encloses {a; }1<j<n in €. U

Remark: The above result holds true for general D with piecewise smooth boundary. One proof
(optional in this course) is to use the Stokes theorem:

1 1
f z=— [ d(fdz) = m/af/\dz—z:ResaJ

o 271

since

5( ! )/\dz:27rz'5aj,
Z—ay
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where 5aj denotes the delta measure (function) at a;.

Exercise 1: Compute |, 9l under the condition la| # p. Hint: make use of the equations

|l=p To—al?

2z = p? and |dz| = —ipL.

Solution: By the hint, our integral becomes

—z',odf B —ipdz
(AFAZ—MWWZ—®_iA:AZ—@@”—MY

Let us apply the Cauchy integral theorem, if |a| < p, then we have

/ —ipdz . 2mp

s=p (2 —a)(p? —az)  p*—|al*’

/ —ipdz 27
e G )P —az) P

/ dz|  2mp
el=p 12— al* o =

Exercise 2: Compute (n, m are integers)

/ e’z "dz, / 21— z)"dz.
|z|=1 |z|=2

Solution: By the residue theorem, we have

if |a| > p, we have

Hence

0 n<0

/ ez "dz = < 2mi n=1
l=1=1 owi/(n— 1)l n>2.

For the second integral, by the Cauchy integral theorem, we know that if n,m > 0, the integral
is zero. If n > 0, m = —1 we have

/ 2"(z —a) "t dz = 2mia"
|z|=2
for every |a| < 2, take the a-derivative, we get (for positive k)

/ 2z —a)"* ) dz = 27 (n) a" ",
121=2 k

where we define (Z) = (0if £ > n. Thus

/|Z|:2 (1= )" dz = (—1)m2m(_m”_ 1)



forn > 0, m < 0. Similarly, we have

L:g (1 — 2)"dz = (—1)" 12 (_nm_ 1)

/ 2"(1—2)"dz=0
|z|=2

Exercise 3: Find the poles and residues of the following functions:
(a) m; Solution: Res_of = 1, Res_sf = —1.

(b) ﬁ; Solution: Res, f = }1, Res_1f = 411.

(©) siiz; Solution: Resorzf = 1, Respyoznf = —1.

(d) cot z; Solution: Res,zf = 1.

(e) Sin%z; Solution: Res,zf = 0.

form > 0,n < 0 and

forn,m < 0.

Another notion of singularity is the pole order.

Definition 9. Let f be a holomorphic function on a punctured disk around a. We say the a is an
order h pole of f, h € Z, h > 0, if its Laurent series reduces to

e}

fz) = culz—a)", cp #0.

n=—h

In this case we shall write h = Ordf f (P for pole). A function that is holomorphic except for
poles is called a meromorphic function.

Remark: It is clear that a is an order h pole of f if and only if (z — a)"f(2) extends to a
holomorphic function, say g, in a neighborhood of a with g(a) # 0. Hence we know that a
function is meromorphic if and only if it is locally a quotient of two holomorphic functions.

Definition 10. Let f be holomorphic on a punctured disk around a. We say the a is a removable
singularity of [ if its Laurent series has no negative terms (¢, = 0 for all n < 0). In case its
Laurent series has infinitely many negative terms, we call a an essentially singularity of f.

The following theorem of Weierstrass gives a characterization of the behavior of a function
around an essential singularity.

Theorem 11 (Page 129, Theorem 9, Ahlfors). A holomorphic function comes arbitrarily close to
any value in every neighborhood of an essential singularity.

Proof. Otherwise, we can find a complex number A and 0 > 0 such that | f(z) — A| > § around
a. Then a must be a removable singularity of
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(one may check that for g, all ¢,, = 0, n < 0), thus g is holomorphic around a and

1
f=—+4
g
is meromorphic near a. Hence a can not be an essential singularity of f. (29th Jan) U

Exercise I: (a) Prove the following Green’s formula for the unit square:

(1.23) / p(z,y)dr + q(z,y)dy = /(qm — py) dxdy,
OR R

where p, ¢ are smooth function on a neighborhood of
Ri={(z,y) eR*:0<z<1,0<y <1}

Solution: Note that

/adem - /Olp(%@) — p(x, 1) dx.

Hence the Newton-Lebniz formula

M%D—p@ﬂ%=AZM%wdy

1 1
/ pdr = —/ (/ py(T,y) dy) dr = —/py dzdy.
OR 0 0 R

A similar argument gives [, qdy = [, ¢, drdy. Hence (1.23) follows.

gives

(b) Use (a) to prove that

(1.24) fdz= 22’/ fzdxdy,
OR R

where f is smooth on a neighborhood of R.
Solution: Since dz = dx + idy, we have
fdz= fdx+ifdy.
Apply (1.23)top = f, ¢ = i f, we obtain

dz= [ (if)e — f,dedy =2i | f.dedy.
[ ra A@ﬂ £, dedy mﬂj vdy

Exercise 2: Use the Residue theorem to verify the following integrals:
S z? dx T
@ fy° e = 5 (V3 —V2);
Solution: Consider the square, say D, with vertices (—R,0), (0, R), (R,iR), (—R,iR) and
observe that

/°° 22 dx . / 22 dz . / 22 dz
_ = ]Im —_— = 1Im .
o TP D246 Rooo Jyp, 24452246 Rooo Jyp, (22 +2)(22 + 3)



Put

22

(22+2)(22+3)°

f(z) =
We know that

f(2)dz = 2mi (Res 5, f 4+ Res 5, f) = (V3 —V2)m
dDp

for large R. Thus

/00" 2?2 dx 1/_‘” 22 dx g(\/g_\/i)

152246 2) _r'+512+6

(b) j‘oo zsinzdr _ =«

0 2241 2¢>
Solution: Similarly, one may consider

f(z) =

Ze’LZ

2241

and observe that

x?2+1
Compare the imaginary part, we obtain

/°° rsinzdr 7
2.
o TP e

/‘X’xsinxdw 1/°° :Esinxdxi T
o x2+1 2/ 2+l 2

(c) (hard) [} &22de — =

Solution: Can be found in this link (3) g.

/ T O omi Res;f = .
_ e

[e.9]

Thus

Exercise 3: Let f be a holomorphic function on a domain €2 C C. Assume that |f(z)| = 1 for

all z € Q). Show that f is a constant on ).

Solution: If f is not a constant, then the image of f will be an open set by Corollary 4. But a

non-empty open set can never be a subset of the unit circle.

1.6.2. Argument principle.

Theorem 12 (Argument principle, circle version). Let f be meromorphic on a neighborhood of

the disk |z — zy| < 1. Then f has finite zeros, say {a;}1<;<n and finite poles, say {by }1<r<n in

that disk. Assume that all a;, b, are away from the circle |z — zo| = r, then

(1.25) = I g, i Ord, f — i ord?” f.
2mi |z—z0|=r f(Z) j=1 N k=1 o


https://wiki.math.ntnu.no/_media/tma4175/2023v/img_20230227_132844.jpg
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Proof. By Proposition 3, we know that f has only finite zeros and poles in the disk. To prove
(1.25), we shall write

(2= ap)Omdarf ... (7 — qp)Orden f
(2 — bl)OrdaPlf (2 — bM)Ord{fo

where g is holomorphic and # 0 in |z — zy| < r. Forming the logarithmic derivative we obtain

f(z) =

)

F1(2) = Ordyf KOrdpf  g(2)
f(z)_; Z — a; kz:;z—bk—'—g(z)

for z # a;, by, and particularly on the circle |z — zy| = r, Since g(z) # 0 in the disk, we know
that ¢’/ g is holomorphic around the disk, thus Theorem 2 yields

g(z) ,
/| g(x) Z=0

/ dz / dz -
= = ’]'('27
lz—zo|=r # — Qj lz—zo|]=r # — by,

we obtain (1.25). O

together with

Apply Theorem 1, Theorem 12 can be generalized to

Theorem 13 (Argument principle, homotopy version). Let f be meromorphic on a domain ) C
C. Let y be a piecewise smooth closed curve enclosing zeros {a;}1<j<n and poles {b;}1<p<m
of f in ). Assume that f has no zeros and poles on . Then

(1.26) o Z Ord,, f — Z Ord},

Remark: The function w = ) maps ’y onto a closed curve, say 1, in the w-plane and we find
/

(1.27) f / af _ [ dw

If v is given by a 2w periodlcfunctlon 7( ), then T is deﬁned by f(w(t)) and

f'(2) dw 2m (£)]eOIOE)) o o
y f(2) / / |ew(f 7(®) —/0 dlog!f(’y(t)HZ/O do(f (v(t)).

Note that fo dlog|f(~(t)| = 0, hence we have

1 f/ ( ) 1 2w
— dz = — de t)).
Thus the left hand side of (1.26) equals the average of change of argument of f(z) € I as z
traverses v, this explains why the above theorem is referred to as the argument principle. The
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right hand side of (1.26) implies this average is always an integer (this integer is called the
winding number of vy with respect to the origin, see page 115 of the Ahlfors book).

1.6.3. Local description of holomorphic mappings. In case f is holomorphic on a neighborhood
of the disk |z — 2| < r, applying Theorem 12 to f — a we obtain:

Proposition 4. If f(z) # a on the circle |z — zo| = r then

1 f'G) o
(1.28) 5 - 7 —a dz =#{z: f(2) = a,|z — 2| <},

where # means each root of f(z) = a is counted as many times as the order of f(z)—a indicates.

Remark: Denote the right hand side of (1.28) by N(a), we know that N(a) is an integer valued
holomorphic function on C \ T', where T is the image of the circle |z — zy| = r under f. In
particular, N(a) is locally a constant. The following theorem on the local correspondence is an
immediate consequence of this result.

Theorem 14 (Page 131, Theorem 19). Support that f is holomorphic near zy, f(zy) = wo, and
that f(z) — wo has a zero of order n at zy. If ¢ > 0 is sufficiently small then

n=H#{z:f(z) =a,lz — 2| < e},

for all a in some neighborhood of w,, moreover, if € is sufficiently small, then the above equality
is also true without counting multiplicity.

Proof. Since the zero of f(z) — wy is isolated, it suffices to choose ¢ so that f(z) is defined and
holomorphic on the disk |z — 29| < € and so that 2 is the only zero of f(z) — wy in this disk.
For the final statement, it suffices to take ¢ so that

f(2) #0 for0 < |z — 29| < ¢,

then all zeros of f(z) — a are of order one for a in a small punctured neighborhood of w,. [

Remark: By the above theorem, if zy is a finite order zero of f(z) —wy then the f image of every
sufficiently small disk |z — zy| < & contains a neighborhood of wy. Hence we have

Corollary 4 (Page 132, Corollary 1). A non-constant holomorphic function maps open sets onto
open sets,

Notice that the followings are equivalent in Theorem 14:
(Hn=1
(2) f'(20) # 05

(3) f is one to one near 2.
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Corollary 5 (Page 132, Corollary 2). If f is holomorphic near zy then f'(z9) # 0 if and only if
f maps a neighborhood of z, one to one onto a neighborhood of f(zy). The inverse of a one to
one holomorphic mapping is also one to one holomorphic. (30th Jan)

Remark: In fact, there is a very precise formula for the inverse of a one to one holomorphic
mapping. To find that formula we need to generalize (1.28) to

2f'(2)

f(z) —a’
which has residue z(a)Ord. (o) (f — a) at a zero z(a) of f(z) — a. If [ is one to one then
2(a)Ord.(o)(f — a) = z(a) = f(a),
which proves the following theorem.

Theorem 15. Assume that f is one to one holomorphic near |z — zy| < r, then

(1.29) F 7 w) :%/'_ i jfg)’—(j)wdz

holds true for w in a neighborhood of f(zp).

To count the number of zeros for a general holomorphic function, the following Rouché’s
theorem (see the corollary in page 153 of the Ahlfors book for generalizations) is often useful.

Theorem 16 (Rouché’s theorem). Let f, g be holomorphic near |z — zy| < r. Assume that
[f =gl <|flon|z—z| =,
then f, g have the same number (counting multiplicity) of zeros in the open disk |z — zp| < 7.
Proof. Notice that ' := g/ f satisfies
1-F| <1

on the circle |z — zy| = r. Denote the F' image of the circle |z — 29| = r by I'. We know that
" is a smooth closed curve in the disk |w — 1| < 1. Thus Theorem 4 gives (note that 1/w is
holomorphic in the disk |w — 1| < 1 and the disk is always simply connected)

1
/—dw:O.
rw

Fz)
/|z—zo|r F(Z) de= O’

thus by Theorem 12, F' has the same number (counting multiplicity) of zeros and poles in the
open disk |z — 2| < r. Hence the theorem follows. O

Replace w by F'(z), we get
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2. CONFORMAL MAPPING AND THE RIEMANN MAPPING THEOREM

2.1. The maximum principle, Schwarz Lemma and conformal mapping.

Theorem 17 (The maximum principle). If f is holomorphic and non-constant in a domain ) C
C, then its absolute value | f(z)| has no maximum in .

Proof. Use the Cauchy integral formula to prove the submean inequality for | f|, which implies
that the set {|f| = sup | f|} is open (and closed), thus it is either empty or equal to 2. This is the
second proof given by Ahlfors, page 134-135 (another proof is to use Corollary 4, try!). U

A very useful corollary of the maximum principle is the following:
Theorem 18 (Lemma of Schwarz). If f is holomorphic for |z| < 1 and satisfies the conditions

1f(2)] <1, f(0) =0, then |f(2)| < |z| and |f'(0)] < 1. If |f(2)| = |z]| for some z # 0, or if

|f/(0)| = 1, then f(z) = cz with a constant ¢ of absolute value 1.

Proof. Tt suffices to apply the maximum principle to f(rz)/z with r < 1 tends to 1, which
implies that |f(z)/z| < 1. Thus |f(2)| < |z| and |f’(0)] < 1. To prove the second part, it
suffices to apply the maximum principle to

_ ) z=0
9(z) = {f(z)/z 0<|2 <1.
]

Exercise 1: This is for the applications of the Schwarz lemma (see [A1, Chapter 1] for more
related results).

(1) Fix positive constants M, R and |wg| < M, |zo| < R. Verify that

M (w — wy)
S(w) = ———
() = 3r 2w
maps |w| < M one to one onto |S(w)| < 1 and
R(z — zp)
T =
(2) R? — %z
maps |z| < R one to one onto |7'(2)| < 1.
Solution: Note that if |z| = R then
= [ o,
2Z — Zo%

Thus the maximum principle implies that |7'(z)| < 1 for |z| < R. The existence of 7! in (2)
implies that 7" is one to one onto |T'(z)| < 1.
(2) Show that the inverse of 7" is given by
_ R RC + 20
771 = T2 20),
R+ Zo<
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Solution: One may directly verify that
R(z — z)
R? — %5z

is equivalent to
_ R(R¢ + 20)
R+7%Z¢

(3) Assume that f is holomorphic for |z| < R and satisfies the conditions | f(z)| < M and
f(20) = wy. Apply the Schwarz lemma to S o f o T~! and prove that

’M(f(Z)—_f(zo)) | < |R(Z — %)
M2 = f(20)f(z) — R*—%0z

Solution: The Schwarz lemma implies that

[0 foTHQI <]
for || < 1. Take ¢ = T'(z), we obtain

IS <IT(2)],

2.1) |, V2,2 with |2] < R, |20| < R.

which is equivalent to (2.1).

Exercise 2: Use (2.1) to prove that: if f is holomorphic for |z| < R and satisfies |f(z)| < M,
then

2.2) 1 (z0)] < 1(\4( 'ﬁ(jj’)') ) Vil <R
Solution: Note that (2.1) gives
f) = S)) RO f(20)f(2))
z— 2 - M(R? —7z2) "

it suffices to take z — zj.
Exercise 3: Show that a one to one holomorphic mapping f of the unit disk onto itself is given
by

2.3) f2) =c

Z— 20

1—72y2
for some constant ¢ with |¢| = 1 and zo with |zo| < 1.

Solution: Assume that f is one to one holomorphic from the unit disk onto itself and f(zo) = 0.

Put
Z— 20

T(z) =

1—%z
Apply the Schwarz lemma to f o T~ and T~! o f, we obtain |f| < |T'| and |T'| < |f|. Thus the
holomorphic function f/T satisfies that | f /7| = 1 and it suffices to use Exercise 3 in page 17.



23

2.2. Riemann mapping theorem.

Definition 11. Let f be a holomorphic function on a domain Qy C C. If (1) C Qq for some
domain €2y C C then we call
f : Ql — QQ

a holomorphic mapping from Q) to Q. Assume further that f is one to one and f(€1) = ,
then we say that f is a biholomorphic mapping (or conformal mapping) from €, to .

Remark: By Corollary 5, we know that if f is conformal then f~1 is also conformal.

Theorem 19 (Page 230, Theorem 1). Given any simply connected domain ) C C which is not
the whole plane, and a point zy € (0, there exists a unique conformal mapping [ from 2 onto the
unit disk |w| < 1 normalized by the conditions f(zy) = 0 and f'(zy) > 0.

Proof. 1. Uniqueness. If f and f, are two such mappings, then S := f; f, ' defines a conformal
mapping of |w| < 1 onto itself with S(0) = 0 and S’(0) > 0. By Exercise 3 above, we know
that S must be the identity mapping. Hence f; = f5.

The existence part is divided into the following steps.

2. Define f as the solution of an optimization problem. Consider the following
optimization problem : Find f € F with f'(zy) = B := sup{¢'(20) : g € F},

where
F = {g : g'(20) >0, g(20) =0, sup|g(z)] < landg: Q — g(Q)is conformal} .
2€Q

We shall show that the solution f of this optimization problem exists and fits our needs.

3. F is not empty. We note there exists, by assumption, a point a ¢ €. Since € is simply
connected, h(z) := 1/z — a is well defined in 2 by Corollary 1. Note that if h(z;) = +h(z2)
then (h(z1))? = 21 —a = 29 — a = (h(22))? gives 2; = z». Hence we know that i : Q — h(Q)
is conformal and
2.4 h(Q) N —h(Q2) = 0.

By Corollary 4, h(€2) is open thus covers a disk |w — h(zp)| < p, thus (2.4) gives
h(Q2)N{w € C: jw+ h(z)| < p} = 0.
In other words, |h(z) + h(zp)| > p for all z € Q2. Then one map verify that the function
o) = 2 W (20)]  D(20) h(z) — h(z0)
4 |h(z0)|> h'(z0) h(z)+ h(zo)
belongs to F (see page 230 of the Ahlfors book for details). (5th Feb).

4. Solve the optimization problem. A priori, the constant B in our optimization problem could
be infinite. In any case, one may take g, € F with ¢/ (29) — B as n — oo. By Theorem 23
in section 2.5, {g,} contains a subsequence, say {g,, } which converges locally uniformly to a
holomorphic function f on Q. It is clear that |f| < 1 on Q, f(z9) = 0 and by Theorem 21 in
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section 2.4, f'(zp) = B (this proves that B < co). Lemma 1 in section 2.4 further implies that
f:Q — f(Q) is conformal. Hence f € F solves the optimization problem.

5. f(Q) is the unit disk. Otherwise wy ¢ f(£2) for some |wg| < 1. Again since 2 is simply
connected,
f(z) —wy
1—wof(z)
is well defined in 2 by Corollary 1. Similar to h, we know that ' : Q — F'(§2) is conformal and
|| < 1. To normalize it we form

F(z) =

_ F' (=)l | F(2) = F(z)

G(Z) : F/(ZO) 1 — F(Z'O)F(Z)

so that G € F. After brief computation,
F/(Z())| 1 + |U)0|
G/<Zo) = | = B> B.
1—|F(z0)>  2/|wol

This is a contradiction, so f(£2) must be the whole unit disk. O

Remark (Page 231, Ahlfors book). At first glance, it may seem like pure luck that our compu-
tation yields G'(z9) > f'(z0). This is not quite so, for we can write f = T(G) (try to find T
yourself) for some holomorphic function T which maps |w| < 1 into itself with T'(0) = 0. The
Schwarz lemma gives |T"(0)| < 1, thus

' (20)] = IT"(0)& (20)] < |G (20)].

Another remark is that: log|f| is usually called the Green function of {2 with a pole at z,
moreover the constant 5 in the above proof satisfies

B = f/(ZO) = lim elOg(|f(Z)\)—log(|z_ZO‘).
Z—20

The right hand side is known as the logarithmic capacity of C \ 2 with respect to zo, which is the
central concept in the potential theory (see [Ra, Chapter 5]; in case € is not simply connected,
B is also an important conformal invariant, see [AB]). Hence the above proof of the Riemann
mapping theorem directly leads us to the potential theory. In fact, the Riemann mapping theorem
is equivalent to the existence of Green’s function on €2 (see Theorem 4.4.11 in [Ra] for a nice
Green'’s function proof of the Riemann mapping theorem). In the next few sections, we shall give
a complete proof of the results used in Step 4 of the above proof.

2.3. Elementary point set topology.
Definition 12. A topology on a set X is a collection of subsets of X, called open sets and satis-
fying the following conditions:

(1) The empty set and X itself are open;

(2) The intersection of any finite number of open sets is open;
(3) The union of an arbitrary collection of open sets is open.
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The complement of an open set is called a closed set. A subset K of X is said to be compact if
every open covering of K contains a finite sub-covering.

Remark: One may verify that open sets in Definition 1 defines a topology on C. The precise
meaning of compactness of K is: for every family of open sets {U; };c; with

K clJu;,
jeJ
there exists a finite subset, say {j1, - ,jn}, of J such that
K cU; Uu---UU,,.
The following Heine-Borel Theorem gives a precise description of compact sets in C.

Theorem 20 (See page 60-61, Ahlfors book for the proof). A subset in C is compact if and only
if it is closed and bounded.

We shall mainly use compactness in the following definition:
Definition 13. Let K be a compact subset of an open set ) in C. We say that functions f,, on €}
converges uniformly on K to a function f if

sup | fn(z) — f(2)| = 0asn — .
zeK

We say that f,, on ) converges locally uniformly to a function f on S if for every zy € €, there
exists an open neighborhood U of zy such that

sup |fn(2) — f(2)] = 0as n — oc.
zeU

The definition of compactness immediately gives:

Proposition 5. A sequence of functions converges locally uniformly if and only if it converges
uniformly on every compact subset.

We shall use this proposition in the next section.

2.4. The Weierstrass theorem and the Hurwitz theorem.

Theorem 21 (The Weierstrass theorem, page 176). Suppose that a sequence of holomorphic
functions f, converges to f locally uniformly on an open set ) C C. Then f is holomorphic on
Q; moreover, f] converges locally uniformly to f’ on .

Proof. For every a € (Q, take r such that the disk |z — a| < r lies in €. By the Cauchy integral
formula, we have
1 fa(C) d¢

fal2) = —

21 |¢—al=r Q—z ’

for every z in the open disk |z — a| < r. Since the circle | — a| = r is compact, Proposition 5
implies that f,, converges uniformly to f on that circle. Letting n — oo we obtain

1 f(€)d¢
J

—al=r C -z

1e) =5

21
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Since f, as the uniform limit of continuous functions, is always continuous, the above formula
implies that f is holomorphic in the open disk |z — a| < r. Thus f is holomorphic on (.
Moreover, starting from

pon 1 fn(C) dC
fn(z)—Q—m- |gfa\=rm’

the same reasoning yields

lim f/(z) = ! /C FOLY = f'(2)

n—o0 B % —al=r (C - Z)Z

and one may verify that the convergence is uniform for |z — a| < r/2. O

A non-trivial consequence of the Weierstrass theorem is the following:

Theorem 22 (The Hurwitz theorem, see page 178, Ahlfors book for the proof). If the functions
fn are holomorphic and have no zeros on a domain ) C C, and if f, converges to f locally
uniformly on (), then f is either identically zero or never equal to zero in Q.

Proof. 1f f is not identically zero then the zeros of f are isolated (of course it includes the case
that f has no zeros at all). Hence for every z, € €2, there exists > 0 such that f(z) # 0 on
0 < |z — 20| < r. Since f, converges locally uniformly to f, Theorem 21 and Proposition 5
imply that f,, and f/, converge uniformly to f and f’ on the compact set |z — zy| = r, which gives

1 ! 1 !
lim —/ f”—(z)dz = lim — 'z) dz,
n—00 2771 |z—zo|=r fn(z> n—00 271 |z—z0|=r f(Z)
by Theorem 12, the integrals in the left hand side are all zero, thus the right hand side is also
zero, which gives (by Theorem 12) f(z) # 0. Since z is arbitrary, the theorem follows. U

The above theorem can be used to study one to one holomorphic mappings (also called univa-
lent function in page 230 of the Ahlfors book).

Lemma 1 (The Hurwitz Lemma, page 231). If a sequence of one to one holomorphic mappings
fn converges to f locally uniformly on a domain Q) C C, then f is either a constant or one to
one holomorphic on ).

Proof. Tt suffices to apply the Hurwitz thorem to f,,(2) — f.(z0) and the domain 2 \ {2y} (why
it is still a domain, try!) for an arbitrarily fixed point z in §2. (6th Feb) U

2.5. Normal families.

Definition 14 (Definition 2, page 220). A family F of holomorphic functions on a domain {2 C C
is said to be normal if every sequence { f,} of functions f, € F contains a subsequence which
converges locally uniformly on €.

Theorem 23 (Montel’s theorem). If | f| < 1 for all f € F then F is normal.
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Proof. Let {f,} be a sequence in F. Denote by {w,,} the sequence of rational points in €.
Since { f,,(w1)} is a bounded sequence in C, the Bolzano-Weierstrass theorem gives a convergent
subsequence, say { f1,(wy)}. Similarly, { f1,(w2) } has a convergent subsequence, say { fo,(ws)}.
Continue this process, we obtain a double sequence { f;, } with diagonal f,,,, satisfying

(2.5) lim f,,(wy) exists for all k& > 1.
n—oo

It suffices to check that f,,,, converges locally uniformly. Write B,.(a) := {2z € C: |z —a| < r}.
Assume that Bs,.(a) C €2, then the Cauchy integral formula gives (see (1.13))

fon(2) = fan(wi) _ L/ fan(€)
j¢—al=r (

z —wy 2 ¢ —wr)(¢ = =)

(2.6) dg,

for all z, wy, € B,(a). Hence | f,| < 1 gives

nn — Jnn 4 o /N
un(2) = Jun ()| 4 o1 € B, »(a).
|z — wgl r
Since B, 2(a) is compact, for every fixed ¢ > 0, we can find finite points, say z1,-- - , 2y, in

B, j2(a) such that
By 3(a) C ULy Beypsa(2;).

Fix arational w; € B, /32(2;) N B, /2(a) foreach 1 < j < M. Thus for every z € B, ;(a), there
exists 1 < k < M such that 2 € B.,/32(2). Let us apply

|fnn(z) - fmm(z>| < |fnn(z) - fnn(wk)l + |fnn<wk) - fmm(wk)| + |fmm<wk) - fmm(2)|

8 _
Q2.7) < M + [ fan(wi) = frm (w2,)]

8|z — wy|

IN

. + 1%2%}]{\4 |fnn(w]) - fmm(w])|

Note that z, wy, € B, /32(21) gives
8|z — wy|

IN
(TR

r
By (2.5), we can further take N such that

nax | frn(w;) = frnm(w;)] < g, for all n,m > N.
Hence (2.7) gives
sup | fun(2) = foum(2)| < e, foralln,m > N.
|z—al<r/2
Thus we know that { f,,,,} converges locally uniformly on 2. (12th Feb) O

Remark. See Theorem 15 in page 224 of the Ahlfors book for an equivalent description of
normal families, see also paper 222-224 there for the related Arzela-Ascoli theorem.
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3. HARMONIC FUNCTIONS

3.1. Definitions and basic properties.
Definition 15. A real valued smooth function v on a domain ) C C is said to be harmonic if
0%u
2z — 07 2Z T A o
“ " 020z
Remark. If f = u + v is holomorphic then
0= fzi = Uyz + ivzé7

since both u,; and v, are real, they must vanish. Hence the real and imaginary parts of a holo-
morphic function are always harmonic. Later we shall prove a partial converse (see Theorem 24
below): a harmonic function is locally the real part of a holomorphic function.

Theorem 24. Let u be a harmonic function on a domain ) C C. If ) is simply connected then
u = Re f for some f holomorphic on €). Moreover f is unique up to adding a constant.

Proof. Uniqueness: If u = Re f for some holomorphic function f, say f = u + iv, then

wp vy = fo= [l =y =ty
7 )
gives u, = vy, U, = —v, and
(3.1) df = du+1dv = du+ 1 * du,
where
(3.2) *du = —Uy dx + Uy dy

is called the conjugate differential of du. In particular, (3.1) implies that f is unique up to adding
a constant (since df is fully determined by du).

Existence: (3.1) also suggests to define
f(2) :==u(z0) + / du + i x du,
20
where 2, is a fixed point €2 and the integral is taken over any piecewise smooth curve 7, .
connecting 2, z in €. Note that (try!)
(3.3) du +i*du = (u, — i u,) dz and u, — i, is holomorphic on 2.

Since €2 is simply connected, by the Cauchy integral theorem — Theorem 4, we know that f(z)
does not depend on the choice of vy, .. Hence f is a well defined holomorphic function on 2 and

df = du+1*du

gives d(Re f) = du, together with Re f(z9) = u(zo) we know that Re f = u on 2. Hence f fits
our needs. Remark: The simply-connected-ness of €2 is only used in Theorem 4. U
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Remark [page 163, Ahlfors]. If vy is smooth with equation z = z(t), the direction of the tangent
is determined by the angle o = arg 2'(t) (i.e. 2/(t) = |2/(t)|e'*) and we can write
dx = |dz| cosa, dy = |dz]| sina.

The normal which points to the right of the tangent has the direction f = « — 7/2, and thus
cosa = —sin 3, sina = cos (. The expression

(3.4) Ou _ Uy cos 3 + uy sin 3
on

is called the right hand normal derivative of u with respect to the curve . We obtain
0
(3.5) *du = —u, dr + uy dy = —uy|dz| cosa + u,|dz| sina = a—u |dz| on~y.
n

Thus

(3.6) /*du:/@\dz\,
gl 5 On

see page 164 of the Ahlfors book for more explanations.

Theorem 25 (See Ahlfors, page 164, Theorem 19 for another proof). If uy, us are harmonic on
a neighborhood of a piecewise smooth bounded domain ) C C then

(37) / (A *dUQ — U9 *dul = 0.
1)
Proof. The idea is to use Green’s theorem
(3.8) / pdr+qdy = /(%: — py) dzdy.
o0 Q

We may directly verify (try!) that g, — p, = Oincase pdx + qdy = uy * dus — us *du;. [
Remark. For general smooth functions u, v, (3.8) gives (try!)

(3.9 / uy *x dug — Uy * duy = /(u1 Auy — ug Auy ) dzdy,
0 Q

where the orientation of 0S) is chosen so that <) lies to the left and
AU = Ugy + Uy,

is called the Laplacian of u. By (3.5), one may write (3.9) as

0 0
(3.10) / <u1 g2 Uo ﬂ) |dz| = /(u1 Aug — ug Auq) dxdy,
90 871 6” QO
this is known as Green’s formula. (13th Feb)

Exercise I: (a) With z = x + 4y, show that for smooth function u we have

1
Uzz = — (Ugz + Uyy) -

4
Verify that all linear functions ax + by are harmonic.
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Solution: Use f; = %fx + %fy and f; = %fw — %fy.
(b) Check that log |z| is harmonic on C \ {0} and find a holomorphic function f on a simply
connected domain {2 C C \ {0} such that log |z| = Re f.

Solution: One may just take f(z) = log z by Corollary 1. log |z| must be harmonic since it is
locally the real part of the holomorphic function f.

Exercise 2: Use the following steps to show that
(3.11) *xdu = ru, df, on |z| =,
for every smooth function u defined on a neighborhood of the circle |z| = 7.

(a) Check that the normal direction n on |z| = r is given by n = @ and |dz| = rd6, then
show that

%|d2’| = (xu, + yuy,) db.
Solution: Clearly we have n = (xr—y) = (cos#,sinf) and |dz| = |iz df| = r df, thus
ou .
a—n|dz| = (uy cos 0 + u, sin ) r df = (vu, + yu,) db.

(b) Write © = r cos 6, y = rsin 6, verify that
TUr = TUg + YUy,

then use xdu = g—Z|dz| and (a) to prove (3.11).
Solution: It suffices to check that zu, + yu, = ru,, which following directly from
ox oy

Up = Up— + ul’@

or

= u, cos b + uy, sinf = (zu, + yu,)/r.

Exercise 3: Apply (3.7) to the case that
Q={ze€C:r <|z| <re}, wi(z) =log|z|, uz = u,

where v is a fixed harmonic function on s < |z| < p for some p > ry, s < 71.
(a) Show that (3.7) gives

(3.12) / log |z| x du — u x dlog|z| :/ log |z| x du — u x dlog|z|.
|z|=r2 |2|=r1

Solution: By (3.7) and 02 = {|z| = ro} — {|2| = r1}.
(b) Apply (3.11) to log | z|, show that x dlog |z| = df on |z| = r, then use (3.12) to prove that

(3.13) / (ru, logr — u) df does not depend on s < r < p.
|2|=r

Solution: *dlog|z| = r(logr),dfd = db, hence (3.12) implies f(r;) = f(re) for f(r) :=
f\z|=r (ru, logr — u) db, since 11, ry are arbitrary, we know that f(r) is a constant.
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(c) Apply (3.7) to the case that u; = 1, uy = u, then show that

(3.14) / ru, df does not depend on s < r < p.
|z|=r

Solution: Similar to (b).

(d) Use (b) and (c) to prove that: if u is harmonic function on s < |z| < p, then there exist

constants «, 3 such that
1 2m

o |, u(re)dd = alogr + f3

for every s < r < p; moreover we have o = 0 if u is harmonic on |z| < p.
Solution: By (b) and (c), we know that

01:/ (ru, logr — u) d@z@logr—/ udf
|z|=r |z|=r

for some constants ¢; and ¢,. Thus the first statement follows. In case u is on |z| < p then we
have

02:/ rurdG:/ Uy + Yu, dd — 0
ER jo|=r
as 7 — 0. Thus f\z|=r u df is a constant, another proof is to apply (3.7) to Q = {|z| < r}.

3.2. The mean-value property. A nice application of Theorem 24 is the following:

Theorem 26 (Mean-value property). Let u be a function harmonic on an open neighborhood of
the disk |z — zo| < r. Then

1
o

2
(3.15) u(z) / u(zo +re'”) df.
0

Proof. By Theorem 24, w is the real part of a holomorphic function f, one may check that (try!)
the Cauchy integral formula for f gives (3.15). U

(3.15) leads directly to the maximum principle for harmonic functions.

Theorem 27 (Maximum Principle). Let u be a harmonic function on a domain €} C C.

(1) If u attains a maximum on 2 then u is a constant; -
(2) Assume that ) is bounded. If u extends continuously to §2 and v < 0 on 0S, then u < 0
on ).

Proof. The proof of (1) is the same as for Theorem 17. For the proof of (2), as Q is compact and
h is continuous there, h must attain a maximum at some point z; € €2, i.e.

h(zp) = sup h.
Q
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If 2y € 052, then h(zp) < 0 by assumption, and so & < 0 on 2. If 2y € €2 then (1) implies that
is a constant on ). Since h is continuous on {2, we know A must be a constant on {). Thus in this
case, our assumption also implies 2 < 0 on 2. O

Definition 16 (Maximum principle). We say that a function h : Q — [—o00,00) satisfies the
maximum principle on a domain 2 C C if h has no maximum in § unless it is a constant (i.e.
either h is a constant or h(z) < supg h, for all z € ().

Remark. Later we shall study the class of subharmonic functions, which can be defined directly
using the maximum principle (see Definition 18).

3.3. Poisson’s formula. We shall follow page 166-168 of the Ahlfors book [A0]. The maximum
principle, Theorem 27 has the following consequence:

Corollary 6. If u is continuous on a compact set K in C and harmonic on the interior of K, then
it is uniquely determined by its value on OK (see the proof below for the precise meaning).

Proof. Let vy and us be two such functions with the same boundary values. Apply Theorem 27
(2) to h = u; — uy and ) = the interior of K, then 92 C JK and we obtain u; < uy on K.
Consider h = uy — u; instead, we also get us < uy. Thus u; = uy on K. O

Remark. The above corollary suggests the following:
Problem: Find such u with given boundary values.

In this section, we shall solve the problem in case that K is a disk. (3.15) determines the value
of u at the center of the disk. But this is all we need, for there exists a linear transformation
R(R( + a)
3.16 =5()=——"—-—= <R
which maps |(| < 1 onto |z| < R and carries the center ( = 0 to an arbitrary given point a.
Suppose that u(z) is harmonic on a neighborhood of |z| < R, then u(S((¢)) is harmonic around
|¢] < 1. By (3.15), we obtain

(3.17) u(a) = u(S(0) = o (S0 deC
From
B R(z — a)
¢ = R?2—az’

we compute

darg{z—i%:—i( ! + ¢ >dz:< 4 0z )d@.
z

¢ z—a R?’—az

Since |¢| = 1 corresponds to |z| = R, i.e 2z = R?, we have

Ql

az az

R?—aGz zz—az ZzZ—a
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Thus
(3.18) darggz( G )de,

Zz—a Z-—a
hence (3.17) gives:

Theorem 28 (Poisson’s formula). If u(z) is harmonic on |z| < R, continuous for |z| < R. Then

2 |2
(3.19) u(a) = ! / Mu(z) df = L (Re °r a) u(z) do,
|z|=R

T or sl=r |2 —al? 27 z—a

for all |a| < R. In particular, we have u = Re f, where

1
(3.20) f@=o | - - Luz) do

is holomorphic on |a| < R.

Proof. Replacing u by u(rz) if necessary, it suffices to prove the case that u is harmonic on a
neighborhood of |z| < R. Now (3.17) applies, by (3.18), we know that (3.19) follows from
(3.21) G = —ReZ Y

z—a Z-—a |z —al? z—a

(3.20) follows from dff = % on |z| = R. O

12

l
-
[\
I
E)
S

Remark. In case u = 1, (3.19) gives
1 R2 _ 2
(3.22) 1= —/ A do,
21 Ji=r |z —al?

R2—|a\2

hence % —al? df defines a probability measure on the circle |z| = R (19th Feb).

Exercise 1: Let ) be a smoothly bounded domain in C. Assume that zy € (2 and there exist a
smooth function G on a neighborhood of 2\ {z} such that G = 0 on 992 and G(z) —log |z — 2|
extends to a harmonic function in z € ). Apply Green’s formula (3.10) to

Q= Q\ {]z — 2| <e},
u1 = G, uy = uw and let ¢ — 0. Show that
1 1 oG
3.23 = — [ GAudzrdy + — —|d
(3.23) u(zo) 27T/Q udz y—|—27T muanl z|,
for every function v smooth on a neighborhood of 2.

Exercise 2: Apply Exercise 1 to Q@ = {|z — 29| < r} and G = log|(z — 29)/r|, show that

(3.23) implies Theorem 26.

Exercise 3: Apply Exercise 1 to Q = {|z| < R} and
R(z —a) |
R? —az "

G(z) =log |
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show that (3.23) implies Theorem 28.

The solution is here:

KUNNSKAP FOR EN BEDRE VERDEN

B ol : '
Els By glo [ gae o ) - MR d
——— S e d"ﬂ“e L
o 7 3= 2d- Suel5] o ke
5% o g2 z (1)
—\LW:L“% = I sl a\ R e
: R)\Jll-i.F(' 3
—iuidte. s e WRIL (ISR fncadtee. a0
T 2t 22 illae?«'W\
et T

whad @] -2

ThM -:Ai’i £ 2 u(2,) = P & alh s d e
b

3.4. Schwarz’s theorem. Theorem 28 serves to express a given function through its values on
a circle. But the right hand side of (3.19) has a meaning as soon as u is defined on |z| = R,
provided it is sufficiently regular, for instance piecewise continuous. The questions is, does it
have the boundary values u(z) on |z| = R?
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There is reason to clarify the notations. Choosing [ = 1, we shall introduce the following:

Definition 17. Let v be a piecewise continuous function on 0D, where D := {|z — zo| < r}. We
call

1 (% el 4= .
(3.24) PU(Z) = % A Re m U(Zo + 7.619) de

the Poisson integral of v with respect to the disk D.

Remark. P, is linear in v:

Pau—l—bv =ab, + bPU
Moreover, uw > 0 implies P,(z) > 0; because of this, we call P, a positive linear functional. We
deduce from (3.22) that P. = c for constant c. From this property, we know that any inequality
m < u < M implies m < P, < M. The question of boundary values is settled by the following
fundamental theorem that was first proved by H. A. Schwarz.

Theorem 29 (Schwarz’s theorem). The function P, is harmonic on D and satisfies

(3.25) lim P,,(z) = v(¢)
z—(
provided that v is continuous at { € 0D.

Proof. Note that P, is the real part of a holomorphic function, we know that P, is harmonic on
D. In proving (3.25) we may assume that v(¢) = 0, for if this is not the case we only need to
replace v by v — v((). By a change of variable, one may assume that zo = 0 and r = 1 so that D
is the unit disk. Write ( = €%, we have

1 6 ) 1 0 ]
P,(2) / Y v(e?)df + — P —— v(e) df
|0—90|<€

27 e — 2 21 Jig_gy>e €9 — 2

By (3.22), the first integral is no bigger than supy,_g, .. v(¢*) which tends to v(e) = v(¢) = 0
as v is assumed to be continuous at ¢. For the second integral, recall that

el +z 11—z

el — 2 e — z|

5 — O uniformly for all [0 — 0| > eas z — e,

Re

(note that [2] — 1 and |e?? — z| — [¢? — e%| > C' > 0 as |6 — 6y| > ¢), so the second integral
also tends to zero as z — €% It follows that P,(z) — 0 = v(() as z — ( = €', O

3.5. Functions with the mean value property. A nice application of Schwarz’s theorem is the
following:

Theorem 30 (Ahlfors, page 242). A continuous function f on a domain U C C is harmonic if
and only if it satisfies the mean value property

1 2w )
/ u(zo + re) db
0

u(zo) = Py

for all disk |z — z| < r contained in ().
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Proof. It suffices to show that v is harmonic on all disk D with D C €. Denote by v the
restriction of u to dD. By Theorem 29, we know that P, is harmonic on D, continuous on D
and P, = v = won 0D. In particular, we know that P, satisfies the mean value property for all
disks contained in D. Thus P, — u satisfies the mean value property for all disks contained in DD
by our assumption, hence we know that the maximum principle applies to P, — v and u — P,,
which gives that P, = v on D. Thus u is harmonic on D. U

3.6. Harnack’s principle. Another application of the Poisson formula is the following Har-
nack’s inequality for positive harmonic functions.

Theorem 31 (Harnack’s inequality). If u is non-negative harmonic on the disk |z| < p then

P 0(0) < u(z) < 21T
pt+r p—r

(3.26) u(0)
forall z with |z| =1 < p.

Proof. Choose s with r < s < p. By the Poisson formula (3.19), we have

2 2 .2 ]
u(z) 1/ B (5¢') df.
0

" or |sei? — z|2u
Note that, s — r < |se? — z| < s+ r when |z| = r, hence
s—r_sQ—TQ 52 —r? 82—T2_S+T
s+r  (s+7r)?2 T lse? —z|2 T (s—=71)2 s—r
gives
sor 1 u(se?) df < h(re?) < str 1 " u(se') db.

s+r 2 0

By the mean value property, we have 5= fozﬂ u(se?) df = u(0). Letting s — p, we know that the
above inequality gives (3.26). U

s—=r 2w )y

One crucial application of the Harnack inequality is the following Harnack’s principle.

Theorem 32 (Harnack’s principle). Let u; < us < --- be harmonic functions on a domain
Q) C C. Then either u, — oo locally uniformly or u,, — u harmonic on €2 locally uniformly.

Proof. Since €2 is connected, it suffices to show that the sets on which lim u,,(z) is, respectively,
finite or infinite are both open. In fact, if u,,(z9) — 0o as n — oo for some 2, € €2, then one may
apply the left hand inequality (3.26) to u,, — u,,,n > m on the disc ]z — zo| < p contained in {2:
_ _er
un(20) . Um(20) = 'Z+ g (un(20) — Um(20)) < un(2) — um(z), forall |z — 2| < g
It follows that u,,(2) — oo uniformly on |z — 2| < p/2. Similarly, if if lim u,,(2¢) is finite, then
the right hand inequality (3.26) gives, forn > m

0 < n(2) — tn(2) < 3(un(20) — tm(20)), forall [z — z| < g,
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which implies that u,, converges uniformly on |z — 25| < p/2. Thus the limit function, say u,
is also continuous and satisfies the mean value property, hence « is harmonic by Theorem 30.
(20th Feb) g

4. THE DIRICHLET PROBLEM

The Dirichlet problem: Find a harmonic function with given boundary values. In this section,
we shall use the Perron family of subharmonic functions to solve the Dirichlet problem and use
the reflection principle to show that the solution is harmonic near the boundary if all given data
are real analytic.

4.1. Subharmonic functions.

Definition 18. Let v be a continuous function on a domain ) C C. v is said to be subharmonicif
for every zy € €, there exists ro > 0 with |z — 2| < ro contained in ) such that the following

2
4.1) submean inequality:  v(z)) < 2_/ v(zo + rei®) db
T Jo
holds for every 0 < r < ry.

Theorem 33 (Maximum principle). Let v be subharmonic on a bounded domain §) C C. If

limsupv(z) <0 forall ¢ € 09,

03z—(C

then v < 0 on (.

Proof. Since v is bounded near the boundary, we know that

M :=supwv
Q

is bounded. The submean inequality implies that {v = M} is both closed and open in €2, hence
it is either empty or equal to 2. If M > 0 then our assumption implies that v(zy) = M for some
2o € Q, hence {v =M} = Qand M < 0, we get a contradiction. O

Proposition 6. If vy, vy are subharmonic, then
c1U1 + Cov9, maxq{vy, va},

are also subharmonic, where ¢c; > 0, co > 0 are constants.

Proposition 7 (page %17, Ahlfors). Let v be a subharmonic function on a domain 2 C C. Let D
be an open disk with D C €). Then there exists a unique subharmonic function vp on ) such that

“4.2) vp is harmonic on D and vp = v on Q \ D.

(We call vp the Poisson Modification of v on D).
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Proof. By Schwarz’s theorem, there is an unique continuous function, say F,, on D such that
P, =von 0D and P, is harmonic function on D. Hence it suffices to check that

P, onD
4.3 ="
(4.3) D {U outside D

is subharmonic. Note that v — vp = 0 on 9D, Theorem 33 implies that v < vp on D. Hence
v < vp on §2. Now we have

1 2m ] 1 2m ]
vp(z0) = v(20) < %/o v(zo 4+ re?)dh < %/0 vp(zo + e’ df

for every 2y € 9D and small » > (. Since vy obviously satisfies the submean inequality for
small discs outside 0D, we know that v, is subharmonic everywhere on €. |

Remark: Assume that D is given by |z — a| < r in the above theorem, then we have

1 2m ]
/ vp(a +re?) do
0

" 2r

1 2w

v(a) < wvpla) v(a+re) do.

“o )
Hence we get:

Theorem 34 (Global submean inequality). Let v be subharmonic on a domain ) C C. Then

1 2m )
(4.4) v(a) < o- / v(a +re’)do.
2m J,
for every disk |z — a| < rin S
4.1.1. Test Exam 1.

Exercise 1: Compute the following integrals

1 *  dx
d I 2d )
/lzlg o0 /,zu(mz) s

Solution: By the residue theorem, we have

1 1 1 1 1
dz =2ri (R R =2mi|5—5)=0.
/Z|:3 29, T ( e T Reso 22 — Qz) m (2 2>

From the definition, we have

2 _ 9|2 4 52 2 —2
Imz)?dz = : 2" + 2 dz = ﬂdz:O.
(
|2]=1 I2]=1 —4 |2]=1 —4

By the residue theorem, we have

/ 1 ‘ = 27 Resem/4— + Resesm/4— = l
oo T 1 24+ z

Exercise 2: Show that
D:={ze€C:|z| <2} \{z€C:Rez=0, |Imz| <1}
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is not simply connected.

Solution: Otherwise, by the Cauchy integral theorem, we should have

1
/ —dz =0,
|z|=3/2 <

but obviously the above integral is equal to 27s.

Exercise 3: Let D be a bounded domain in C. Let f be a holomorphic function on a neighbor-
hood of D. Assume that | f| < 1 on 0D. Show that

1
!
< —
|f (ZO)’ = 7",
for every disk |z — zp| < rin D.

Solution: By the maximum principle, we have |f| < 1 on D, thus

1 f(z)dz 1 1 1
el =los [ AP e [ L1
T Js—zo=r (2 — 20) Tty T T
Exercise 4: Put H = {z € C : Im z > 0}. Show that
iz —1)
J2) = Z+1

defines a conformal mapping from H to the unit disk with f(i) = 0 and f’(i) > 0. Prove further
that f is the unique conformal mapping from H to the unit disk with f(i) = 0 and f'(i) > 0.

Solution: One may verify that the given holomorphic mapping f is one to one and surjective
(try to add details yourself!) with f(i) = 0 and f’(i) = 1 > 0. The second part follows from the
uniqueness part of the Riemann mapping theorem. In fact, if g is another function satisfies these
properties, then

fog™ gof
would be holomorphic mappings from the unit disk to itself, which send the origin back to itself,
thus the Schwarz lemma gives

[fog () < Izl lgo fH (w)] < Jul.
Thus we have | f| = |g|. Hence the maximum principle implies that f /g is a constant, i.e. f = cg
for some constant ¢ with |c¢| = 1, thus f/(0), ¢’(0) > 0 gives ¢ = 1.

Exercise 5: Show that log |100 + z + 27| is harmonic on a neighborhood of |z| < 1 and then

compute
2

— log |100 + €% + ™| db.
2 Jo
Solution: Note that 100+z+2" has no zero on a neighborhood of |z| < 1, thus log [100+ 2427
is harmonic there. By the mean value property, we have

27

— log |100 + € + ™| df = log 100.
2 Jo
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Exercise 6: Put H = {z € C : Imz > 0}. Let f be a bounded holomorphic function on a
neighborhood of H. Use the Cauchy integral formula to show that

, 1 [~ f(&)d¢
f(x+2y)=;/_w%
forall x + 1y € H.

Solution: By the Residue theorem, we have
/ o f(§)d€

—o0 (§ - x)Z + y2
which gives our formula.

£2) nfa+iy)
(z —x —1y)(z — z +iy) y

= 2mi Resg iy

Y

Exercise 7: Put HH = {z € C : Imz > 0}. Let v be a bounded continuous function on OH.

Show that
, L[> yu(§)dE
P,(r+1y) = — /
SRR B o E
defines a harmonic function in x 4 1y € H and

lim P,(x+ iy) = v(xo)

r—x0,y—0

for all o5 € R.

Solution: By the Harnack principle (replace v by v + C, it suffices to assume that v > 0, then
{PN} is an increasing family), it suffices to verify that for each N > 0,

LN (€ dE
I N

is harmonic. Thus, it is enough to show for each &, (£_I++y2 is harmonic in z = = + iy. Note

that
Y T E—x+iay I 1
(€ =) +y? (€ —x+iy)€ -z —iy) -z
is the imaginary part of a holomorphic function, thus it must be harmonic. To prove the second
part, by Exercise 6, we have P, = c for constant c, thus
1 /°° y((€) = v(xo)) d€

Py(x 4 iy) — v(20) = Po(atiy)—v(zo) = = €=+

For each € > 0, let us choose d. > 0 such that

sup |v(&) —v(xo)| < e.
‘§—$0‘<(55

Take M =

—v xo))dS ey d€ My d¢
| / 2+ y? E /|£xo|<55 (€ —x)* +y? - /|§ng65 (€ —x)>+y*

, we know that
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By Exercise 6, we have

__evde eyl
/|§m0<65 (f—x)2+y2 < /R (€_$)2+y2 TE.

By a change of variable ¢ = = + ty, we also have

My d¢ M dt M dt
TR IEEEE 2.1 U
g-wolz0. (§ = 2)* +y jo—aottyl>o. £ T 1T Jpztemtoen) 2 41

as r — xp and y — 0. Hence

limsup |P,(z + iy) — v(zo)| < Eio=¢
7r

r—x0,y—0
for every € > 0. Letting ¢ — 0, the proof is complete.

Exercise 8 (Extra): With the notations in Exercise 7, let v be a harmonic function on H.
Assume that v is continuous on H. Show that if v is bounded then

1 /°° yv(§) d€

* v(r +1iy) = — —

() vlz+iy) = — G-ty
for all # + 4y € H and find a unbounded v such that (x) does not hold. Hint: apply the maximum
principle to v — P, — elm (v/iz) and let ¢ — 0.

Solution: An example of such unbounded harmonic v is v(z + iy) = y. Consider
Dgr :={|z| < R,Imz > 0}.

By Exercise 7, we know that for each e > 0, v — P, — ¢lm (\/E) < 0 on 0Dp, for all large
R, thus the maximum principle implies that v — P, — eIm (v/iz) < 0 on Dj for all large R.

Hence v — P, — eIm (\/ﬁ) < 0onH forall e > 0. Letting ¢ — 0, we get v < P,. Consider
P, — v — eIm (v/iz) instead, we also get P, < v. Thus v = P,.

4.2. Solution of the Dirichlet problem.

Definition 19 (Dirichlet problem). Let € be a bounded domain in C. We say that the Dirichlet
problem is solvable on () if every continuous function on € extends to a continuous function on
Q) that is harmonic on €.

Definition 20 (Perron envelope). Let ) be a bounded domain in C and let ¢ be a continuous
function on 0). We call

ug = sup{v : vis subharmonic on Q2 withv* < ¢ on 0§}

the Perron envelope of ¢ on ), where v* is the function on the closure §) defined by

v*(¢) = limsupv(z), ¢ € Q.

02z—(¢

Theorem 35. Ug 1S harmonic on ().
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Proof. Step 1: uy is bounded. Denoe by B, the collection of all subharmonic v with v* < ¢ on
0€). Since the constant function v = m := mingg ¢ lies in By we know that ugs > m. On the
other hand, Theorem 33 gives

v< M:= rré%XQS

on (2 for all v € By. Hence we know that m < u4 < M is bounded.

Step 2: Use the Poisson modification and the Harnack principle. Consider an open disk D
with D C Q. Fix 2y € D. Then one may take a sequence of function v,, € B, such that
li = )
Tim v, (20) = ug(20)
Set
V™ = max{vy, v, -+ , U, }.

then V" form a non-decreasing sequence in Bs. By Proposition 7, we know that the Poisson
modifications V7 also lie in B, and form a non-decreasing sequence. Note that

vn(20) < V™(20) < Vi (20) < ug(20)
implies that lim,, . V}3(20) = u4(20). Since uy(zo) is finite (by Step 1), the Harnack principle
implies that V5 converges to a harmonic function U on D satisfying U < u, and U (zp) = u4(20).
Step 3: U = ugy on D. Let us do Step 2 for another point 2; € () and select w,, € B, with
lim,, oo wy(21) = ug(21). But this time, we set
W™ = max{wy, vy, , Wp, Uy}
Then W converge to U;, harmonic on D, with
U S Ul § Uy, U1<21) = U¢(Zl).

Hence we know that U — U; has the maximum zero at z,. Therefore U = U; on D by the
maximum principle. Thus us(z1) = U(z;) for arbitrary z; € D. It follow that uy = U on D and
Uy is harmonic on any disk D and, consequently, on all of €2. (26th Feb) U

Definition 21. Let §2 be a bounded domain in C and let (s € 0S2. A barrier at (y is a continuous
function w on ), harmonic on ), such that

w(Co) =0andw > 00n Q\ {(}.

Q) is said to be regular if every boundary point of €} possesses a barrier.

Theorem 36 (See Ahlfors, page 250). Let Q2 be a bounded domain in C. The Dirichlet problem
is solvable for ) <= () is regular.

Proof. Proof of =. If the Dirichlet problem is solvable for (2 then for every (, € 0f2, the function
¢ defined by

¢(¢) = 1¢ = Gl? ¢ e,
extends to a continuous function, say w on ), harmonic on 2. The maximum principle, Theorem
27, for —w implies that w is positive on ). Thus w is a barrier at (y. Since ( is arbitrary, we
know that €2 is regular.
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Proof of <=. Assume that (2 is regular, it suffices to show that for every continuous function ¢
on 02, the Perron envelope u,, satisfies that

(4.5) lim g (2) = ¢(Co),

z—Co

for every (, € 0f2. Since € is bounded, we know that ¢ is bounded, so we can take M > 0 such
that |¢| < M on 0f. For every ¢ > 0, there exists a small disk D around ¢, such that

9(C) — o(Co)| <&,

for ¢ € D N (). Let w be a barrier at (,, we have
Wp = s%r\lzf)w > 0.
Consider
W) = 0() +2 + 22 (01— (o))

Wo

For ( € D N oQ, we have W (¢) > ¢((o) + ¢ > ¢(C); for ¢ € 92\ D we obtain
W(C) = ¢(Go) +e+ M= () = M+ > o(C).

By the maximum principle any function v € B, must hence satisfy v < W. Hence u, < W and
we have

(4.6) limsup ug(z) < W (o) = (o) + €.

Z—)C()

For the lower limit, we consider

V(z) = 9l — <~ 2D (a1 1 6())

0

One may verify that V' € By, hence ug > V' gives
4.7) lirr_1>icnf ug(2) > V(C) = (o) —e.
z—Co

Since ¢ is arbitrary, (4.6) and (4.7) together give (4.5). U

It remains to formulate geometry conditions which imply the existence of a barrier. To begin
with the simplest case, suppose that ) is contained in the half space Im z > 0, except for the
(o = 0 which lies in 092. Then w(z) := Im z is a barrier at (;. More generally, suppose that ¢,
is the end point of a line segment, say [, (1], all of whose point, except (p, lie in C \ Q. By a
linear change of coordinate, let us assume that (, = 0, (; = 1, we know that there is a conformal
mapping (see the picture below (should be = = ())

1—z
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which maps C \ [0, 1] onto {Imn > 0} \ {¢}. Hence

z

w(z) :=Imn(z) =Im T

defines a barrier at (y. To summarize, we have:

Theorem 37. The Dirichlet problem can be solved for any bounded domain ) C C such that
each boundary point is the end point of a line segment whose other points lie in C \ Q. In
particular, any bounded domain with continuous boundary (i.e. the boundary is locally the
graph of a continuous function) is regular.

For simply connected domains, we have the following result (see Theorem 4.2.1 in [Ra] for
the proof).

Theorem 38. Every simply connected bounded domain ) C C is regular. (27th Feb)

4.3. The reflection principle. The proof of Theorem 30 implies that (try!)
(x) A continue function is harmonic if and only if it satisfies the mean value property locally.

This fact implies the following reflection principle of Schwarz.
Theorem 39 (Reflection principle). Let D := {z € C : |z| < 1} and write
D" :={z€D:Imz>0}, c:={z€D:Imz=0}
Suppose that v is continuous on D U o, harmonic on D" and v = 0 on o. Then v extends to a
harmonic function (still denoted by v) on D satisfying v(z) = —v(z) for z € D.
Proof. One may directly the following continuous function
v(z) zeDt
0(2) =10 z€0
—v(z) zeD*

satisfies the mean value property locally, thus (x) above implies that  is harmonic. U
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4.4. Use of the reflection principle. The reflection principle can be used to study regularity
property of the solution of the Dirichlet problem:

(4.8) Au = 0on Q with u|spg = ¢ (u|sq means the restriction of u to 0f2).

We say that u is a solution of (4.8), if w is harmonic on (2, continuous on Q with ulgn = @.
Theorem 27 implies that the solution, if it exists, must be unique. The following theorem is a
deep result in PDE theory:

Theorem 40 (See Theorem 9.9 in [A]). If Q) is smoothly bounded and ¢ is smooth then the
solution of (4.8) is unique and smooth up to the boundary (i.e. it extends to a smooth function
on a neighborhood of §2).

We are not able to prove the above result using theories covered in this course. But in case
() and ¢ are real analytic, we shall show that the reflection principle gives (in fact, a stronger
version of) the above result.

Definition 22. We say that Q) and ¢ are real analytic if for every ( € 0X), there exists a conformal
mapping [ from D onto an open neighborhood, say V¢, of ¢ such that

DY) =NV, flo)=900NV,
and ¢(f) = Re h on o for some holomorphic function h on D.

Theorem 41. Assume that u is a solution of (4.8). If Q and ¢ are real analytic then u extends to
a harmonic function on a neighborhood of {).

Proof. By Definition 22, we know that ¢(f) = Re h, hence the harmonic function u(f) — Reh
on D vanishes on 0. By Theorem 39, u(f) — Re h extends to a harmonic function on I. Thus
u extends to a harmonic function on V. Since harmonic functions are real analytic, we know
that the extensions to overlapping V;, ( € 02, must coincide and define a harmonic function on
a neighborhood of Q. O

Exercise 1: Show that the punctured disk 0 < |z| < 1 is not regular. Hint: apply Exercise 3
(d) in page 31.

Solution: If it is regular then it has a barrier, say w, at 0. We know that w is harmonic on
0 < |z| < 1, continuous on |z| < 1, w(0) = 0 and w(z) > 0 for all 0 < |z| < 1. By Exercise 3
(d) in page 31, we know that

1 2m )

— w(re®)d) = alogr + 3, VO<r<1.
2m Jo
Since w is bounded near 0, we know that « = 0 and 5 = w(0) (try!). Thus the proof of Theorem
30 implies that w is harmonic on |z| < 1 (try!). Note that 0 is the maximum point of the harmonic
function —w, by the maximum principle, we know that w = 0 everywhere on |z| < 1, which
contradicts with the fact that w(z) > 0 for 0 < |z| < 1.

Exercise 2: Prove the following result by reading page 173 in [AOQ].
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Corollary 7. With the notation in Theorem 39. Let v be the imaginary (resp. real) part of an
holomorphic function f on D". Assume that

lim v(2) = 0 for all zy € o.

Z—r20

Then f extends to a holomorphic function (still denoted by f) on D satisfying f(z) = f(2) (resp.
f(z) = —f(2)) for z € D.

Proof. We only prove the v = Im f case and leave the v = Re f case to the readers. By the
reflection principle, we know that v extends to a harmonic function ¢ such that 9(z) = —0(z2)
for z € . Since D is simply connected, we know that 0 = Im f for some holomorphic function
fonD. Now f and f has the same imaginary part, hence we know that (try!) f — f is equal

to a real constant, say ¢ on D*. Hence F : = f—cisa holomorphic extension of f. Since
0(z) = —0(z), we know that the holomorphic function G(z) := F(Z) has the same imaginary
part as I and they are equal on o, thus F(z) = G(z) = F(2). O

Exercise 3: Use Corollary 7 to prove the following result (see Theorem 3, 4 in [A0] for related
results).

Theorem 42. Let ) be a bounded simply connected domain with real analytic boundary in C.
Then the Riemann mapping function f which maps (2 onto the unit disk extends to a holomorphic
function on a neighborhood of ).

Proof. Note that | f(z)| — 1 when z — 052, hence log f, which is well defined on 2NV, (choose
a smaller V; if necessary, one may assume that f has no zero in 2 N V), satisfies that

Re log f(2) =log|f(2)] = 0, asz —9QNV;.
Thus by Corollary 7, log f extends holomorphically to V;. Thus f extends to V; (hence to Q). O

5. POTENTIAL THEORY IN THE COMPLEX PLANE
5.1. Green’s functions as envelopes.

5.1.1. Green’s functions for regular bounded domains. Let €) be a bounded domain in C. Fix
w € €, assume that () is regular, then by Theorem 36, there exists a

(5.1)  harmonic function u(z) on €2, continuous on  and u(¢) = — log |¢ — w| for z € 9.
Definition 23 (Definition of Green’s function for regular bounded domains). We call
Ga(z,w) :=u(z) +log |z —w

the Green function with a pole at w € ().

L, 2€Q, weq,

The maximum principle implies the following result:

Proposition 8. Let ) be a bounded regular domain in C. Then z — Gq(z,w) is the unique
function on S such that Gg(z,w) = 0 for z € 09, Go(z,w) —log |z — w| (as a function of z) is
harmonic on ) and continuous on ).
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5.1.2. Green’s function as an envelope. By the proof of Theorem 36, we know that the function
u in (5.1) satisfies that

u = supq{v : vis subharmonic on 2 with v*(¢) < —log |( — w| for { € 9N}

hence we get the following result.

Proposition 9. Let € be a bounded regular domain in C. Then
(5.2) Ga(-,w) =sup{y <0:¢(z) — log|z — w|is subharmonic for z € Q},
for every fixed w € €.

Note that the envelope (5.2) is also well defined (and harmonic on 2 by Theorem 36) for
non-regular €). Hence, one can use it to define Green’s function for general (bounded) domains.

Definition 24 (Definition of Green’s function for general domains, see Definition 10.1 in page
141 in [A1] for the background). Let 2 be a domain in C. Fix w € 2, we call <) a hyperbolic
domain if there exists 1 < 0 on  such that ¥(z) — log |z — w| is subharmonic for z € Q. If no
such ) exists, we say that <) is parabolic. For hyperbolic 2, we define its Green’s function (with
a pole at w € () as

Ga(-,w) =sup{y <0:¢(z) —log |z — w|is subharmonic for z € Q}.
In case ) is parabolic, we define G (-, w) = —oo. (4th Mar)

Remark. The definition of hyperbolicity and parabolicity does not depend on the choice of
w € Q. In fact, for wi,wy € S, if there exists 11 < 0 on Q such that V1(z) — log |z —
wy | is subharmonic for z € Q). Assume that Then one may check that

C = sup{y1(z) — log |z — w1| + log |z — wy|} < oco.
zeQ

In fact, assume that wy # w;, then both ¢ (2) — log |z — wq| and log |z — w,| are continuous
(thus bounded) near w;. But outside a small neighborhood of w, say for |z — w;| > &, we must
have

— Wo Wy — Wy <|w1—w2|

| <
— W Z — w1 15

z
¥1(2) — log |z — wi| + log |z — ws| < log |z
Thus C must be bounded and it suffices to take
o(2) := 11 (2) — log|z — wq| + log |z — we| — C.
We know that ¢y < 0 and ¢5(z) — log |z — ws| is subharmonic.

One may easily verify that every bounded domain is hyperbolic. The Exercise 1 in the end
of section 5.3 implies that C is parabolic. We shall show that the Riemann mapping theorem
Theorem (19) implies:

Proposition 10. Let 2 be a simply connected domain in C. Assume that Q) # C, then Q) is
hyperbolic and Go(z,w) = log |fw(2)|, where f,, is the Riemann mapping from ) to the unit
disk such that f,,(w) = 0and f] (w) > 0.
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Proof. The existence of f, is just the Riemann mapping theorem. Put

= log|fu(2)],

we know that ¢ < 0 and

fw z) — fw w
$(2) ~ log |2 — w| = log | L1 el
z—w
is harmonic in z € €. Thus we know that €2 is hyperbolic and Gq(z, w) > log | f,,(z)|. The fact
that Go(z,w) < log|fw.(2)| follows from the maximal principle (try!). d

This proposition suggests a Green function proof of the Riemann mapping theorem, see the
proof of Theorem 4.4.11 in [Ra] for details. In case €2 is the unit disk D, we know that (try, use

(2.3)

zZ—w
ful2) = 1—wz’
hence we get
z—w
(5.3) Gp(z,w) = log ‘ = wz"

5.2. Poisson kernels and harmonic measures. Assume that () has real analytic boundary, then
the reflection principle (see Theorem 41) implies that the Green function Gq(-, w) extends to a
harmonic function on a neighborhood of Q \ {w}. Thus similar to the proof of (5.6), Green’s
formula applies and implies the following theorem.

Theorem 43 (See Theorem 4.5.1 in [Ra] for generalizations). Let €2 be a bounded domain in C
with real analytic boundary. Then

(5.4) u(w) = L / Galz,w)Au(z) dedy + 2i 9Ga(z,w)

dz|, € Q,
2 Q ™ Jon 8nz U(Z)| Z| v

for all function u smooth on a neighborhood of ), where n. denotes the outward unit normal
vector at z € 0N); in particular, if u is harmonic on ) then

(5.5) u(w) = % /89 W u(z) |dz], w e Q.

Proof. Put Q. := Q\{|z—w| < €}. Since G(z,w) is harmonic for z € €., the Green’s formula
(3.10) gives

(5.6) / (Gg(z,w) Ou —uaGQ(Z’w)) |dz| :/ Gal(z, w)Au(z) dzdy,
ek .

on, on,

Since Gqo(z,w) = 0 for z € 90 and 00, = I — {|z — w| = €}, we have (see the proof of
(3.23) for details)

(5.7) lim <Gg(z, w) u _ u M) |dz| = 2mu(w) — / 9Ga(z,w) u(z) |dz].
20

e=0 Joa. on on on.,
Hence (5.4) follows by letting € — 0. U
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Remark. By the maximum principle, if u > 0 on 02 and harmonic on § then u > 0 on 2, thus
(5.5) implies that p(z,w)|dz|, with

1 0Gq(z,w)
5.8 =——
538) plew) = -
defines a probability measure on 0S). Since its integral (5.5) gives the value of harmonic func-
tions, we call p(z,w)|dz| the harmonic measure on OS2 with respect to w € §).

Definition 25. Let 2 be a bounded domain in C with real analytic boundary. We call p(z,w),
z € 00), w € (), defined in (5.8) the Poisson kernel of <). The corresponding probability measure
p(z,w)|dz| is called the harmonic measure on OS2 with respect to w € ). (5th Mar)

5.3. Equilibrium measure and logarithmic capacity. The complement of 1 < |z| < 2in C
contains two parts, |z| > 2 and |z| < 1; both are connected open sets, we call them connected
components of C \ {1 < |z| < 2}. In general, let K be a compact set in C, we can write

as a disjoint union, each domain Uj is called a connected component. We shall write the unique
unbounded one, say Uy, as Q. We call {2 the unbounded connected component of C \ K.

Proposition 11. Let K be a compact set in C. Denote by )k the unbounded connected compo-
nent of C\ K. Assume that Q) has real analytic boundary. Then there is a unique function G,
on Qg such that

(1) Ga,, <0onfl;
(2) Gq,. extends to a harmonic function near Qg and G, (¢) = 0 for € OQ;
(3) Ga, (271) — log || extends to a harmonic function near z = 0.

Proof. The uniqueness follows from the maximum principle (try!). To prove the existence, take
2o € C\ Q and consider

D:={0}U{z€C\{0}: 2"+ 2 € Qx}.

We know that D is a bounded domain in C with analytic boundary and 0 € D. One may check
that

1
GQK(g) = GD (f— ZO’O)

satisfies (1), (2) and (3). (11th Mar) O

Definition 26. Let K be a compact set in C. Assume that Qi has real analytic boundary. Then
we call G, in Proposition 11 the Green function of )ik with a pole at co. The following limit

(5.9 o= llir(l) (Gay(z7") —log|z|)
is called the Robin constant of K.

We shall use the following result in the next subsection.
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Lemma 2. Let K be a compact set in C. Assume that ()¢ has real analytic boundary. Put

(5.10) PG 00) = 5o

where n. denotes the outward unit normal vector at ¢ € 0. Then

(5.11) dug (€) = p(¢,00)|d¢], ¢ € I,
defines a probability measure i on K supported on 02k satisfying

_ Y GQK( ) ZGQK
(5.12) P (2) == /log\z Cldux(¢) = {7 2 € C\ Q.

Proof. Similar to (5.4), we have

(513)  u(oo) = /Q Gor (OAu(C) dady + - [ 2G2x(©

u(Q) |dC], w e Q,
27 2T |09k | 8714 ( )’ |

where |0k | denotes the set OS2k with positive orientation (anticlockwise), for all function u
smooth on a neighborhood of Q such that u(1/z) extends to a smooth function near z = 0, here
u(o0) := lim,_,ou(1/2). Thus we know that yix is a probability measure supported on 02k in
K. Hence it suffices to prove (5.12). Since log |z — (| is harmonic outside ¢, we know that

1 0Go,
el = 5 [ toglz = 25 g
K

is harmonic outside 9. For fixed z € C\ Qg apply (5.13) to
u(C) :=log |z — ¢| + Ga, (C),

we get
Puk (Z) = U(OO) =7
Since 02k is analytic and Gg, is harmonic near 02k, we know that p,, is continuous near

0Qk (see Exercise 4 below), thus p,,. (2) = 7 also for z € JQk. Now it remains to show that
Pux =7 — Ga, on (g, we already know that they are harmonic on {2, equal on 02k and

Jim (9, (2) — Iog|el) = 0 = Jim (3 ~ Gin, (2) ~ log |2,

so they must equal on (2 by the maximum principle. U

Definition 27. Let K be a compact set in C. Assume that )i has real analytic boundary. Then
we call p defined in (5.11) the equilibrium measure on K. We also call the function p,,. in
(5.12) the equilibrium potential of K.

Definition 28. The (logarithmic) capacity of a compact set K C C is defined by
oK) = inf sup 2" 4+ a12" 7+ -+ ap )V

n>1,a1,,an€C L
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In section 7, we shall follow [A1, section 2.2] to study the extremal properties of 15 and prove
that ¢” = ¢(K) (recall that y denotes the Robin constant of K).

Exercise 1: Show that if S is a finite set (means it has finite elements, can be empty) in C.
Then C \ S is parabolic.

Solution: Otherwise C \ S is hyperbolic and we know that there exists a subharmonic function
1 < 0on C\ S with a simple pole at some w € C\ S (here we use Definition 32 for subharmonic
functions, in particular log |z — w| is subharmonic also for z near w). Since ¢ < 0, we know
that 1) extends (try!, see the proof of Theorem 3.6.1 in [Ra, page 67]) to a subharmonic function
(still denoted by 1) on C U co. Then the maximal principle implies that v is a constant, which
contradicts to the fact that ¢ has a simple pole.

Exercise 2: Compute the Robin constant of the circle |z — a| = r and prove the following
formula

1 [ A
—/ log |z — a — re?| df = max{logr,log |z — al}
21 Jo

for the equilibrium potential of the circle |z — a| = r.

Solution: Denote by K the circle |z — a| = r, we know that
r
G (6) = log | .

Hence the Robin constant vy of the circle |z — a] =ris

= hm{log| | —log |z|} = log.

/

By Exercise 2 in page 30, the equilibrium measure of |z — a\ =ris

! aGQK( OG0l g = L

d —
Ui = 27r

Thus
1 1 [ 0
Pux (2) = /w . log |z — w] %dﬁ = %/0 log|z —a—re”|df.
Hence (5.12) gives
Pux (2) = max{logr,log |z — al}.

Exercise 3: Prove (5.13). Hint: Note that |02k | = —0Qk. Apply Green’s formula to Dy =
Qr N{|z| < R} and let R — .

Solution: By Green’s formula, we have

| Gan0au(0) — u(6)AGay (¢) drdy = | G (02118 _ G ()

Dr anC an(

u(¢) d¢|

where D := Qg N {|z] < R}. Note that 0D = {|(| = R} U 0€k, hence

9u(C) o1 du(C) . o0 R ( Re™
[, G = [ Con@TG 2wl = [ G (R (e
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Recall that g(z) = u(1/z) is smooth near z = 0, hence
g(?‘fleilp) — u(reie)
gives
cos 0 sin 6
Up = Gz 3 + gy 5

—T T
Thus |u,.(Re?)] < CR~? and we have

: Ou(Q) 1 ~1 _
lim Go, (€) ane |d¢| = I%I—{I;OR log R = 0.

Hence Green’s formula reduces to

G (OMu(Q) dady = — 1im [ 2920 0y jag) - /m 0 lS) ¢y g,

Qx R=oo Jlop - Ong Ing
where n¢ denotes the outer normal vector for Dp. It suffices to check
(5.14) - lim n Ong u(Q) |d¢| = 2mu(oco).
Put
¥(C) = Ga,(¢) +1og |,

we know that v is smooth at oo, thus

oG dlo
- [ yyag = [ TG g = i [ was

oo Jlyen Ong =k On¢ =00 Jis1=r

gives (5.14).

Exercise 4: Show that P, defined in (5.12) is continuous near 0Q2x. Hint: recall that we
assume that Q) has analytic boundary. Then it is enough to show that

1
(5.15) lim (log I¢ —2z|) f({)d¢ = / (log|C]) f

2—0, zeC
is continuous, where f is a smooth function on R.

Solution: Note that for every small € > 0, we have

(5.16) lim (log [¢ = 2[) f(¢) dC = (log [¢]) f(¢) dC.

220,2€C Jo|¢|1<1 e<|¢|<1

On the other hand, for C' := SUD|¢|<1 | f|, we have

[ Qogl¢ - 2)) £(¢)de| < c/

I¢|<e I¢|<e

—log(C—Rez)dggC/ —log (dC,

I¢|<e+]|

which gives

(5.17) lim sup | (log|¢ — z|) f(¢)d¢| < C/ —log(d¢ =2Ce(1 —loge).
=0 gz cl<e

Letting ¢ — 0, we know that (5.15) follows from (5.16) and (5.17).
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6. A SHORT COURSE ON BOREL MEASURES

6.1. Riesz representation theorem. We shall mainly follow the Ransford book [Ra] in this part.
Let X be a topological space. A function ¢ : X — R is said to be continuous if

¢ (a,b) :={r € X :a < ¢(x) <b}
is open for all a, b in R. The support of ¢ is defined as
supp ¢ = {x € X : ¢(x) # 0}.

The space of all continuous functions with compact support in X is denoted by C.(X). The
fundamental theorem in the Borel measure theory is the following metric space version of the
Riesz representation theorem. Recall that (X, d) is called a metric space if d is a non-negative
function on X x X such that

d(z,y) = d(y,x), d(z,y) +d(y,2) > d(z, 2),

forall z,y, zin X and d(z,y) > 0 for all z # y. A set U in (X, d) is said to be open if for every
x € U we have

B (z):={ye X :d(z,y) <r}CU
for some r > 0. These open sets give a natural topology on X. Thus the notion of compact set is
well defined on (X, d). We say that X has compact exhaustion if

X = UnZlKru

where each K, is compact in X and K,, C K, where K, denotes the interior of K, (i.e.
the largest open set in K,,,1). A typical example is C with the euclidean metric. (12th Mar)

Theorem 44. Let (X, d) be a metric space with compact exhaustion. Let
A:C(X)—=R

be an R-linear mapping. If A is positive (i.e. A(¢) > 0 for all ¢ > 0) then there exists a unique
Borel measure (i on X such that pu(K) < oo for all compact K C X and

Mo) = [ odu Voe )

(notions related to the Borel measure will be given in the proof).
Proof. Notion: We write compact K < ¢ if

peC(X), 0<¢<1, ¢=1onK;
we write ¢ < U open if

peCe(X), 0<¢ <1, suppp C U.

Definition: For U open, we define
p*(U) == sup{A(¢) : ¢ < U}.

For an arbitrary subset £/ of X, we define

p'(E) :=1inf{u*(U) : openU D E},
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Step I1: Check that u* : 2% — [0, 0o] (2% denotes the collection of all subsets of X) is an outer
measure (see page 213 in [Ra] for details), i.e.

(1) p*(0) = 0; (¢ < 0 means ¢ = 0)
(2) p*(Ey) < p*(Es) forall By C Ey C X; (obvious)

Q) (U E,) <> pw'(E,) forall E, C X,n =1,2,---. Proof: take U, such that *(E,,) >
w*(U,) — 27 "¢, observe that u*(U, E,) < p*(U,U,). If ¢ < U,U, then compactness of supp ¢
gives ¢ < Uy U --- Uy for some N and there exists open V,, with compact V,, C U, such that
¢ < Vi U---Vy (here we use the fact that X has a compact exhaustion). Then

¢(x) d(z, V)
d(z,supp @) + S0 d(z, V)
gives A(¢) < o A(gy) <32 1*(U,) < 32, p*(Ey) + €. Thus (3) follows.
Definition: We say that A C X is pu*-measurable if
pW(E)=p (ENA) +u(ENAS forall E C X,

N
¢ = Z¢n7 qbn(‘r) -
n=1

where A¢ denotes the complement of A.

Carathéodory’s Lemma:

(1) The collection, say M, of all p*-measurable sets forms a o-algebra (i.e. ) € M; A € M
implies A° € M and A; € M, j > 1, implies both ﬁ;?‘;lAj € M and U;?‘;IAJ» e M).

(2) The restriction
wr M — [0, 00

of u* to M defines a measure (we call it the generalized Lebesgue measure) on (X, M) (i.e.
p*(0) = 0 and p* (U, A;) = D72, w(A;) forall A; € M with A; N Ay, = for j # k).

Proof of Carathéodory’s Lemma. The first two properties in (1) are trivial. For A, B € M and
E C X,wehave u*(E) = p*(ENA) 4+ p*(E N A°) since A € M. Now B € M further gives

p(E)=p (ENANB)+u (ENANBY) +pu (ENA°NB) +p*(ENA°N B°).

Now A € M also gives p*(EN(ANB)*) =p* (EN(ANB)*NA)+p*(EN(ANB)*N A°),
hence we have

P (EN(ANB)Y) =pu (ENANB®) + p*(ENA°.
Since B € M, we further have
W (ENAY) =p(ENA°NB)+ p (ENA°N B°).

Thus we obtain p*(E) = p*(ENANB)+ p*(EN(ANB)°) and AN B € M. Hence any finite
union and any finite intersection of measurable sets is measurable. For the remaining part of the
proof, see [LL, Page 29-31]. (18th Mar) O
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Step 2: Check that every open set U € M (see [Ra, Page 214]). Hence the Borel o-algebra
(i.e. the minimal o-algebra that contains all open sets) B C M. We shall denote the restriction
of u* to B by i

p: B — [0, 00]
A pr(A).
Thus 1 is a Borel measure (i.e. a measure on the Borel o-algebra).

Step 3: Check that (see [Ra, Page 214 and Lemma A.3.4 in Page 213] for the proof) for every
compact K C X (thus K € B)

p(K) = inf{A(¢) : K < ¢},
in particular p(K) < oo.

Definition 29. A function f : X — [—00, 00| is said to be Borel measurable (or simply, Borel) if
f(~o00,a) ={r e X: fxr)<a}€B, Yack

One may check that (see Exercise 18 in page 39 of [LL]) if f, g are Borel then af + bg, fg,
f/g are Borel for all a, b € R. Moreover, if f; are Borel then sup;~; fi, liminf;_, fi are Borel.

Example: Simple functions

N
S::Zalew AJGB7 ajz()’lg'jSN’

j=1
are Borel, where 1,4, = 1 on A; and equals zero elsewhere. We define the integral of s as

N
/ sdp = Z a;j 1t(A;) (a; > 0 to make sure that the sum is well defined).
X

j=1

For a general function f with f > 0 on X, for some ¢ € R, we define its integral as

(6.1) /fdu:sup{/ sd,u:simplesgf}.
X X

For a general function f on X, we say that the integral of f is well defined if [, | f|du < oo, in
which case, we define

/deu ::/Xmax{f,O}du—/Xmax{—f,()}du.

We observe that [, ¢ dy is always well defined for ¢ € C.(X).
Step 4: Check that A(¢) = [, ¢ dp and p is unique (see [Ra, Page 212, 215]). O

Remark: By [Ra, Lemma A.3.3], we also have
p(A) = sup{u(K) : compact K C A}, YA€ B.
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A standard example of A is: X = C with

A(@) = /C ol + iy) ddy,

in this case, M defined in the Carathéodory lemma is usually called the Lebesgue o-algebra (so
A € M is said to be Lebesgue measurable). Hence i is the restriction to B of the Lebesgue
measure. A second example is X = C with

M) = [ o) do.

0
In this case, the corresponding Borel measure |1 is supported on the unit circle |z| = 1, where
the support of 1 is defined by

(6.2) supp = N{F : F' C X is closed with /(X \ F') = 0}.

6.2. Integral of a Borel function with respect to a Borel measure. The integral in (6.1) is not
so easy to compute/use, but it is known (see [LL, Page 32, 33]) that if f > 0 is Borel then (see
[LL, Page 34] for the proof of a stronger version in case the right hand side is finite)

(6.3) [ tau= [ ntre) > na

0

The right hand side is the Riemann integral of a decreasing (thus continuous outside a countable
set) function on [0, o).

Theorem 45 (Fatou’s lemma). If f; > 0 are Borel then (see [LL, Page 18] for the proof)

liminf/ 1 duZ/liminffj djt.

Jj—00

Definition 30. A complex function f : X — C is said to be Borel if both its real and imaginary
parts are Borel. A complex Borel function f is said to be integrable if

[ 11du <o,
X
The L? space, 1 < p < o0, is defined by (see [Ax, Chapter 7])

LP(X, p) = {complexBorelf : / |fIP dp < oo} / ~,
X

where ~ means we identify functions which are equal outside a pi-measure zero set.

Remark: I7 is known that each LP(X, ) is a complex Banach space (i.e. complete complex
normed space, see [Ru, page 67] and [LL, page 52]) and C.(X) is dense in LP(X, 1) (see [Ru,
Page 69]). People often identify f with its equivalent class in L (X, ). In this way, f = g means
they are equal outside a ji-measure zero set, and f; — f pointwise on X means f;(x) — f(x)
for all x outside a ji-measure zero set. (19th Mar)
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Theorem 46 (Monotone convergence). If f; € L' (X, ) are real and f; < fo < ---, then

lim / fidp = / lim f; du,
J—70 Jx X )70
see [LL, page 17] for the proof.

Theorem 47 (Dominated convergence). If f; € LY(X, u) pointwise converge to [ and there
exists G;, G € LN X, u) with | f;| < G, for all j and

lim \G Gldu =0,

j*}OO

then f € L'(X, ) and

i [ fydp= [ Tim gy dn
Jj—oo Jx x J—o0
see [LL, page 19, 20] for the proof.

6.3. Complex Borel measures.
Definition 31. A complex Borel measure is a function

w:B—C
such that 1(0) = 0 and

Zm )| < oo, Zu 2145)

for all disjoint set A; € B.

Remark: If i1 is a complex measure, then its variation ]u| defined by
|14|(A) := sup Z (A

where the supremum runs over all sequences of dlS]Oll’lt Borel sets A; whose union is A, is a Borel
measure. We also know that its total variation || || := |p|(X) < 0o. We have the following Riesz
Representation theorem for complex Borel measures (see Theorem 6.19 in page 130 in [Ru] for
the statement and the proof, we do not need "regular” because all finite Borel measures on a
metric space is regular, see Theorem A.2.2 in [Ra].)

Theorem 48. Let X be a metric space with compact exhaustion. Let
A:C.(X,C)—C
be a C-linear mapping. If

1= sup {|a@)] 0 € C.x, ) suplol =1} < o
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then there exists a unique complex Borel measure |1 on X such that

Mo = [ o, Vo).
b
Moreover, we have ||u|| = ||A]|.

6.4. Fubini theorem. Let X, X, be metric spaces with compact exhaustion. Let y; be Borel
measures on X, such that y;(K;) < oo for every compact K; C X;, j = 1,2. The Borel o-
algebra By, «x, on X7 X X5 equals the smallest o-algebra, say Bx, x By,, containing A; x A,
for all Ay € By, and A; € By,. It is known that (see page 11 in [LL] for the uniqueness and
page 23 in [LL] for the existence) there exists a unique measure i on By, » x, such that

/L(Al X AQ) = ,U,1<A1) X ILLQ(AQ), VAl € BXI, A2 c BXz.
We write ;1 := 1 X po. We have the following Fubini’s theorem (see [LL, page 25]).

Theorem 49. With the notation above, if f > 0 is Borel on X, x X, then

(64) /lefdmlxuz)—/xl (/XQfduz) dul—/XQ (/led@ i

If f is complex valued then (6.4) holds if one assumes in addition that

/ Fld(u x p12) < oo,
X1><X2

(see [LL, page 25] for the proof and generalizations).

Reading task I: Read [LL, page 29-31] for Carathéodory’s Lemma used in Step 1 of the proof
of the Riesz representation theorem and read page 213-214 in [Ra] to complete the proof in Step
2 and Step 3.

Reading task 2: Read [LL, page 12-19, 32-34] for (6.3), Fatou’s lemma, Monotone conver-
gence theorem and Dominated convergence theorem.

Reading task 3: Read [LL, page 25] for the Fubini theorem.

Reading task 4: Read [Ru, page 130] for Theorem 48.

Exercise 1: Let X be a topological space. A function ¢ : X — [—00, 00) is said to be upper
semicontinuous (usc) if {x € X : ¢(z) < c} is open for every ¢ € R.

(a) Assume that ¢ is usc on X. Let K be a compact set. Show that there exists z; € K such
that

¢(z0) = sup ¢(z).

zeK

Solution: Otherwise, put C' := sup,.x ¢(z), we would have ¢(z) < C for every z € K, thus
K CcUpU,, U, ={2€ X:¢(z) <C—1/n}.

Since ¢ is usc, we know that each U, is open. Thus the compactness of /K implies that there
exists NV such that
K C Uy>p>1U, = Uy,
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which implies C' < C' — 1/N, a contradiction.

(b) Show that usc functions are Borel measurable.

Solution: Follows from the definition, since every open set is Borel.

(c) Let v be usc on a domain Q2 C C. Let |z — 2| = r be a circle inside 2. Put

v' = max{v,0}, v~ :=max{—v,0}.
Use (b) to prove that
/27r v (20 + 1) df < 0.
0

—in this way, the integral of v over the circle can be defined as
2m 2 2m
/ v(zg + 7€) df = / v (20 + re’) df — / v (20 + 7€) df € [—00,00).
0 0 0

Solution: One may check that v is usc, thus by (b), we know that v is Borel measurable,
hence the integral of v™ over the circle |z — zy| = r is well defined. Since the circle is compact,
we know that v < C for some C on |z — zo| = r, which gives

2m
/ v (20 +re?)df < 27C < 0.
0

Exercise 2: With the definition of usc on Exercise 1.

(a) Assume that vy, v, are usc, show that c;v; + cove and max{wvy, ve} are usc, where ¢y, ¢; are
positive constants.

Solution: Since ¢y, co > 0, we have (try!)
{c1v1 4 covg < a} = Uper{v1 < b} N{vy < (@ — ¢1b)/ca}
is open for every a € R, thus c;v; + cov9 1s usc. Similarly,
{max{vy, v} <a} ={v; <a}Nn{vy <a}
is also open and we know that max{wvy, vs} is usc.
(b) Let €2 be a domain in C. Show that v is usc on 2 if and only if

limsup v(z) < v(zo)
Z—r20

for every 2 € €.

Solution: If v is usc, then for every € > 0
{v <wv(z)+e}

is a neighborhood of z, thus limsup, ., v(z) < v(z) + ¢ for for every € > 0. Letting ¢ — 0,
we obtain lim sup,_,, v(z) < v(%). On the other hand, assume the condition in (b), we need to
check that

U.:={v<c}
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is open for every ¢ € R. Assume that 2z, € U,, then we know that v(zy) < ¢, take ¢ :=
(¢ —v(29))/2, we know that v(zy) < ¢ — ¢, and the condition in (b) implies that v(z) < ¢ for
|z — 20| < r, where r is sufficiently small. Thus U, is open.

(c) Show that log |h| is usc for every holomorphic function i on 2 and (with respect to the
definition in Exercise 1 (c))

1 2m ]
log (20 < 5= [ 1og (o + )| b,
T Jo

where f is holomorphic on a neighborhood of |z — 2| < r.
Solution: Continuity of || implies that {log |h| < ¢} = {|h| < e°} is open for every ¢ € R,
thus log |h| is usc. To verify the submean inequality, one may check that

1
v = 3 log(IfF +2)

is a smooth subharmonic function for every € > 0 (try to show that (v, ),z > 0). Each v, satisfies
the submean inequality, thus letting ¢ — 0, we know that (try!) log | f| also satisfies the submean
inequality.

Exercise 3: Let p be a Borel probability measure on a compact set X' C C. Put
pul2) = [ Toglz — wldu(w)
K

(a) Use Fatou’s lemma to show that p,, is usc on C and continuous on C \ supp /;
Solution: Step 1: p,, is usc. By Exercise 2 (b), we need to show that

(x1) limsupp,(z) < pu(2o)-

Z—r20

By a dilation transform, one may assume that both z, and K lie in {|z| < 1/2}, then we know
that —log |z — w| > 0 for z close to zp and w € K. Thus Fatou’s lemma implies that

liminf/ —log|z — w|du(w) > / liminf —log |z — w| du(w) = —p.(20),
Z—20 K K Z—20
hence (*1) follows.

Step 2: p,, is continuous on C \ supp ;. We need to show that

(x2) liminfp,(2) > pu(z0),
Z—20

for every z; € C \ supp p. By a dilation transform, one may assume that the distance from z, to
supp p is > 1. Then log |z — w| > 0 for z close to zy and w € K. Thus Fatou’s lemma implies
that
lim inf/ log |z — w| du(w) > / liminf log |z — w| dp(w) = p,(20),

K K Z—20

Z—20
hence (x2) follows.

(b) Use the Fubini theorem to show that p,, satisfies the submean inequality on C and mean
value property on C \ supp p.
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Solution: By Exercise 2 (c), we know that for every w € C, z — log|z — w| satisfies the
submean inequality, i.e.

1 2m )
log |29 — w| < —/ log |20 + 7€' — w] db,
2 Jo

hence we have

1 2m ) 1 2m )
— / pu(z0 +1e®) do = / <—/ log |20 + re® — w| d@) dp(w) > pu(zo).
2m J, x \2m Jo

Thus p,, satisfies the submean inequality on C. Similarly, for every w € supp p, z +— log |z — w|
satisfies the mean-value property on C \ supp x, which implies that p,, satisfies the mean value

property on C \ supp p.
7. EXTREMAL PROPERTY OF THE EQUILIBRIUM MEASURE

7.1. General subharmonic functions.
Definition 32. Let ) be a domain in C. We say that a function

v:Q = [—00,00)
is upper semicontinuous (usc) if

limsupv(z) < v(z)
Z—r20

for every zy € . An usc function v on () is said to be subharmonic if it satisfies the local
submean inequality, i.e. for every zy € €, there exists vy > 0 with |z — 2| < ro contained in ()
such that the following

21
(7.1) v(2) < —/ v(zg + re’) df
0
holds for every 0 < r < ry.

Remark 1. Note thet v is usc if and only if {v < c} is open for every c € R, hence subharmonic
functions are always Borel (see Definition 29). Thus the integral in (7.1) is well defined.

Remark 2. An interesting class of non-continuous subharmonic functions is log | f| (see Theorem
[Ra, Theorem 2.2]), where f is holomorphic.

Remark 3. One may check that Theorem 33, Proposition 7, Proposition 6 and Theorem 34 also
apply to non-continuous subharmonic functions.

7.2. Potential of a Borel measure. In potential theory, we shall study a class of subharmonic
functions called "potentials" (generalization of (5.12)).

Definition 33. Let 11 be a Borel probability measure on a compact set K C C. Its potential is the
function p, : C — [—00, 00) defined by

(7.2) pu(2) = /K log |z — w| dp(w).
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Remark. The potential p,, is a natural generalization of % log | P,|, where P, is a monic degree

n polynomial with zeros lie in K. In fact, if we write
P(z)=(z—z1) - (z—2), 2z €K, 1<j<n,
then

5Z1_|_..._|_§Zn

1
—log|P,| = py, for p:= ——=,
n n

where i is the Borel measure associated to the functional ¢ — Z;‘:l ®(zj)/n (see the Riesz
representation theorem in Theorem 44.

Proposition 12. Let 1 be a Borel probability measure on a compact set K C C. Then p,, is
subharmonic on C, harmonic on C \ supp p,

(7.3) lgn%pﬂ(zfl) +log|z| =0
and p,(z~') + log |z| extends to a harmonic function near z = 0.

Proof. Exercise 3 in page 60 implies that p,, is subharmonic on C, harmonic on C \ supp p. The
remaining part follows from

() log 2| = [ Jog[1 — zul du(u).
K
(Try! Note that z — log |1 — zw| is harmonic for z near 0 and w € K). O

7.3. Energy of a Borel measure and extremal properties.
Definition 34. Let 1, v be a Borel probability measures on a compact set K C C. We shall define

(7.4) V, = inf p,(2), W, :=supp,(z), I(pn,v):= / Py dv.
zeC zeK K

We call (1) := I(u, ) the energy of .

Remark. Since p,, is harmonic on C \ K and p,(z) — oo as = — oo, one may apply the
maximum principle to conclude that V,, = inf .c i p,.(2).

The main theorem in this section is the following extremal property of jix in (5.11).

Theorem 50. Let K be a compact set in C. Assume that C\ K has real analytic boundary. Then
(7.5) v =V =Wy =1(px) =supl(p) =supV, = i%f W,
1 1

where the supremum and infimum are taken over all Borel probability measures on K.

Proof. v =V, = W,,. = I(uk) follows directly from p,,, = v on K by (5.12). It remains to
do the following two steps.

Step 1: v =sup, V), = inf,, W,. By Fubini’s theorem and (5.12), we have

(7.6) / log |z — w| dp(2)dpg (w) = / pudp = / Pux dpp =1,
KxK K K
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for any Borel probability measure ;o on K. Hence

V”S/p“d/LK:’YSW#
K

together with v =V}, . = W, ., we obtain v = sup,, V}, = inf, W,.

Step 2: v = sup,, I(t). It suffices to show I(y) < ~y for any Borel probability measure z on
K. Note that (5.12) gives

I(p, pg) = / Puc dpe = v = I(pk),
K

hence
() = I(p — pre) — I(pre) + 21 (py pic) = v + I(p — pige),
and step 2 follows from the lemma below. Remark (optional). A simple proof of I(pn — pix) < 0

using the language of currents: write w = p,, — p,, note that dd°(p,) = dd°(log |z| * du) = dp
(Where we choose d° such that dd°log |z| = o) implies that

I(u—uK)—/uddcu— lim (/ udcu—/ du/\dcu).
C R—00 |z|=R |z|]<R

Since u(z71) is harmonic near z = 0 and vanishes at z = 0, we know
/ u(z) du(z) = / u(z 1) du(z") =0
|z|=R |z|=R~1!
as R — oo. Hence
(7.7) I(,u—,uK):—/du/\dcug().
C
This proof also implies that 1 (i1 — ) = 0 if and only if 1 = k. O
Lemma 3. I(u — px) < 0. (15th Apr)

Proof. We claim that (the proof is given later)

1 dxd
(7.8) / -y =log R —log |z — 2| + C + (21, 22, R),

21 Joj<r |2 — 21|z — 2|

where C'is a constant and €(z1, 25, R) — 0 for R — oo, uniformly when z1, z, are on a compact
set. Integrating (7.8) with respect to ;1 — g yields

im [ (/K du(¢) - duK<<>>2 dedy = (i — o)

R—o0 |Z—C’

which yields I(p — pg) < 0. O




64 XU WANG

Proof of (1.8). Write z — 21 = re?, a = 2o — 21, we have

/ dady / /27r drdf
|z—z1|<R ‘Z - Zle - 22| ’reze

Replace 6 by 0 + «, where  := arga, and use r = |als, we get

/ / drdf / / drdf /R/la / dsd@ /R/la / dsdf
|re’9 |7“619 |al| |se“9 |3—e’9|

2
g do
F(s):= / T = )
o |s—e¥ 0 Vs?2—2scosf+1
By Exercise 3 below, we have

F
19) m — 2Ly
1>s—1 —log(1 — s)
In particular we know that F'(s) is integrable for s near 1. Thus

T dsdf T [*" dsd
converges to a constant C' as T" — 0.
S

s—e’9|

Hence fl 2T dsd) — 9 og T gives

R/|al 2 dsdf
/ / e 27T10g||+0+6(R/|a|),

where 0(t) — 0 as t — co. Now it suffices to show that

J( R) / dxdy / dxdy
215 %2, = -
|z|<R |z — z1]|z — 2| |z—z1|<R |z — z1]|z — 2]

goes to zero for for R — oo, uniformly when 21, z, are on a compact set. But this follows
directly from (Hint: compare with the integral of 1/s)

el [ [
Re1|<|r—s|<Rilz| |2 — 21|12 — 22| e |s — €|
The proof of (7.8) is now complete. U
Proposition 13. In case K = {|z — zo| =1} or
K={lz—2|<r}\U r>0,
where U is an open set in |z — zy| < r, we have
(7.10) v =1logr, pu.(z)=max{logr, log|z|},

and | = ‘dzl - (we call it the normalized Haar measure the circle |z — zp| = r).
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Proof. Follows directly from

zZ— 20

Gag(2) = Gazg>r(2) = —log | .

and Lemma 2. O

Reading task: Ransford book (subharmoic functions and potentials)

Exercise 1: Show that a bounded subharmonic function on C is a constant. Hint: let v be a
bounded subharmonic function on C and put

u(z) = {v(l/z) z2#0

supcv 2z =0.
Show that u is the upper semi-continuous regularization of lim._,o u., where
us(z) == u(z) + clog |z|.
Verify that u is subharmonic on C with u(0) = sup¢ u and show it follows that u is a constant.

Solution: Recall that the upper semi-continuous regularization (uscr) of a function f is defined
by
f*(20) := limsup f(2).

Z—20
It is clear that

lim u, =
e—0+

u(z) z#0
—oo z=0.
To show that its uscr equals w, it suffices to verify that
supv = limsup u(z),
C z—0
ie.
supv = limsup v(z),
C Z—00
which follows directly from the maximal principle
sup v = sup v, R >0,
lz|=R l2|<R
for subharmonic function v. It is easy to see that u(0) = sup¢ u. Thus it suffices to show that u is
subharmonic (then the maximum principle would imply that « is a constant). Since u is already
usc and subharmonic outside 0, it suffices to check that u satisfies the submean inequality around
0. It is clear that each u, is subharmonic, thus its increasing limit, say

f = lim u,,
e—0+

also satisfies the submean inequality. Consider f + C' instead, one may assume that f > 0, then
the Fatou theorem gives
27

1 ' 1 2 )
lim inf — —f(z+7“e’9)d¢9 > —/ liminf{—f(Z—l-?“ew)}de,
o2 0 2—0

z—0 21 0
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which implies
2

1 . 1 2 ‘
u(0) = limsup f(z) < limsup oy f(z+re®)ds < 2_/ u(z + ret®) do.
0

2z—0 z—0 ™ Jo ™

Thus wu satisfies the submean inequality around 0. The proof is complete. The above proof
actually only assume that sup: v < oo. Hence we obtain

Theorem 51. Let v ve a subharmonic function on C. If supc v < oo then v is a constant.
Exercise 2: Verify the following envelope formula of the equilibrium potential p,, . :
Purx = GK +,
where v = lim,_,, log |z] — Gk (2) is the Robin constant and

Gk = supq{v : v is subharmonic on C, v < 0 on K and limsup v(z) — log |z| < oo}.
Z—00
Solution: Notice that both G and p,,,, — are zero on J{2, harmonic on Qx and satisfies that
the difference to log | 2| is bounded at co. Thus the maximum principle (try!) gives G = p,,, —7
on Q. On the other hand, since Pux — 7 1s a candidate for G'x, we also have p,,, — v < Gk.
but the maximum principle directly gives G < 0 = p,,,, — 7 on C\ Q, thus we must have
Pux — 7 = Gk on C\ Q. The proof is complete.

Exercise 3: Prove (7.9). Hint: use the taylor expansion of cos 6 around 6 = 0.
Solution: To see this, one may use that cos§ = 1 — 6%/2 + o(|0|*) near § = 0 and check that

fl df
0 \/s2-25(1-62/2)+1

li 1.
Py R log(1 — s)
In fact, by a change of variable § = (1 — s)//s, we have
NG
1—s dt

[ =l v
0 /52 —2s(1—02/2)+1 so R

1
1-s @

which can be compared with [}'~ ¢ = —log(1 — s) as s — 1—.

7.4. Robin constant, capacity and transfinite diameter. We shall follow page 23-24 in [A1]
and page 153-154 (Fekete—Szegd theorem) in [Ra] to prove that v = log ¢(K).

Definition 35. Let K be a compact set in C. The order n diameter (n > 2) of K is defines as

an:SUp{ H |Zj—2k|"("2_1)221,"',2n€K}.

1<j<k<n

Ann-tuple z1,- - - |z, € K where the supremum is attained is called a Fekete n-tuple for K.
It is easy to see that ds is the diameter of K.

Lemma 4. d, 1 < d, foralln > 2.
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Proof. Note that for for each 1 <[ < n + 1, we have
H |zj—zk]n(+*1> < d,.

1<j<k<n+1;j k£l

When [ goes through 1,--- ., n + 1, each ]zj — zx| occurs n — 1 times, hence
2 —2 n+1
M 5-af=T I =<
1<j<k<n+1 1<I<n 1<j<k<n+1; j,k#l
gives d,, 11 < d,,. O

Definition 36. We call

doo := lim do
n—o0

the transfinite diameter of K.

Theorem 52 (Fekete-Szego theorem). Let K be a compact set in C. Assume that C\ K has real
analytic boundary. Then

(7.11) v =logd..

Proof. Step 1: v < logd,. Let z1,--- , 2, € K be the Fekete n-tuple, then the Fekete polyno-
mial F;, defined by

Foz) =(z—2z1) (2 — zpn)

satisfies
521 4+ -4 5zn

1
puzﬁlogan‘a H= n

Note that if z € K then

n

n(n+1)
11z ==11112 = 2l < Gar) ™
=1

i<k
gives
n(n+1) n(n+1)
(Ont1) 2 (0n) 2 n
|Fn(z)| < +1n(n71) < n(n-1) (571) )
' (0n) 2 (6n) 2
1.€.

v < supp, < logd,.
K
Hence it suffices to let n — oo.
Step 2: v > logd.. Still let zq, - - - , 2, € K be the Fekete n-tuple so that
n(n—1)

[Tz — 2l = (6)" 7.

j<k
For each 1 < j < n, let 1; be the normalized Haar measure on the circle |z — zj| = ¢, and put

pat oo
="
n

Y
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we have
1 — 2
() = — > 1)+ =3 > 1 (s, mw).
j=1 j<k

Recall that /(1;) = log € by Proposition 13 and the submean inequality gives

Ty 1) = / () (w) 2 i (20) = / log |2 — zeldiy (2) > log|z; — 2.
W—Z|=¢€

z—zj|=¢

Hence

loce n-—1
5% 4

I(p) = log 6.

n
Since (4 is supported on

K.:={ze€C:dist(2,K) <¢g,}

let n — oo, we know that the Robin constant 7. of K. satisfies 7. > logd... Let e — 0, we
finally get (try!) v > log do.. U

Remark. (7.11) is true for general compact set K C C, see [Ra, page 153-154] for the proof.

Theorem 53. Let K be a compact set in C. Then
(7.12) c(K) = dx,
where c¢(K) is the capacity of K defined in Definition 28.

Proof. Put

pn= inf max|2"+a2" - a,Ym
ala"'aanec zeK

We know that inf,~; p, = ¢(K). The proof consists of three steps.

Step 1: p, < d,. Since K is compact, we can choose 21, - - - , 2, € K such that
2
d, = H |z; — 23| "D
1<j<k<n
Consider
n(n+1) n(n+1)
Vian) = [ 15—zl <) 7 <(d)"
1<j<k<n+1

Write 2,41 = z and think of V' as a polynomial of z € K. The leading coefficient a,, of V'
satisfies

|an| = (dn) 2
Thus

as a function of z By the definition of d,,, 1, we have
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Step 2: limsup,,_,, pn < ¢(K) < liminf, , p,. Since K is compact, there exists (try!) a
degree n monic polynomial T, such that sup |T,,| = p”. Note that (by the extremal property of

ka+h)

k
sup |Tnggn| < sup |[THT,| < <sup |Tm|) sup [T}
K K K k

gives
(D)™ < (o)™ (p1)",
1.e.
1 < g ot 1
& Pmk+h mk - h gp mk + h & Ph
Fix m > 1, let h run through 0, - -- ,m — 1 and £ — oo, the above inequality gives

lim sup log p,, < pp.

n—roo
Thus step 2 follows.
Step 3: do, < ¢(K). Recall the following identity for the Vandermonde matrix

P R |
P |

H (zj — 2z) =detV, V :=det ,
\<j<k<n O
zy zy oo zp L

Let P, be arbitrary degree n monic polynomials, apply the column transform, we have

Pn—l(Zl) Pn—2(21) s Pl(Zl) 1
P, 1(z P, oz - Pz 1
H (2j — z) = det V = det 1( 2) 2( 2) ) 1(_ 2) o,
I<j<k<n : : : : :
Pn—l(zn) Pn—Q(zn) e Pl (Zn) 1
which implies that
n—1
(dn)L"{D < n! H sup | P;].
=1 K
Take the infimum over all P;, we get
n—1

(d) 7 <nl [J(05),

j=1
1.e.
logpi+---+ (n—1)logpn
T+ +(n—1) '
Let n — oo (lim,,_, log p, = log ¢(K) by step 2), we get
log ds < logc(K).

Thus step 3 follows. Together with step 1, we get ¢(K) = do.. (16th Apr) O

logd, <
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7.4.1. A short summary.

1. The first main result is the Cauchy integral theorem (see Theorem 1), which implies Theo-
rem 4, Theorem 9 and Theorem 13, etc.

For example, Theorem 1) directly gives (try!)
/ 22 fsinzdz =0
|z|=m

and can be used to prove Corollary 1, which is used in the proof of the Riemann mapping the-
orem. Theorem 9 can be used to compute integrals (see page 154-161 in the Ahlfors book,
especially the exercise in page 161)

/27T dt 21 b0 /°° e dr
= a : = —
o a+bcost /a2 —b2’ 7 ) 1+ 22 e

/ dz| 7w
|z|=1 ‘Z - 3‘2 4

Theorem 13 can be used to prove that

and

z4+e* =\ A>1isaconstant,

has exactly one solution in the right half plane and prove Corollary 4, Corollary 5, Theorem 15
and Theorem 16 etc.

2. The second main result is the Riemann mapping theorem, Theorem 19. We know that the
Riemann mapping function is directly related to the Green function of a simply connected domain
(see Proposition 8). In order to study the regularity property of the Riemann mapping function
(see Theorem 42), we introduce the theory of harmonic functions. We prove the mean value
property, Theorem 26, for harmonic functions, and obtain the Poisson formula, Theorem 28,
using the mean value property and the Mobius transform. Then we prove the crucial Schwarz’s
theroem, Theorem 29, for the Poisson integral and the Harnack inequality, Theorem 31, for
positive harmonic functions. Applications include the Harnack principle — Theorem 32 (which
is used in the proof of Theorem 35) and the reflection principle —Theorem 39 (which implies
Theorem 42 — the regularity property of the Riemann mapping function).

3. The third main result is the solution of the Dirichlet Problem, Theorem 36, which is used to
define the crucial Green’s function for a regular domain. We use the reflection principle to prove
Theorem 41 — the regularity property of Dirichlet Problem. Then we use Green’s function
to define the Poisson kernel, harmonic measure, Robin constant, equilibrium measure and the
equilibrium potential.

4. The final part is on the potential theory. The main result is the extremal property, Theorem
50, of equilibrium measure, which is a direct consequence of a Green type formula — (5.12).
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7.4.2. Test exam 2 (NOT a normal exam, just a collection of related exercises).

Exercise 1. Show that )
/ log e 4 3| df = 27 log 3
0

and ) J
log2 < — log|zg—|—827—|—2|—z.
T J|z|1=20 Z
Answer: Note that |z + 3| > 0 on the disk |z| < 1, we know that the holomorphic function
z + 3 has no zero in |z| < 1, thus log |z + 8] is harmonic on |z| < 1 and the first identity follows
from the mean-value property. The second inequality follows from the submean inequality for
the subharmonic function log |2 + 827 + 2| (note also that dz/z = if for z = 20¢™).

Exercise 2. Let u be a positive subharmonic function on a domain {2 C C. Assume that the
disk |z| < p lies in 2. Show that

1 2m )
u(z) < — pEr / u(pe'®) do
2r p—r Jo

for all z with |z| = r < p. You might use the maximum principle, Schwarz’s theorem and the
proof of the Harnack inequality.

Answer: Since subharmonic function is the decreasing limit of smooth subharmonic function
(see Exercise 4 below), one may assume that u is continuous. By Schwartz’s theorem, one can
take a harmonic function v on the disk |z| < p such that v is continuous on |z| < pand v = w on
|z| = p, then the maximum principle for the subharmonic function u — v implies that u < v on
|z| < p, thus Poisson’s formula (3.19) gives

1 2T p2_|2‘2 ) 1 2T p2—|2‘2 )
u(z) <wv(z) = — L y(pe?)df = — LT u(pe) db
O <o) =5 [ e = - [ L e
for all z with |z| < p. If |z| = r < p, then
pP—lzP _ Pt par
pe” =2 = (p=r? =
gives the estimate that we need. The second proof is to use (assume that u is smooth)

1 p(z —w) 1 /2” PP — |27 0
= — log | ——|A dxd — _— ) de.
) = g [ sl sty dray + o [ e

Then Au > 0 and log |%| < 0 gives
L [P p?— |2 0
< - T A 10 ! de
uo <5 [ e s
the remaining steps are the same.
Exercise 3(optional). Show that the domain

QW o={r+iycC: 2> +y* <1, y> |z}
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is regular, but {25 := € \ {i/2} is not regular.

Answer: One may check that every boundary point of (2; possesses a barrier, for example,
w(z + iy) = y defines a barrier of €2; at the origin (or we can directly use the fact that every
bounded domain with continuous boundary is regular). One the other hand, €2, is not regular
since it does not possess a barrier at /2 (otherwise we would have a positive harmonic function
u on €2y such that u extends to a continuous function on the closure of {2y with u(i/2) = 0. Then
(see Exercise 1 in page 45) we know that u is in fact harmonic on {2; with minimum point at i /2,
which contradicts with the maximum principle.

Exercise 3. Let —0o < a < b < oo, letu : 2 — (a, b) be a harmonic function on an open set
Q C C,andlet x : (a,b) — R be a convex function. Show that x o u is subharmonic on 2.

Answer: By taking a convolution with an even function, we know that  is the decreasing limit
of smooth convex functions. Thus we can assume that  is smooth and convex. Then we have

X(w)e = X (W, x(w).z = X" (w)u:|* + X' (u)u.z.
Since u is harmonic we have u.; = 0, thus
X(w)zz = X" (u)|u.|* > 0,

(note that convexity of y gives x” > 0) gives Ay o u > 0. Now we can just use the fact that a
smooth function v is subharmonic if and only if Av > 0 — follows from Green’s formula (try)

1 [ ,
v(a) / log |(z — a)/r| Avdzdy + 2—/ v(a+re') do
|z—al<r T Jo

T or
for v and G(z) := log |(z — a)/r| on the disk |z — a|] < 7.

Exercise 4. Let u be a subharmonic function on an open set 2 in C. Let y : C — [0, 00) be
a smooth function with y(w) = 0 for all |w| > 1, x(w) = x(|w]) and [ x(w)dA, = 1, where
d\,, denotes the Lebesgue measure. For ¢ > 0, put

Xe(w) = x(w/e),

and define the following convolution
ue(z) :== / u(z — w)xe(w)dAy,
|lw|<e
for
2€Q.:={2€Q:|z—w|>¢e YVw e IN}.

Show that:

a) u. is smooth subharmonic on €).;

b) u. decreases to u as ¢ — 0;

¢) u, = uif v is harmonic.

Answer: (a) follows from
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and the fact that . is smooth. (b) follows from
1 2m
(7.13) / u(z —ew)x(w)dA, = / / u(z — ere®)x(r) rdrdd
lw|<1 o Jo
(since f027r u(z — ere®)do decreases to 2mu(z) as € — 0, in fact, put

ow) = [ Tz~ weyao,

the Fubini theorem implies that v is subharmonic with v(w) = v(|w|) thus the maximum princi-
ple implies that

v(t) = sup v(w)

lw|<t

is increasing with respect to t). (c) follows from (7.13) and the mean value property

27
/ u(z — ere®)df = 2mu(2)
0
for harmonic u.

Exercise 5. Let u be a smooth subharmonic function C. Put
2
Cu(z) = % /0 u(e*e™) db,
show that
(a) C, is smooth subharmonic and depends only on Re z in C;
(b) C,(t) is convex increasing with respect to t € R;
(c) Assume further that sup: u < 0o, show that (), is a constant.

Answer: (a) follows from the Fubini theorem and a change of variable ' := 6 + Im z. (b)
write z = t 4 1s, since C,, depends only on ¢ = Re z we have

0 S ACu = (Cu)tt>

which implies that C), is convex and bounded at —oo, thus C), is also increasing. To prove (c),
note that if supcu < oo then C), is also bounded at oo, thus C, is also decreasing, hence C,,
must be a constant.

Exercise 6.

(a) Compute the equilibrium potential of circle |z — a| = 7;

(b) Show that f(z) := z + z~! is conformal from |z| > 1 onto C \ [—2,2] and compute the
Green function of C \ [—2, 2] with a pole at oco;

(c) Use (b) to compute the Robin constant and capacity of [—2, 2] (Hint: observe that they are
equal to the Robin constant and capacity of the unit disk);

(d) Show that the capacity of [c1, ¢o] is (co — ¢1) /4.
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Answer: (a): recall that the equilibrium measure for |z — a| = r is equal to df/(27), thus its
equilibrium potential is given by

2m
/ log|z — (a—}—reie)];—e = max{log |z — a|,log}.
O ﬂ-

(b) To see that f(z) := z + 2z~ ! is conformal on |z| > 1, we need to show that it is injective, i.e.

if f(z) = f(w) then

z4+zl=w+w?
gives z = w. In fact, if z # w then the above equality gives 1 = 1/zw, which contradicts with
|z|, |Jw| > 1. To show that it is surjective, one may observe that it maps |z| = r > 1 to a ellipse
around [—2, 2]. Now we know that G(w) := —log | f ! (w)] is the Green function of C \ [—2, 2]

with a pole at co. For (c), we know that the Robin constant of [-2,2] is given by
lim —log|f *(w)| + log|w| = lim —log|z| +1log|z + 27| = 0.
wW—r 00 Z—>00

Thus the capacity of [-2,2] is 1. For (d), we know from the definition of the capacity that c(a K +
b) = |a|c(K) for constant a, b. Thus (d) follows from (c).

Exercise 7. Let f be a conformal mapping from a bounded simply connected domain €2 onto
the unit disk such that f(a) = 0 for some a € €.

a) Find Green’s function of ) with a pole at a;

b) Show that the Robin constant of C \ €' is log|f’(a)|, where

A ={(z—a)t:2cQ\{a}}.

Answer: (a): log | f(z)| (b) write ( = 1/(z—a), we get z = 1/(+a. Thus the Green’s function
for (2’ with a pole at co is given by — log | f(1/¢ + a)|. Hence its Robin constant is given by

lim log [ /(1/¢ + a)| + log |¢] = log |/'(a)]

Exercise 8. Let y be a Borel probability measure on a compact set X C C. Assume that p,, is
a constant c on /. Show that
¢ =sup inf p,(z) = inf sup p, (2),

v zeC V o.eK

where v is taken over the space of Borel probability measure on K.

Answer: see Step I in the proof of Theorem 50.
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