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1. BASIC COMPLEX ANALYSIS

1.1. Holomorphic functions.
Definition 1. A set U C C is said to be open if for every z € U,

D.(r) ={weC:|lw—-z<r}cU
for some r > (.

Example: The unit disk (centered at the origin)
D:={zeC: |z <1}
is open. The annulus
D :={2z€C:r<]z| <1}, 0<r<1,
is also open.

Definition 2. A smooth function f on an open set U C C is said to be holomorphic ("analytic"
in the Ahlfors book) if it satisfies the Cauchy—Riemann equation

0

a_jzf =0, onU.
(Our definition is different from page 69, Definition 10 in the Ahlfors book, but in any case, they
are equivalent, see page 122 for smoothness of the Ahlfors analytic functions.)

Remark: Write 2 = x + iy € C, then

(1.1) _ZtZ _F7Z 8_93_} 8__—_1_3
' YT Ty YT T 92T 2 0 2 2
thus

(1.2) of _0fox Ofoy _10f i0f

9z Ox 0z Oyoz 20x 20y
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Proposition 1 (See Ahlfors page 22-27). Let f be an holomorphic function on an open set U C
C. Then the complex derivative

oy SR~ [(Z)
(1.3) f'(z) == lim .

h—0
exists and satisfies

(14 S =520 20y
on U, moreover, we have

d d
(1.5) PG _ g 29

for every smooth function g : (a,b) — U, where a < b are real numbers.

Proof. From the taylor expansion of f with respect to z, Z

0 -0
f(z+h)= f(2) + ha—ﬁ + ha—JZ_C + O(|h?)
and % =0, we get
_ of 2
i JCER 1) RO _ of
h—0 h h—0 h 0z

thus the complex derivative f'(z) exists and equals %. Similar to the proof of (1.2), we have

9z 20x 20y
thus (1.4) follows. (1.5) follows from the chain rule

df(g(s)) _ 0f dg(s) n of dg(s) Of dg(s)

ds 027997 s 0z 79 g T 8z|z:g(s) ds
and (1.4). Il

1.2. Cauchy integral theorem. Let us think of a piecewise smooth closed curve in C as a piece-
wise smooth 27-periodic function v : R — C (i.e. 7y is piecewise smooth, (¢ + 27) = ~(t) for
every t € R and the associated closed curve, as a set, is given by the image of ). More precisely,
the curve associated to -y is given by the following set

{y() -t €[0,2m)}
with orientation from 0 to 2. The fundamental theorem in complex analysis is the following:
Theorem 1 (Cauchy integral theorem). Let f be a holomorphic function on an open set, say U, in

C. Assume that inside U we can deform a piecewise smooth closed curve vy piecewise smoothly
to another piecewise smooth closed curve ~y,. Then

[mf(z) dz = /V F(2) dz.
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Proof. We shall only prove the smooth case and leave the piecewise smooth case to the readers.
Let {75 }o<s<1 be a smooth family in U joining -y, and 7. Put

Fls) = / f(2) dz = / " (t)) d((t)) = / e,

where 7. denotes the t-derivative of 7,. It suffices to show that F' does not depend on s, or
equivalently dF'(s)/ds = 0 for all s € [0, 1]. Compute

) _ [ [ 400D,
0 0 ds

d
ds ds Vs T f(/VS)
By (1.5), we have

d(f(vs) L\ d7s
ds 7o) ds’
thus (5) ) o)
dF(s) T , ds d(~.
s J () s + f(7s) 7.
Notice that p a0 J g
/ 1 A7 Vs) “ Vs
f (%)%—ds + f(7s) F Pl (f(%)—ds) ,
hence

T T (76005} at = (£ ) oo = (£ G ) b

Now, since each v, is 2m-periodic in ¢, we know the right hand side of the above equality vanishes.
The proof is complete. U

Remark: The precise meaning for, {vs}o<s<1 is a smooth family in U joining ~o and 7, is the
following: there exists a smooth function
v (s,t) = (s, t) € U,
on a neighborhood of (s,t) € [0, 1] x R such that each
Vs 1t (s, t)
is 2m-periodic and

One may similarly define the piecewise smooth case.

Definition 3. Let U be an open set in C. Two piecewise smooth closed curves in U are said to be
U-homotopic to each other if there exists a piecewise smooth family in U joining them. We write

Yo ~U M1

if vo is U-homologous to ~,. In case 7, is a single point, we shall write vy ~y 0 and say that
is U-homotopic to zero (or U-contractible).

Now one may rephrase the Cauchy integral theorem as follows.
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Theorem 2 (Cauchy integral theorem-homotopic version). Let f be a holomorphic function on
an open set, say U, in C. If vy ~y 71 then

[ Fe)dz = / )

Af(z) dz = 0

in particular,

ifv~u 0.

1.2.1. Homologous version of the Cauchy integral theorem. We shall follow section 4.1-4.4 of
the book. We stopped here in the Jan 10th lecture.

Definition 4. Let v be a piecewise smooth closed curve in C and a € C. Assume that a ¢ 7.

Then we call
( ) 1 / dz
n(v,a) = —
v 2mi ),z —a

the index of a with respect to ~y (or the winding number of ~ with respect to a).

Remark: From Lemma 1, page 115 of the Ahlfors book, we know that n(vy,a) is always an
integer and (see page 116 of the book):

(1) If vy lies inside of a circle then n(v, a) = 0 for all points a outside of the same circle.

(2) n(vy,a) = n(~v,b) if a,b can be connected by a piecewise smooth curve outside .

Definition 5. Let U be on open set in C. We call
Y i=ayr o A Yn, neZ: Aty -+ ,0an €L

a chain in U, where vy, - - - , 7, are piecewise smooth curves in U. We say that vy is a cycle in U
if it can be represented as a sum

CZ: b101++mem, bl,"' ,bm EZ
of piecewise smooth closed curves Cy, 1 < k < m, in U (this means that

/pdx+qdy:/pdx+qdy
o' C

for all smooth functions p,q on U). A cycle v in U is said to be homologous to zero in U if
n(~,a) = 0 for all a in the complement of U.

Theorem 3 (see page 141, Theorem 15 in the Ahlfors book). Let f be a holomorphic function
on an open set U in C then
/ f(z2)dz=0
g

for all cycle v homologous to zero in U.
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Proof. Let us rephrase the Ahlfors proof (page 143) for the reader’s convenience. The key is to
construct a cycle I' in U such that

(1.6) 1) = 5 [ LOX

S 2mi Jp (—2

, forall z € yand n(vy,{) =0forall €I

In fact, by assuming (1.6), the theorem follows directly from

/wf(z)dzz/v(zim ng(g_)ig) dZ:—/Fn(%C)f(C)dczozo.

The proof of (1.6) contains four steps.

Step 1 — reduce to the bounded case: By (1) in the remark behind Definition 4, - is homol-
ogous to zero in U N {|z| < R} for sufficiently big R, so we can assume that U is bounded
(otherwise, just replace U by U N {|z| < R}).

Step 2 — construct I': Cover C by net of closed squares of side o (6 > 0 small). Since U
is bounded, there are only finite number of squares, say ()1, - - , (),,, which are contained in U.
Then let us define I' := 9(Q1 U --- U Q,,) as the boundary of Q1 U --- U Q.

Step 3 — show that f(z) = ﬁ fr f ngC, forall z € ~: Assume that 2 lies in the interior of

Qj, for some 1 < jy, < n, then one may deform the boundary of the square (), to a small circle
around z, hence Theorem 2 gives

o L[ 10

271 8Qj0 g— z ’
moreover, the other squares @, j # jo, satisfy 0Q); ~n\(z} 0, hence Theorem 2 further gives

oo L[ FQd

271 0Q; C —Z

9 J#]Oalfjgn

Thus

(1.7) f) =5 s

270 Jogi+-t0Q, T2

for all z lies in the interior of @);,, 1 < j, < n. Note that each 0Q); + - - - + 9Q),, is a sum of
oriented line segments, some of them are shared by two squares, which will be canceled in the
integral in (1.7), the remaining line segments are precisely those that make up I". Hence

(1.8) 1) = g [ 1OX

S 2mi Jp (—2

Y

)

for all z lies in the interior of );,, 1 < jo < n. But notice that both sides of (1.7) are continuous
functions on the interior of Q); U --- U @, so (1.7) actually holds for all z in the interior of
@1 U---UQ,, which whould contain v when ¢ is small enough. Hence (1.7) holds for all z € ~.

Step 4 — show that n(y, () = 0 for all ¢ € I": Observe that ¢ € I"if and only if ( € Q); N OQ
for some 1 < j < n and some square () that does not fully lie in U, in which case we can choose
(o € Q\ U, then the line segment joining ¢ and (; lies in ) and therefore does not meet -, hence
n(vy,¢) = n(vy, o) = 0. The proof now is complete. O



Remark: Note that

n(yo,a) =n(y,a), Ya¢U,
if vo ~u v1. Hence vy ~y vy implies that vy — 1 is homologous to zero in U and the above
theorem generalizes Theorem 2. We stopped here in the Jan 12th lecture.

1.2.2. Homology theory in the complex plane.

Definition 6. An open set Q) C C is called a domain (region) if any two points in ) can be
connected by a piecewise smooth curve in ().

Remark: Our definition is different from the Ahlfors definition in page 57, Definition 4. But in
any case, they are equivalent by the following theorem.

Theorem 4 (Page 56, Theorem 3). Let €2 be a nonempty open set in C. Then the followings are
equivalent:

(1) Qis a domain,
(2) If Q = Q1 U Qy with 0y, Qo open and Q0 N Qo = () then either Q) or Qy is empty;
(3) Any two points in ) can be connected by a piecewise horizontal/vertical curve in .

Proof. (1) implies (2): Otherwise, both are nonempty, so we can choose p € €, ¢ € {2 and
connect p, ¢ with a piecewise smooth curve ~(¢) in Q2 with v(0) = p, v(1) = ¢. Consider

T :=sup{0 <t <1:79(t) €N},

Since (1) ¢ €2, we know that 0 < T" < 1. If v(7T") € €24, then the continuity of -y implies that
Y(T + ¢) € 2 for some € > 0, this of course can not happen by the maximum property of 7.
So we must have v(7T") € 29, then continuity of v implies that y(7" — ¢,7" 4 €) C €, this can
not happen either. So we know that one of {24, {2, must be empty.

(2) implies (3): If p,q in 2 can not be connected by a piecewise horizontal/vertical curve in
(2, then one may define €2, to be the collection of points in €2 that connects to p by a piecewise
horizontal/vertical curve in €2. Then the complement, say {25, of €2 is precisely the collection
of those points that can not be connected to p by a piecewise horizontal/vertical curve in 2. The
basic observation is that €2; and €2, are disjoint nonempty open, which contradicts (2).

(3) implies (1): directly from the definition. O

Theorem 5 (see page 106, Theorem 1 in the Ahlfors book). Let p, q be smooth functions on a
domain () in C. The line integral

/ pdx + qdy
v
depends only on the end points of piecewise smooth curves vy in () if and only if the differential

pdz + qdy is exact in €, i.e. there exists a smooth function U(x,y) in ) with
ou ou

%—p, a—yZQ-
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Proof. Sufficiency: Assume that p dz + ¢ dy is exact, we need to show that

pdx + qdy

T~

ol
depends only on the end points, say v(a),y(b), of v : [a, b] — Q. Write

(1) = (x(t), y(1)),

then
b
[pie+ady= [ Sa0.00)0) + 50,00 O dr
Note that
T 0, 50)a'(0) + G (al0), w0y () = LU (0).9(0) = ZUG)
hence

" d
[pdasady= [ LUG®)E=U60) - UG)

depends only on the end points.
Sufficiency: Fix zy € 2, then we can define

Uz,y) = / pdz + qdy,
8

z0,x+1y

where 7, ,+i, 1S an arbitrary piecewise smooth curve joining zy and x + ¢y in {2. By our assump-
tion, the integral depends only on the end points, so U does not depends on the choice of 7, 444y-
If we choose the last segment of ., ;. horizontal (we can do this by Theorem 4 (3), try!), then

Ulx,y) = / p(t,y) dt + constant

gives
ou
or
In the same way, by choosing the last segment vertical, we can show that %—(y] =q. U

Corollary 1 (see page 107). The integral f7 f dz, with smooth f, depends only on the end points
of v if and only if f is the derivative of a holomorphic function in (2.

Proof. Assume that fv f dz depends only on the end points of v, apply the above theorem to
fdz= fdx+1ifdy,
we know there exists a smooth function U with

ou ou .
f7 8_:Zf7
Y



which gives
oU_1ou 1oU
dz 20x 20y

and
oU 1 oU 10U

9z 20z 21 Oy

Hence U is holomorphic and f = U’ by (1.3). One may further check that if f = U’ with U
holomorphic then (1.9) holds, hence the other direction is also true. O

Corollary 2. If f is a smooth function on a domain §2 C C and f,y fdz =0 forall cycle v in (),
then f is holomorphic.

Proof. By Corollary 1, we know that f is the derivative of a holomorphic function. Thus f is
holomorphic. U

Remark: The above statement is also true if f is only assumed to be continuous, which is known
as the Morera theorem, see page 122 of the Ahlfors book.

Theorem 6 (see page 144, Theorem 16 in the Ahlfors book). Let pdx + q dy be a locally exact
(exact in some neighborhood of each point in () differential in a domain ) C C. Then

/pdx—irqdy:O

v

for every cycle v homologous to zero in ().

Proof. The main step is to show that if  is homologous to zero and p dx + ¢ dy is locally exact

then
/pd:c+qdy= § nj/ pdx + qdy,
¥ j OR;

for some integers n; and rectangles [?; in (2, see page 144-146 for details. U

Remark: It is known that w = pdx + q dy is locally exact if and only if it is closed, i.e.

_ (91 _ 9 _
du.—(ax ay)dx/\aly—o

(see the Wikipedia page for "Closed and exact differential forms ", especially the "Poincaré
lemma" part) or equivalently

9p _ 04
oy Ox’
We stopped here in the Jan 17th lecture.
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1.3. Simply connected domains in C.
Definition 7. A domain Q2 C C is said to be simply connected if v ~q 0 for every piecewise
smooth curve 7y in €.

Remark: Our definition is different from the one given by Ahlfors in page 139, where 2 is said to
be simply connected if its complement with respect to the extended plane C U {00} is connected,
or equivalently (see page 139, Theorem 14), every cycle in §) is homologous to zero in €.

Theorem 7 (See page 141, Corollary 1).If f is holomorphic in a simply connected domain

Q) C C then
/f(Z)dZ:O
v

for every piecewise smooth closed curve vy in (), in particular, every cycle in §) is homologous to
zero in ).

Remark: By the above theorem and Theorem 14 in page 139 of the Ahlfors book, we know
that simply connected-ness in Definition 7 above implies the Ahlfors one in page 139, Definition
1. The Riemann mapping theorem (will be proved in section 2) further implies that they are
equivalent (for a proof without using the Riemann mapping theorem, see the Wikipedia page for
"Riemann mapping theorem").

Example: Convex open sets are simply connected. The annulus
D :={2€C:r<|z| <1}, 0<r<1,

is not simply connected, since

d
/ 1 ?’Z = 2mi #£ 0.
=zt

Theorem 7 also implies the following result.

Corollary 3 (Page 142, Corollary 2 in the Ahlfors book). If f(z) is holomorphic and # 0 in a
simply connected domain () C C then it is possible to define single-valued analytic branches of
log f(2) and (f(2))"/™ in Q.

Proof. By Theorem 7 and Corollary 1, there exists a holomorphic function F'(z) in € such that

C)
f(z)
Thus f(z)e*(*) has the derivative zero and is therefore a constant. Choosing a point z, € 2 and
one of the infinitely many values log f(z), we find that

e (z)=F(z0)+log f(z0) _ f(2),

and consequently we can set
log f(2) = F(z) — F(20) + log ().

To define (f(z))'/", we merely write it in the form e(1/™)108 f() O



1.4. Cauchy’s integral formula.

1.4.1. The circle case. Let f be a holomorphic function on an open set U € C. Fix z € U.
Assume that inside U we can deform a piecewise smooth closed curve «y piecewise smoothly to
Ve i t + z + ee® for all sufficient small € > 0. Then Theorem 1 implies that

dC f(2).

1.10 d = lim
(1.10) 2mi C—z ok 27m/ (—z

In case 7 is given by |( — a| = r (always with the anti-clockwise orientation), then (1.10) gives:

Theorem 8 (Cauchy’s integral formula - the circle case). Let f be a holomorphic function on a
neighborhood of the disk | — a| < r. Then

(1.11) L/ &dC: f(z), Yzwith|z—a| <.
|¢—al

278 Jie—gl=r C — 2

Remark: (1.11) also gives

N O S 0
7(2) - f(a) %m/;wﬂg_z H 4 )%wAaFAc—w@—afm

which implies the following result.

Lemma 1. Assume that f is holomorphic near a, then

ploy o £ = 1(@)

Y z # a?
zZ—a
extends to a holomorphic function near a with
1 f(Q)

(1.12) F(a) = f'(a) = =— dC.

2mi [¢—a|=r (C - CL)2

Remark: By induction, one may further prove the Taylor’s theorem (see page 125, Theorem 8 of
the Ahlfors book)

/ f(n) (a) n n+1
113 G = @+ F@E=a)++ 0+ )z - a)
with
1 f(¢)
(1.14) fea) =5 [ ey
and the higher order derivative formula (see page 120-121)
(1.15) F0)(g) = (ORI

% [(—al=r (C - a)nJrl
We stopped here in the Jan 19th lecture. (1.12) also implies the following Liouville’s theorem:

Corollary 4 (page 122, Ahlfors book). Bounded holomorphic functions on C are constants.
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Proof. Assume that |f| < M on C. Then (1.12) gives

M
f<—.
”
Let r tend to oo, we get f/ = 0 on C. Thus f is a constant. O

Liouville’s theorem leads to a proof of the following fundamental theorem of algebra.

Corollary 5 (page 122, Ahlfors book). Polynomials of positive degree always have a zero point
in C.

Proof. Let P be a polynomial of positive degree. If P has no zero point then P(z)~! is holo-
morphic on C and tends to zero for z — oco. Thus P(z)~! is bounded and the Liouville theorem
implies that it is a constant, thus P is a constant, we get a contradiction. U

1.4.2. Taylor and Laurent series. Let us look at the remainder term f,,,1(2)(z —a)" ™! in (1.13).
Denote by M the maximum of | f| on the circle | — a| = r, (1.14) gives

MlZ _ a|n+1

r(r—|z—al)’

(1.16) | fas1(2)(z — a)" | <

which tends to zero uniformly in every smaller disk |z — a| < § < r. Hence we obtain the Taylor
series of f (see page 179, Theorem 3 in the Ahlfors book):

Theorem 9. If f is holomorphic on a domain () C C then the representation

f"(a)

n!

(1.17) fz)=fla)+ f(a)(z —a)+ -+

(z—a)" + -

is valid in the largest open disk of center a contained in §). Moreover, the series converges
uniformly in every smaller disk.

More generally, we have have the Laurent series of holomorphic functions on an annulus.

Theorem 10. If f is holomorphic in an annulus Ry < |z — a| < Ry then f can be developed in
a Laurent series of the form

S .1 f(z)dz
(1.18) f(z) = Z Cn(z —a)", Cn =5 |z—a|zrm’ VR <r <Ry,

n=—0oo

which converges uniformly on every circle inside the annulus.

Proof. See page 185 of the Ahlfors book for the proof. U
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1.4.3. The general case. The general Cauchy integral formula in page 119, Theorem 6 of the
Ahlfors book can be generalized to the following:

Theorem 11 (Cauchy’s integral formula). Let f be a holomorphic function in a simply connected
domain () and let y be a piecewise smooth closed curve in §). Then for any point a not on

(119 ) Jla) = 5 [ LELE

(Recall that n(y, a) denotes the index of a with respect to ).

Proof. Apply Theorem 7 to F'in Lemma 1, we get

/F(z) dz =0,
vy
which gives (1.19). ]

1.5. The maximum principle.

Theorem 12 (The maximum principle). If f is holomorphic and non-constant in a domain ) C
C, then its absolute value | f(z)| has no maximum in ).

Proof. Use the Cauchy integral formula to prove the submean inequality for | f|, which implies
that the set {|f| = sup | f|} is open (and closed), thus it is either empty or equal to 2. This is the
second proof given by Ahlfors, page 134-135. U

A very useful corollary of the maximum principle is the following:

Theorem 13 (Lemma of Schwarz). If f is holomorphic for |z| < 1 and satisfies the conditions
1f(2)] <1, f(0) = O, then [f(2)] < |z and | [(0)] < 1. If[f(2)] = || for some z % O, or if
|f/(0)| = 1, then f(z) = cz with a constant ¢ of absolute value 1.

Proof. Tt suffices to apply the maximum principle to f(rz)/z with r < 1 tends to 1, see page 135
of the Ahlfors book for the details. U

Remark: For applications of the Schwartz lemma, see [Al, Chapter 1]. More generally, one
may replace the condition f(0) = 0 by an arbitrary condition f(zy) = wo, where |2| < R
and |wo| < M. The idea is to introduce the linear transform T which maps |z| < R onto
|T(2)| < 1 withT(z9) = 0, and linear transform S with S(wy) = 0 which maps |w| < M onto
|Sw| < 1. It is clear that SfT~ satisfies the hypothesis of the original theorem. Hence we
obtain |SfT7(C)| < [¢| or |Sf(2)| < |T(2)|. Explicitly, one may take

S(w) = M (w — wy) T(2) = R(z — zp)

M? —wow’ R2 — 7%z’

which implies the following result.
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Theorem 14 (Generalized lemma of Schwarz). If f is holomorphic for |z| < R and satisfies the
conditions |f(z)| < M then

M(f(z)— f(zo))‘ < ‘R(Z — %)

S , Vz,zowith |z| < R, |20 < R.
M? — f(z0)f(2) R* —Zoz ot .

(1.20) |

One may check that 7" is bijective holomorphic mapping from |z| < R onto |¢| < 1 and

-1 _ R(R¢ + z)
T = e

is also holomorphic. We stopped here in the Jan 24th lecture.

Definition 8. Let f be a holomorphic function on a domain Q0 C C. If f(21) C Qy for some
domain €y C C then we call

f:Ql—>QQ

a holomorphic mapping from ), to Q. Assume further that f is one to one and f(€);) = (b,
then we say that f is a biholomorphic mapping (or conformal mapping) from ) to (),.

Remark: Similar to the function T above, it is known that if f is conformal then f~! is also
conformal. We shall prove this result in the next section.

An application of the Schwarz lemma is the following:

Proposition 2. A conformal mapping f of the unit disk onto itself is given by

zZ— 20

) =c

1—"22
for some constant ¢ with |c| = 1 and zy with |z| < 1.

Proof. Using the function 7" above, it suffices to consider the case that f(0) = 0. Then the
Schwarz lemma gives

[f(2)] <zl

Apply the Schwarz lemma to f~! (we shall prove that f~! is holomorphic in Corollary 7 in
section 1.6.3 below), we also get

|2l < 1F(2)].
Hence |f(z)| = |z| in the disk and the Schwarz lemma gives f(z) = cz for some constant ¢ with

|c| = 1. The proof is complete. O

1.6. Zeros, residues, poles and local description of holomorphic mappings.
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1.6.1. Zeros, residues and poles. A direct consequence of the taylor series expansion, Theorem
9, 1s the following

Proposition 3 (Page 126, Ahlfors book). Let f be a holomorphic function on a domain () C C.
If for some a € ), f(a) = 0 and all derivatives ") (a) vanish, then f is identically zero in ().

Proof. Let E be the set on which f and all derivatives vanish. Itis clear that £ is closed. Theorem
9 implies that E is also open. Since € is a domain, we must have £ = (). U

Assume that f(z) is not identically zero. Then if f(a) = 0 then there exists a first derivative
f (h)(a) # 0, we say then that a is an order h zero of f. To summarize, we shall introduce the
following definition.

Definition 9. Let f be a holomorphic function on a domain Q2 C C. Assume that f(a) = 0 for
some a € ). We say the a is an order h zero of f, h € Z, h > 0, if

f"M(a) #0and f"(a) =0, YVO<v < h.

In this case we shall write h = Ord, f.

Remark: By (1.13), we have

(1.21) f(2) = (z — )" fu(2), with h = Ord,f, fu(a)# 0.
thus f, # 0 in a neighborhood of a and z = a is the only zero in this neighborhood. We have
proved the following result:

Proposition 4 (Page 127, Ahlfors book). The zeros of a holomorphic function which does not
vanish identically are isolated. Moreover, let f, g be holomorphic functions on a domain ) C C,
if f = g on a set which has an accumulation point then f is identically equal to g in €.

We consider now a holomorphic function f in a punctured disk
Dyp:={2€C:0<|z—a|] <R}, R>0.

The point a is called an isolated singularity of f. By Theorem 10 about Laurent series expansions
f can be written as

o0

f)= Y ealz—a)

n=—oo

in Dy z. We shall follow Berndtsson’s notes on residue calculus [B, Definition 1] and define:

Definition 10. The coefficient c_y above is called the residue of f at a. We write
c_1:= Res,f.
(One may compare with Definition 3, page 149 in the Ahlfors book).
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Consider now the integral

L—M:T f(2)dz,

where 0 < r < R. Since the Laurent series converges uniformly on the circle |z — a| = r we can
compute the integral term by term. Since

/ (z—a)"dz=0, ifn#—1
|z—a|=r

and

/ (z —a) tdz = 2mi,
|z—a|=r

we find that:

Theorem 15 (Residue theorem, circle case). We have

1
— f(z)dz = Res.f, 0<r<R,
2me

|z—al|=r

for f holomorphicin0 < |z — a| < R.
To generalize the above theorem, it is convenient to introduce:

Definition 11. Let «y be a piecewise smooth closed curve in a domain Q@ C C. Let {a;}1<j<n
be N points in ), we say that ~ enclose {a;}1<;<n in Q if v can be shrunk to {a;}1<;j<n in S,
more precisely, it means that <y is Q\ {a; }1<j<n-homotopic to 3| C; for some small circle C;
around aj, see the picture below.

Apply Theorem 1, Theorem 15 can be generalized to
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Theorem 16 (Residue theorem, homotopy version). Let v be a piecewise smooth closed curve
enclosing {a;}1<;<y in a domain Q C C. Then

271

(1.22) L / f(2)dz =Y Res,, f.
Y j=1

for f holomorphic in Q\ {a;}1<j<n
Another notion of singularity is the pole order.

Definition 12. Let f be a holomorphic function on a punctured disk around a. We say the a is an
order h pole of f, h € Z, h > 0, if its Laurent series reduces to

o0

flz) = Z cn(z—a)", c_p #0.

n=—h

In this case we shall write h = Ord’ f (P for pole). A function that is holomorphic except for
poles is called a meromorphic function.

Remark: It is clear that a is an order h pole of f if and only if (z — a)"f(2) extends to a
holomorphic function, say g, in a neighborhood of a with g(a) # 0. Hence we know that a
function is meromorphic if and only if it is locally a quotient of two holomorphic functions.

Definition 13. Let f be holomorphic on a punctured disk around a. We say the a is a removable
singularity of f if its Laurent series has no negative terms (¢, = 0 for all n < 0). In case its
Laurent series has infinitely many negative terms, we call a an essentially singularity of f.

The following theorem of Weierstrass gives a characterization of the behavior of a function
around an essential singularity.

Theorem 17 (Page 129, Theorem 9, Ahlfors). A holomorphic function comes arbitrarily close to
any value in every neighborhood of an essential singularity.

Proof. Otherwise, we can find a complex number A and 6 > 0 such that |f(z) — A| > ¢ around
a. Then a must be a removable singularity of

()= 7
RN TE L
(one may check that for g, all ¢,, = 0, n < 0), thus g is holomorphic around a and
ol
g
is meromorphic near a. Hence a can not be an essential singularity of f. U

We stopped here in the Jan 26th lecture, in the next lecture, we will first recall Theorem 16
and do the examples in page 155-158 of the Ahlfors book.
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1.6.2. Argument principle.

Theorem 18 (Argument principle, circle version). Let f be meromorphic on a neighborhood of
the disk |z — zy| < 1. Then f has finite zeros, say {a; }1<;<n and finite poles, say {by }1<r< in
that disk. Assume that all a;, b, are away from the circle |z — zo| = r, then

(1.23) = F'2) g, - iOrd .f—iOrde.
271 |z—z0|=r f(Z) s aj — by

Proof. By Proposition 4, we know that f has only finite zeros and poles in the disk. To prove
(1.23), we shall write

(Z — al)ordﬂlf e (Z —_ aN)OrdaNf
9,
(z — bl)Ordé’lf s (2= bM)Ordfo

where g is holomorphic and # 0 in |z — zy| < r. Forming the logarithmic derivative we obtain

fz) =

F1(2) N Ordy,f <=Ord)f ¢(2)
f(2) _; z—a; _; P b g9(2)

for z # a;, by, and particularly on the circle |z — zy| = r, Since g(z) # 0 in the disk, we know
that ¢’/ g is holomorphic around the disk, thus Theorem 2 yields

g(z) ,
/| a(m) ¥ =0

/ dz / dz o
= = ’/‘(‘Z7
lz—zo|=r # — Qj lz—zo|]=r # — bk

we obtain (1.23). O

together with

Apply Theorem 1, Theorem 18 can be generalized to

Theorem 19 (Argument principle, homotopy version). Let f be meromorphic on a domain <) C
C. Let 7y be a piecewise smooth closed curve enclosing zeros {a;}1<;j<n and poles {by}1<p<m
of f in ). Assume that f has no zeros and poles on ~y. Then

(1.24) 1 [1G) dz:iOrd f—iOrde

' 2mi ), f(z) , it

7=1 k=1
Remark: The function w = f(z) maps v onto a closed curve, say I, in the w-plane and we find
/
d
(1.25) / F'@) g, - [
¥ f(Z) r w

Thus the left hand side of (1.24) equals n(I",0) — the change of argument of f(z) € T as z
traverses 7y, this explains why the above theorem is referred to as the argument principle.
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1.6.3. Local description of holomorphic mappings. In case f is holomorphic on a neighborhood
of the disk |z — 2| < r, applying Theorem 18 to f — a we obtain:

Proposition 5. If f(z) # a on the circle |z — zg| = r then
1 f'(2)
2mi |z—z0|=r f(Z> —a

where # means each root of f(z) = a is counted as many times as the order of f(z)—a indicates.

(1.26) dz =#{z: f(2) = a,|z — 20| <1},

Remark: Denote the right hand side of (1.26) by N(a), we know that N (a) is an integer valued
holomorphic function on C \ T', where I is the image of the circle |z — zy| = r under f. In
particular, N(a) is locally a constant. The following theorem on the local correspondence is an
immediate consequence of this result. We stopped here in the Jan 31st lecture.

Theorem 20 (Page 131, Theorem 19). Support that f is holomorphic near zy, f(zy) = wo, and
that f(z) — wy has a zero of order n at zy. If € > 0 is sufficiently small then

n=7#{z: f(z) =a,|z — 20| < e},
for all a in some neighborhood of wy, moreover, if < is sufficiently small, then the above equality
is also true without counting multiplicity.

Proof. Since the zero of f(z) — wy is isolated, it suffices to choose ¢ so that f(z) is defined and
holomorphic on the disk |z — zy| < ¢ and so that zj is the only zero of f(z) — wy in this disk.
For the final statement, it suffices to rake ¢ so that

f(z) #£0 for0 < |z — 2| <&,

then all zeros of f(z) — a are of order one for a in a small punctured neighborhood of wy. [

Remark: By the above theorem, if zy is a finite order zero of f(z) —wq then the [ image of every
sufficiently small disk |z — zy| < € contains a neighborhood of wq. Hence we have

Corollary 6 (Page 132, Corollary 1). A non-constant holomorphic function maps open sets onto
open sets,

Notice that the followings are equivalent in Theorem 20:

(Dn=1;

(2) f'(20) # 05

(3) f is one to one near 2.
In particular, (3) = (2) explains the remark after Definition 8. To summarize, we have

Corollary 7 (Page 132, Corollary 2). If f is holomorphic near zy then f'(zy) # 0 if and only
if f maps a neighborhood of zy conformally onto a neighborhood of f(zy). The inverse of a
conformal mapping is also conformal.
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Remark: In fact, there is a very precise formula for the inverse of a conformal mapping. To find
that formula we need to generalize (1.26) to

2f'(z)
f(z) —a’

which has residue z(a)Ord. (o) (f — a) at a zero z(a) of f(2) — a. If f is conformally then
2(a)Ordy ) (f — a) = z(a) = [~ (a),

which proves the following theorem.

Theorem 21. Assume that f is conformal near |z — zy| < r, then

RPN | 2f'(2)
(1.27) f 1(w) =5 /|Z—zo|7" ) —w dz

holds true for w in a neighborhood of f(zy).

To count the number of zeros for a general holomorphic function, the following Rouché’s
theorem (see the corollary in page 153 of the Ahlfors book for generalizations) is often useful.

Theorem 22 (Rouché’s theorem). Let f, g be holomorphic near |z — zy| < r. Assume that
[f =gl <|flon|z—z| =,
then f, g have the same number (counting multiplicity) of zeros in the open disk |z — zp| < .
Proof. Notice that ' := g/ f satisfies
1—-F| <1

on the circle |z — 29| = r. Denote the disk |w — 1| < 1 by 2 and the F' image of the circle
|z — 29| = r by I'. We know that I" is a smooth closed curve in (2. Thus Theorem 7 gives (note

that 1/w is holomorphic in 2)
1
/ —dw = 0.
rw

Pz,
/|. Flo) =0

thus by Theorem 18, F' has the same number (counting multiplicity) of zeros and poles in the
open disk |z — 2| < r. Hence the theorem follows. O

Replace w by F'(z), we get
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1.6.4. Homology version of residue theory. The observation is the following (see page 149 of
the Ahlfors book):

Lemma 2. Let ay, - - - , a,, be n points in a domain Q) C C. Let y be a cycle in Q \ {ay, -+ ,a,}
which is homologous to zero with respect to §). Then for some small circle C; around a;,

V==Y n(v,45)C;
j=1

is homologous to zero with respect to Q) \ {ay, -+ ,a,}.

Proof. Tt suffices to check that n(y',a) = 0 foralla ¢ Q\ {ay, -+ ,an}. O

The above lemma gives the following generalization (see Page 150, Theorem 17 of the Ahlfors
book) of Theorem 16.

Theorem 23 (Residue theorem, homology version). Let aq, - -+ ,a, be n points in a domain
Q) C C. Let vy be a cycle in Q) \ {ay,- - ,a,} which is homologous to zero with respect to ).
Then

n

1
(1.28) %[/f(z) dz = jzln(%aj)Resajf

for all f holomorphic in Q\ {ay, - ,an}.
Similarly, Theorem 19 can be generalized to (see Page 152, Theorem 18 of the Ahlfors book):

Theorem 24 (Argument principle, homology version). Let f be meromorphic on a domain ) C
C with zeros a; and poles by, then

1 /
(129) o | = S n)08d = Sl 0)0rc

for every cycle ~y which is homologous to zero in () and does not pass through any of the zeros a;
or poles by, of f in Q). We stopped here in the Feb 2nd lecture.

1.7. Elementary point set topology.
Definition 14. A topology on a set X is a collection of subsets of X, called open sets and satis-
fying the following conditions:

(1) The empty set and X itself are open;

(2) The intersection of any finite number of open sets is open;
(3) The union of an arbitrary collection of open sets is open.

The complement of an open set is called a closed set. A subset K of X is said to be compact if
every open covering of K contains a finite sub-covering.
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Remark: One may verify that open sets in Definition 1 defines a topology on C. The precise
meaning of compactness of K is: for every family of open sets {U;};c.; with

K c|Ju;,
j€J
there exists a finite subset, say {j1, - ,jn}, of J such that
K CcU; U---UU,,.
The following Heine-Borel Theorem gives a precise description of compact sets in C.

Theorem 25 (See page 60-61, Ahlfors book for the proof). A subset in C is compact if and only
if it is closed and bounded.

We shall mainly use compactness in the following definition:

Definition 15. Let )1 C --- C Q,, C --- be an increasing family of open sets in C with limit

j=1

Let K be a compact subset of 2. We say that functions f, on (), converges uniformly to a
function f on K if

sup |fn(2) — f(2)] = 0as n — oc.
z€EK

We say that f,, on (), converges locally uniformly to a function f on ) if for every zy € €}, there
exists an open neighborhood U of zy such that

sup | fn(z) — f(2)| = 0asn — .
zeU

The definition of compactness immediately gives:

Proposition 6. A sequence of functions converges locally uniformly if and only if it converges
uniformly on every compact subset.

We shall use this proposition in the next section.

1.8. The Weierstrass theorem and the Hurwitz theorem.

Theorem 26 (The Weierstrass theorem, page 176). Suppose that a sequence of holomorphic
functions f,, converges to f locally uniformly on an open set ) C C. Then f is holomorphic on
Q; moreover, f] converges locally uniformly to f' on .

Proof. For every a € (, take r such that the disk |z — a| < r lies in €. By the Cauchy integral

formula, we have
1 / fulQ) dg
I

—al=r C_Z ’

fn(z) =

2T
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for every z in the open disk |z — a| < 7. Since the circle |( — a| = r is compact, Proposition 6
implies that f,, converges uniformly to f on that circle. Letting n — oo we obtain

_ 1 f(¢)d¢
fz) = 27 /|<a=r C—2z

Since f, as the uniform limit of continuous functions, is always continuous, the above formula
implies that f is holomorphic in the open disk |z — a| < r. Thus f is holomorphic on (.
Moreover, starting from

(2) = - IOLS
fn(z> B 2mi |(—al=r (C - 2)2’

the same reasoning yields

lim f(z) = ! /C FIOLSY = f'(2)

n—00 - % —al=r (C - Z>2

and one may verify that the convergence is uniform for |z — a| < r/2. U

A non-trivial consequence of the Weierstrass theorem is the following:

Theorem 27 (The Hurwitz theorem, see page 178, Ahlfors book for the proof). If the functions
fn are holomorphic and # 0 on a domain Q) C C, and if f,, converges to f locally uniformly on
), then f is either identically zero or never equal to zero in ().

Proof. If f is not identically zero then the zeros of f are isolated (of course it includes the case
that f has no zeros at all). Hence for every z, € €2, there exists > 0 such that f(z) # 0 on
0 < |z — 20| < r. Since f, converges locally uniformly to f, Theorem 26 and Proposition 6
imply that f,, and f/, converge uniformly to f and f’ on the compact set |z — zy| = r, which gives

1 ! 1 !
lim — f"—(z)dz = lim —/ ') dz,
n—00 271 |z—z0|=r fn(Z) n—o0 271 |z—z0|=r f(Z)
by Theorem 18, the integrals in the left hand side are all zero, thus the right hand side is also
zero, which gives (by Theorem 18) f(z) # 0. Since zq is arbitrary, the theorem follows. Il

The above theorem can be used to study conformal mappings (also called univalent function
in page 230 of the Ahlfors book).

Lemma 3 (The Hurwitz Lemma, page 231). If a sequence of conformal mappings f, converges
to [ locally uniformly on a domain ) C C, then [ is either a constant or conformal on ().

Proof. Tt suffices to apply the Hurwitz thorem to f,,(z) — f.(20) and the domain 2 \ {zy} (why
it is still a domain, try!) for an arbitrarily fixed point z, in 2, U
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1.9. Normal families.

Definition 16 (Definition 2, page 220). A family F of holomorphic functions on a domain €2 C C
is said to be normal if every sequence { f,} of functions f, € F contains a subsequence which
converges locally uniformly on €.

Theorem 28 (Montel’s theorem). If | f| < 1 for all f € F then F is normal.

Proof. Let {f,} be a sequence in F. Denote by {w,,} the sequence of rational points in 2.
Since { f,,(wy)} is a bounded sequence in C, the Bolzano-Weierstrass theorem gives a convergent
subsequence, say { f1,(wy)}. Similarly, { f1,,(w2)} has a convergent subsequence, say { f2,(ws)}.
Continue this process, we obtain a double sequence { f, } with diagonal f,,,, satisfying

(1.30) lim f,,(wy) exists for all & > 1.
n—oo

By Proposition 6, it suffices to check that f,,,, converges locally uniformly: for a € €2, take r > 0
such that |z — a| < 2r lies in 2. Recall that (see (1.14))

Z — wy 270 Ji¢—aj=r (€ — wi)(¢ — 2)

(1.31) dg,

hence |f,.,| < 1 gives

| fan(2) = fan(wy)]|

|2 — wy|

<

4
—, forall |z —a| <7r/2, |wy—a| <r/2.
,

Thus for every z with |z — a| < /2 we have

| fan(2) = faum(2)| < [ fan(2) = fan(wi)| + [ frn(Wi) = fom (i) | + | frm (Wi) = frm(2)]

8 —
(1.32) < M A | frn (i) = frm (wi)|.

We stopped here in the Feb 7th lecture. For every fixed € > 0, first we can take rational wy with

8|z — wy] < f,
r -2

for such wy, by (1.30), we can further take N such that
| frn(wi) — frm(wi)| < g, for all n,m > N.

Hence (1.32) gives

sup | fan(2) = frm(2)| < e, foralln,m > N.
|z—al<r/2

Since a is arbitrary, we know that { f,,,,} converges locally uniformly on €. O

Remark. See Theorem 15 in page 224 of the Ahlfors book for an equivalent description of
normal families.
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2. THE RIEMANN MAPPING THEOREM

Theorem 29 (Page 230, Theorem 1). Given any simply connected domain )2 C C which is not
the whole plane, and a point zy € $Q, there exists a unique conformal mapping f from ) onto the
unit disk |w| < 1 normalized by the conditions f(zy) = 0 and f'(z) > 0.

Proof. 1. Uniqueness. If f and f, are two such mappings, then S := f, f, ' defines a conformal
mapping of |w| < 1 onto itself with S(0) = 0 and S’(0) > 0. By Proposition 2, we know that S
must be the identity mapping. Hence f; = fs.

The existence part is divided into the following steps.
2. Define f as the solution of an optimization problem. Consider the following

optimization problem : Find f € F with f'(zy) = B := sup{¢'(2) : g € F},

where
F = {g g’ (20) >0, g(20) =0, sup|g(z)] < landg: Q2 — g(Q)is conformal} :
z€Q)

We shall show that the solution f of this optimization problem exists and fits our needs.

3. F is not empty. We note there exists, by assumption, a point a ¢ 2. Since € is simply
connected, h(z) := 1/z — a is well defined in 2 by Corollary 3. Note that if h(z;) = +h(z2)
then

(h(z21))* =21 —a =2 —a = (h(z))*
gives z; = zy. Hence we know that / : 2 — h(£2) is conformal and
.1 h(Q) N —h(Q) = 0.
By Corollary 6, h(£2) is open thus covers a disk |w — h(z)| < p, thus (2.1) gives
h(Q)N{w € C: |w+ h(z)| < p} = 0.
In other words, |h(2) + h(zp)| > p for all z € Q. Then one map verify that the function
dolz) =" [W(z0)| | l20)  P(z) — h(z)
4 [h(z0)* h'(z0) h(2)+ h(z)
belongs to F (see page 230 of the Ahlfors book for details).

4. Solve the optimization problem. A priori, the constant B in our optimization problem could
be infinite. In any case, one may tale g,, € F with ¢/, (z9) — B asn — co. By Theorem 28, {¢,}
contains a subsequence, say {g,, } which converges locally uniformly to a holomorphic function
fon Q. Itis clear that | f| < 1 on €, f(z) = 0 and by Theorem 26, f'(zy) = B (this proves that
B < o00). Lemma 3 further implies that f : Q — f(£2) is conformal. Hence f € F solves the
optimization problem.

5. f(R2) is the unit disk. Otherwise wy ¢ f(£2) for some |wy| < 1. Again since €2 is simply
connected,

f(z) —wy

P& =\ %50
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is well defined in €2 by Corollary 3. Similar to h, we know that F' : Q) — F'() is conformal and
|| < 1. To normalize it we form

_F'(z0)|  F(z) = F(z)

G(z) : F'(2) . 1 — F(20)F ()

I

so that G € F. After brief computation,

F'(z0)] 1 4w

G'(z0) = | = B > B.

)= TR GE ~ 23/

This is a contradiction, so f(£2) must be the whole unit disk. O

Remark (Page 231, Ahlfors book). At first glance, it may seem like pure luck that our compu-
tation yields G'(zy) > f'(z0). This is not quite so, for we can write f = T(G) (try to find T
yourself) for some holomorphic function T which maps |w| < 1 into itself with T'(0) = 0. The
Schwarz lemma gives |T'(0)| < 1, thus

[F'(20)] = IT"(0)& (20)] < |G (20)].

Another remark is that: log|f| is usually called the Green function of 2 with a pole at z,

moreover the constant 5 in the above proof satisfies
gl S log(|f(2)|)—log(|z—=0
B = f'(z) = le_{lzloe (I (z))—log(|z—zol)

The right hand side is known as the logarithmic capacity of C \ {2 with respect to zy, which is the
central concept in the potential theory (see [Ra, Chapter 5]; in case € is not simply connected,
B is also an important conformal invariant, see [AB]). Hence the above proof of the Riemann
mapping theorem directly leads us to the potential theory. In fact, the Riemann mapping theorem
is equivalent to the existence of Green’s function on €2 (see Theorem 4.4.11 in [Ra] for a nice
Green’s function proof of the Riemann mapping theorem). In the next section we shall study
basic facts of the potential theory in the complex plane. We stopped here in the Feb 9th lecture.

3. HARMONIC FUNCTIONS
3.1. Definitions and basic properties.

Definition 17. A real valued smooth function u on a domain () C C is said to be harmonic if

0*u
Uzz = 07 Uzz ‘=

020z

Remark. If f = u + v is holomorphic then
0= fzz = Uyz + ivzia

since both u,; and v, are real, they must vanish. Hence the real and imaginary parts of a holo-
morphic function are always harmonic. Later we shall prove a partial converse (see Theorem 30
below): a harmonic function is locally the real part of a holomorphic function.
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Theorem 30. Let u be a harmonic function on a domain ) C C. If Q) is simply connected then
u = Re f for some f holomorphic on €). Moreover f is unique up to adding a constant.

Proof. Uniqueness: If u = Re f for some holomorphic function f, say f = u + iv, then

_Q_uy—l—ivy

ux"'“]z:fx:f/_ ;
1 1

gives u, = vy, Uy, = —v, and

(3.1 df = du+1dv = du +i*du,
where

3.2) *du = —u, dx + uy, dy

is called the conjugate differential of du. In particular, (3.1) implies that f is unique up to adding
a constant (since df is fully determined by du).

Existence: (3.1) also suggests to define
f(2) :==u(z0) + / du + i x du,
20
where 2, is a fixed point 2 and the integral is taken over any piecewise smooth curve 7, .
connecting 2, z in €. Note that (try!)
(3.3) du + i * du = (u, — iuy)dz and u, — iu, is holomorphic on (2,

by the Cauchy integral theorem — Theorem 7, we know that f(z) does not depend on the choice
of v,,... Hence f is a well defined holomorphic function on €2 and

df =du+1xdu
gives d(Re f) = du, together with Re f(zy) = u(zo) we know that Re f = u on 2. Hence f fits
our needs. Remark: The simply-connected-ness is used in Theorem 7. U

Remark [page 163, Ahlfors]. By Theorem 3, (3.3) also implies that

3.4) /*du =0
il

for all cycles v which are homologous to zero in Q. If v is smooth with equation z = z(t), the
direction of the tangent is determined by the angle o = arg 2'(t) (i.e. 2'(t) = |2/(t)|e'®) and we
can write

dx = |dz| cosa, dy = |dz| sina.

The normal which points to the right of the tangent has the direction f = « — 7/2, and thus
cosa = —sin 3, sina = cos 5. The expression
ou

3.5 o Uy cos 8 + u, sin B
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is called the right hand normal derivative of u with respect to the curve ~y. We obtain
u

(3.6) * du = —u, dv + u, dy = —u,|dz| cosa + u,|dz| sina = o |dz| on~y.
n

Thus (3.4) is equivalent to

ou
3.7) A% dz] = 0,

see page 164 of the Ahlfors book for more explanations.

The following theorem is a generalization of (3.4).

Theorem 31 (See Ahlfors, page 164, Theorem 19 for another proof). If uy, us are harmonic on
a neighborhood of a piecewise smooth bounded domain ) C C then

(3.8) / uy * dug — us * duy = 0,
a0

where the orientation of 0S) is chosen so that € lies to the lefft.

Proof. The idea is to use Green’s theorem (see the proof below or Wikipedia)

(3.9) / pdxr +qdy = /(ql, — py) dzdy.
o0 Q
We may directly verify that ¢, — p, = 0in case pdz + g dy = u; * dug — ug * duy. ]

Proof of (3.9). Covering C by net of squares, it suffices to prove the case that {2 is a rectangle
(Try!). Denote the upper and lower horizontal part of 02 by H; and H respectively. The y-
coordinate on Hy, H> is a constant, we denote it by Y7, Y5. Now we have

b
/ pdx:/ p(z,Ys) — p(x,Y)) de.
o2 a

Hence the Newton-Lebniz formula

Y1
oY)~ p(e Vi) = = [ pyle)dy
Yo
gives
b Yy
/ pdr = —/ </ py(x,y) dy> dr = —/pydxdy.
o9 a \JY, Q
A similar argument gives [, ¢dy = [, ¢ dzdy. Hence (3.9) follows. O
Remark. For general smooth functions u, v, (3.8) gives
(3.10) / Uy * dug — Us * du; = /(u1 Aug — ug Auy) dzdy
o9 Q
where

AU = Ugg + Uy,
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is called the Laplacian of u. By (3.6), one may write (3.10) as

(3.11) / Uy % — Uy % |dz| = /(u1 Aus — ug Auy) dxdy,
a0 071 8n Q

this is known as Green’s formula. We stopped here in the Feb 14th lecture.

Exercise 1: With z = x + iy, show that for smooth function u we have

1
Uyz = 1 (Ugz + Uyy) -
Verify that all linear functions az + by are harmonic.
Exercise 2: Check that log |z| is harmonic on C \ {0} and find a holomorphic function f on a
simply connected domain €2 C C \ {0} such that log |z| = Re f.

Exercise 3: Do the Exercise 1.1, Problem 1,2,3,4 in [Ra, Page 7].

3.2. The mean-value property. A nice application of Theorem 30 is the following:

Theorem 32 (Mean-value property). Let u be a function harmonic on an open neighborhood of
the disk |z — zo| < r. Then

1
2

2m
(3.12) u(zg) = / u(zo + re') db.
0

Proof. By Theorem 30, u is the real part of a holomorphic function f, one may check that (try!)
the Cauchy integral formula for f gives (3.12). U

(3.12) leads directly to the maximum principle for harmonic functions.

Theorem 33 (Maximum Principle). Let u be a harmonic function on a domain 2 C C.

(1) If u attains a maximum on 2 then u is a constant; -
(2) Assume that ) is bounded. If u extends continuously to 2 and v < 0 on 0S, then u < 0
on ).

Proof. The proof of (1) is the same as for Theorem 12. For the proof of (2), as Q is compact and
h is continuous there, h must attain a maximum at some point 2, € €2, i.e.
h(zg) = sup h.
Q
If zg € 09, then h(zp) < 0 by assumption, and so h < 0 on Q. If 2y € € then (1) implies that h

is a constant on €. Since A is continuous on £, we know A must be a constant on 2. Thus in this
case, our assumption also implies 2 < 0 on €. O
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Definition 18 (Maximum principle). We say that a function h : Q — [—o00,00) satisfies the
maximum principle on a domain ) C C if h has no maximum in ) unless it is a constant (i.e.
either h is a constant or

h(z) < suph,
Q
forall z € ().

Remark. Later we shall study the class of subharmonic functions, which can be defined directly
using the maximum principle (see Definition 25).

3.2.1. The Green formula approach to the mean value property. Apply (3.8) to the case that
Q={ze€C:r <|z| <re}, wi(z) =log|z|, us = u,
where w is a fixed harmonic function on s < |z| < p for some p > r9, s < r;. Then
00 = {[2| = ra} = {[z[ = m}
and (3.8) gives
(3.13) /|| log |z| x du — ux dlog|z| = /| log |z| x du — u x dlog|z|.
2|=r2 2|=r1

By (3.6), on any circle |z| = r, we have

(z,9)

*du:a—u\dz\, n = and |dz| =rdfon |z| =,
on

thus
*du = (zu, + yu,) db.

Write x = rcosf,y = rsinf on |z| = r, we have

d 0,rsinf x
Uy 1= u(r cos 0, r sin ) = Uy cos b + u,sinfh = xu——i—yuy
dr r
Hence we have
(3.14) * du =ru,df on|z| =r.
In particular, * dlog |z| = df on |z| = r. Thus (3.13) implies that
(3.15) / (ru, logr — u) df does not depend on s < r < p.
|2|=r
Similarly, (3.7) (i.e. u; = 1, us = wu) reduces to that
(3.16) / ru, df does not depend on s < 1 < p.
|z|=r

To summarize, we get:
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Theorem 34 (Ahlfors, page 165, Theorem 20). Let u be a harmonic function on s < |z| < p,
then there exist constants o, 3 such that

1 2w )
] u(re®)df = alogr + 3

forevery s <r < p.

Remark. In case u is harmonic on |z| < p, then

o= / ru, df = lim ru, df = 0.
|2|=

r—0 ‘Z|:7”

Hence the above theorem gives
L[ urenan=p=tim L [T utre) a0 = o)
— u(re = =lim — u(re =u
27T 0 r—0 27T 0 ’

which is precisely the mean value property. We stopped here in the Feb 16th lecture.
Exercise I: Do the exercise 1,2 in page 166 of the Ahlfors book.

Exercise 2: Let u be an arbitrary smooth function on a neighborhood of the disk |z| < 1.
Apply Green’s formula to €2 := {e < |z| < 1}, u; = log|z|, ugs = u and show that

1
21

27
(3.17) w(0) / log || Au(z) dedy + — / w(ei®) do.
|z|<1 21 Jo

Hint: let € go to zero.

3.3. Poisson’s formula. We shall follow page 166-168 of the Ahlfors book [A0]. The maximum
principle, Theorem 33 has the following consequence:

Corollary 8. If u is continuous on a compact set K in C and harmonic on the interior of K, then
it is uniquely determined by its value on OK (see the proof below for the precise meaning).

Proof. Let u; and ug be two such functions with the same boundary values. Apply Theorem 33
(2) to h = u; — us and 2 = the interior of K, then 02 C 0K and we obtain u; < uy on K.
Consider h = uy — u; instead, we also get us < uy. Thus u; = uy on K. O

Remark. The above corollary suggests the following:
Problem: Find such v with given boundary values.

In this section, we shall solve the problem in case that / is a disk. (3.12) determines the value
of u at the center of the disk. But this is all we need, for there exists a linear transformation
_ R(R( +a)

(3.18) z=5(¢) = “R+al la| < R,
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which maps |¢| < 1 onto |z] < R and carries the center ( = 0 to an arbitrary given point a.
Suppose that u(z) is harmonic on a neighborhood of |z| < R, then u(S((¢)) is harmonic around
|| < 1. By (3.12), we obtain

(3.19) u(a) = u(S(0) = - (S0 deC
From
B R(z —a)
¢ = R2—az’

we compute

dargQ:—i%:—i(zl N )dzz(zz n “Z_)de.

¢ —a R?-—az —a R?>—az
Since |¢| = 1 corresponds to |z| = R, i.e 2Z = R?, we have

az az a

R2—az zz—az ZzZ—a
Thus

(3.20) darg( = ( Z L@ ) a9,

zZ—a zZ—Q

hence (3.19) gives:

Theorem 35 (Poisson’s formula). If u(2) is harmonic on |z| < R, continuous for |z| < R. Then

2 _ |2
(3.21) u(a) = ! / Mu(z) df = i/ (Re °r a) u(z)do,
|z|=R

T om =k |2 —al? 27 z—a

forall |a| < R. In particular,

(3.22) u(a) = Re <i/ SO %) ,

2mi Ji—p 2 — @ z

so we get uw = Re f for f holomorphic on |a| < R.
Proof. Replacing u by u(rz) if necessary, it suffices to prove the case that « is harmonic on a
neighborhood of |z| < R. Now (3.19) applies, by (3.20), we know that (3.21) follows from
= R2 o 2
(3.23) CERR - o _pezte

z—a ZzZ—a |z—al? z—a

(3.22) follows from dfl = % on |z| = R. O

Remark. In case u = 1, (3.21) gives

2 1,02
(3.24) 1= 1/ Mde,

B 2m |z|=R |Z - CL|2

R27|CL‘2
|z—al?

hence df defines a probability measure on the circle |z| = R for every |a| < R.
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3.4. Schwarz’s theorem. Theorem 35 serves to express a given function through its values on
a circle. But the right hand side of (3.21) has a meaning as soon as u is defined on |z| = R,
provided it is sufficiently regular, for instance piecewise continuous. The questions is, does it
have the boundary values u(z) on |z| = R?

There is reason to clarify the notations. Choosing iR = 1, we shall introduce the following:
Definition 19. For any piecewise continuous function U(0) in 0 < 0 < 27, we call

1 2m
(3.25) Py(z) i= —/ Re
0

the Poisson integral of U.

Remark. Py is linear in U:

Puvwy = aPy + 0Py
Moreover, U > 0 implies Py(z) > 0; because of this, we call Py a positive linear functional. We
deduce from (3.24) that P. = c for constant c. From this property, we know that any inequality

m < U < M implies m < Py < M. The question of boundary values is settled by the following
fundamental theorem that was first proved by H. A. Schwarz.

Theorem 36 (Schwarz’s theorem). The function Py is harmonic for |z| < 1, and

(3.26) lim Py(z) = U(6))

z—e'?0

provided that U is continuous at 6.

Proof. Note that Py is the real part of a holomorphic function, we know that F;; is harmonic on
|z| < 1. In proving (3.26) we may assume that U () = 0, for if this is not the case we only need
to replace U by U — U (6,). Let us write

1 60 1 6
Pu(2) / Re 2 17(0) d + —/ Re 2 1(0) db
[0—00|<e |0—00|>e

2 el — 2 o el — 2

By (3.24), the first integral is no bigger than supy,_, . U(6) which tends to U(t)) = 0 as U is
assumed to be continuous at z,. For the second integral, recall that

e +z  1—1z)?
i0 -

— 0 uniformly for all | — 6| > cas z — €,

R = —

Cer e — z|?
(note that [2| — 1 and [¢" — 2| — [¢" — €| > C' > 0 as |# — 6| > €), so the second integral
also tends to zero as z — €. It follows that Py;(2) — 0 = U(f) as z — e®. We stopped here
in the Feb 21st lecture. g
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3.5. Functions with the mean value property. A nice application of Schwarz’s theorem is the
following:

Theorem 37 (Ahlfors, page 242). A continuous function f on a domain U C C is harmonic if
and only if it satisfies the mean value property

1 2w )
/ u(zo 4 7€) db
0

u(z0) = o

for all disk |z — z| < r contained in .

Proof. Tt suffices to show that « is harmonic on |z — zy| < r for all disk |z — zy| < r lies in §2. By
a simple change of variable, one may assume that z; = 0 and » = 1. Denote by U the restriction
of u to |z| = 1. By Theorem 36, we know that P is harmonic on |z| < 1, continuous on |z| < 1
and Py = won |z| = 1. In particular, we know that P satisfies the mean value property for all
disks contained in |z| < 1. Thus Py, — u satisfies the mean value property for all disks contained
in |z| < 1 by our assumption, hence we know that the maximum principle applies to Py — u and
u — Py, which gives that P; = u on |z| < 1. Thus u is harmonic on |z| < 1. O

3.6. Harnack’s principle. Another application of the Poisson formula is the following Har-
nack’s inequality for positive harmonic functions.

Theorem 38 (Harnack’s inequality). If u is non-negative harmonic on the disk |z| < p then

P T0(0) < u(z) < 2T
p+r p—r

(3.27) u(0)

for all z with |z| =1 < p.

Proof. Choose s with r < s < p. By the Poisson formula (3.21), we have
1 2 52 o 7,2 0
= — 7 E— ) db.
u(z) 2m /0 |sei? — z|2u($€ )

Note that, s — 7 < |se? — 2| < s+ r when |z| = 7, hence
2 _ .2 2 _ .2 2 _ .2

s—r s —r S —r S —r _S+T
5+T—(s+r)2_|sei9—z|2_(s—r)2_s—r
gives
. 1 27 ) ) 1 27 )
S u(sew)deﬁh(rew)ﬁs—'—r'— u(se™) do.

s+r.§0 s—r 21 J

By the mean value property, we have 5= fozﬂ u(se®) df = u(0). Letting s — p, we know that the
above inequality gives (3.27). U

One crucial application of the Harnack inequality is the following Harnack’s principle.

Theorem 39 (Harnack’s principle). Let w1 < us < --- be harmonic functions on a domain
Q) C C. Then either u, — oo locally uniformly or u,, — u harmonic on €} locally uniformly.
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Proof. Since ) is connected, it suffices to show that the sets on which lim w,,(2) is, respectively,
finite or infinite are both open. In fact, if u, (29) — 0o as n — oo for some zy € €2, then one may
apply the left hand inequality (3.27) to u,, — u,,,n > m on the disc |z — 2| < p contained in 2:

Un(20) — Um(20) _ P~ g

3 Cp+2
It follows that u,,(z) — oo uniformly on |z — zo| < p/2. Similarly, if if lim u,, (o) is finite, then
the right hand inequality (3.27) gives, forn > m

(1 (20) — 1m(20)) < tn(2) — (), forall |z — 2| < g.

0 < wn(2) — U (2) < 3(un(20) — um(20)), forall |z — zo| < g,

which implies that w,, converges uniformly on |z — 25| < p/2. Thus the limit function, say u, is
also continuous and satisfies the mean value property, hence v is harmonic by Theorem 37. [

3.7. The reflection principle. In this section, we shall use Schwarz’s theorem, Theorem 36, to
prove the following reflection principle of Schwarz.

Theorem 40 (Reflection principle). Let D := {z € C : |z| < 1} and write
Dt :={z€D:Imz >0}, 0:={z€D:Imz =0}

Suppose that v is continuous on Dt U o, harmonic on D" and v = 0 on 0. Then v extends to a
harmonic function (still denoted by v) on D satisfying v(z) = —v(z) for z € D. We stopped here
in the Feb 23rd lecture.

Proof. See Ahlfors page 173. U

Corollary 9. With the notation above. Let v be the imaginary (resp. real) part of an holomorphic
function f on D, Assume that
lim v(z) = 0 for all zy € o.

Z—r 20

Then f extends to a holomorphic function (still denoted by f) on D satisfying f(z) = f(2) (resp.

f(z) = —f(2))for z € D.
Proof. See Ahlfors page 173. U

3.8. Use of the reflection principle. The reflection principle can be used to study regularity
property of the the solution of the Dirichlet problem:

(3.28) Au = 0on Q with u|spg = ¢ (u|sq means the restriction of u to 0f2).

We say that u is a solution of (3.28), if w is harmonic on {2, continuous on Q with ulon = .
Theorem 33 implies that the solution, if it exists, must be unique. The following theorem is a
deep result in PDE theory:

Theorem 41 (See Theorem 9.9 in [A]). If Q) is smoothly bounded and ¢ is smooth then the
solution of (3.28) is unique and smooth up to the boundary (i.e. it extends to a smooth function
on a neighborhood of §2).
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We are not able to prove the above result using theories covered in this course. But in case
() and ¢ are real analytic, we shall show that the reflection principle gives (in fact, a stronger
version of) the above result.

Definition 20. We say that Q) and ¢ are real analytic if for every ( € 0S), there exists a conformal
mapping [ from D onto an open neighborhood, say V¢, of ¢ such that

fDY) =NV, flo)=00NV,
and ¢(f) = Re h on o for some holomorphic function h on D.

Theorem 42. Assume that u is a solution of (3.28). If (2 and ¢ are real analytic then u extends
to a harmonic function on a neighborhood of ().

Proof. By Definition 20, we know that ¢(f) = Re h, hence the harmonic function u(f) — Re h
on D vanishes on . By Theorem 40, u(f) — Re h extends to a harmonic function on D. Thus
u extends to a harmonic function on V. Since harmonic functions are real analytic, we know
that the extensions to overlapping V, ( € 02, must coincide and define a harmonic function on
a neighborhood of €. U

Similarly, Corollary 9 implies the following result (see Theorem 3, 4 in page 233-235 of the
Ahlfors book).

Theorem 43. Let € be a bounded simply connected domain with real analytic boundary in C.
Then the Riemann mapping function f which maps €2 onto the unit disk extends to a holomorphic
function on a neighborhood of ().

Proof. Note that | f(z)| — 1 when z — 052, hence log f, which is well defined on 2NV, (choose
a smaller V; if necessary, one may assume that f has no zero in {2 N V;), satisfies that

Re log f(z) =log|f(2)] = 0, asz — 9QNV,.
Thus by Corollary 9, log f extends holomorphically to V;. Thus f extends to V (hence to Q). [

3.9. Analytic arcs. A non-trivial example of bounded simply connected domain with real ana-
lytic boundary is the elliptical disk €2 defined as the interior of the ellipse

1 ) )
(3.29) z = 3 (p et 4 p_le_”) , 0<t<2m,
where p > 1 is a constant. Write z = = + 1y, (3.29) gives
1 1
T = 3 (,0 cost +p ! cost) , Y= 5 (p sint — ,0_1 sint) .

Hence 0f2 is given by

172 y2

a? b2
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and

a?  b?
Since (2 is convex, we know that () is simply connected. We shall show that €2 is real analytic in
the sense of Definition 20. In fact, from (3.29), we know that 92 = g(R) for

2 2
Q:{x+z’y€(C:x—+y—<1}.

1 . .
(3.30) g(w) =5 (pe™ +p7le™™),

the main observation is that
g'(w) # 0, forall w € R.

Hence for every wy € R, g is conformal on
|lw —wp| < e

for some ¢ (one may take ¢ = 7 by the exercise below). Now we know that the conformal
mapping f defined by

f(¢) = g(wo +&¢)
maps D onto a neighborhood, say V¢, of ¢ = f(0). One may check that for small ¢,

fDY) =NV, flo)=00NnV,
hence we know that (2 has real analytic boundary.

Remark. (3.29) is an example of analytic arc defined in page 234 in the Ahlfors book, by a
similar discussion, we know that §Q is real analytic if and only if its boundary consists of free
one-side regular analytic arcs (see page 234, Ahlfors).

Exercise: Show that g defined in (3.30) is conformal on |Re (w — wy)| < 7 for every wy € R.
We stopped here in the Feb 28th lecture.

4. EXPLICIT RIEMANN MAPPINGS

By Theorem 43, we know that the Riemann mapping function for the elliptical disk extends
holomorphically to the boundary. In this section, we shall show how to find a precise formula for
the Riemann mapping function of an elliptical disk. The main idea is to use the Bergman kernel
of the elliptical disk.

4.1. Bergman kernel and the Riemann mapping function. Let () be a domain in C. Denote
by O(€2) the space of holomorphic functions on {2 and

H - {f € 0@ |1 = [ |1 dody < oo}

the space of L2-holomorphic functions on €. It is clear that H is a C-linear space with the
following L? inner product

(f,9) 3:/Qf§]dwdy, f.g€ H.

The first observation is the following:
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Theorem 44. H is a Hilbert space with a countable orthonormal basis { f;};>1.

Proof. Recall that Hilbert space is a complete inner product space, where "complete" means that
every Cauchy sequence converges. Let {g,} be a Cauchy sequence in H. By the mean value
property below, we have

|1gn — gml|
n\@) — gm\Q)| = n mdxd <
90(0) (@) = g [ g gy < G

for all a with |z — a| < r contained in (2. Hence g,, converges locally uniformly to a holomorphic
functions ¢ on {2 with

/ |90 — g|? dedy = lim / (90 = gm|* ddy < lim {|gn — gml[?,
K m—oo J g m—00
letting K — €2, we get g € H and
1gn = gll < lim |[gn — gm|[ — 0
m—0o0

as n — oo. Thus g,, converges to g in H and H is Hilbert. Since H is subspace of L*(2) (which
has a countable dense subset), we know that A has a countable orthonormal basis. O

Lemma 4. Let f be holomorphic on |z — a| < r, then

1
4.1) fla) = —3 s f(2) dzdy.
Proof. Since 27 f(a) = 027r f(a+ se?) df, we have

r 2w T
/ f(z)dzxdy = / / fla+ se)sdsdf = / 2nsf(a) dsdd = 7 f(a),
|z—al<r 0 JO 0
and the lemma follows. U
The above lemma also implies that the norm of the evaluation map (a is a fixed point in €2)

Ea(f>:f'_>f(a>

from H to C is bounded. By the Riesz representation theorem, we know that there exists an
unique K, € H such that

4.2) fla) = Eu(f) = (f, Ka).

Definition 21. We call
K(z,a) = Ku(z), a,z €9

the Bergman kernel of ().

The following theorem gives a precise formula for the Bergman kernel.
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Theorem 45. Let { f;} be an orthonormal basis of H. Then
(4.3) K(z0) =) _ fi(=)f;(a)
j=1

Proof. The idea is to use the orthogonal decomposition

K, = Z(Kav fj)fj
j=1

By the reproducing formula (4.2), we have (K, f;) = f;(a), hence (4.3) follows. O

Remark. As an orthogonal decomposition K, = " f;(a) f;, we have

4.4) 1 Kal* = Z!fg( )I* = K(a,a).

7=1
On the other hand, (4.2) implies that

2
Hence we get

|f(a)]”
4.6 K = .
0 R ATTE

By (4.3), we know that K (z, a) is holomorphic in z and anti-holomorphic in a. By the Exercise
below, we also know that K is smooth on ) x €.

Exercise.

(1) Use (4.1) to prove that

sup K (a,a) < oo,
a€Ll

for every compact set L. C €Q;

(2) Show that for every compact set L C (),

/QXL (z,a) Zf] (2)f;(a |dxdydudv—/2|f] )2 dudv,

j=N+1
wherez:x—i-zy,a:u—i—w,

(3) Use (1),(2) and the Lebesgue dominated convergence theorem (see Theorem 61 in section
6.4) to show that

N
J&im ‘K(z, a) — Z fj(z)fj(a)}2 drdydudv = 0;
—ooJaxL =1
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(4) Show that (3) implies that K is smooth on €2 x €.

4.1.1. Bergman kernel on the unit disk. From page 161, Exercise 5 in the Ahlfors book, we
know that

1
(1 — za)?

in case {2 = D is the unit disk . The proof in Exercise 5 is based on the residue theorem. Another
proof is to use the fact (try!) that {2"},>o defines an orthogonal basis for H, and

2m 1
/\Z"Fdxdy:/ / P2 drdf) = —— .
D 0 0 n+1

4.7) K(z,a) =

Hence

n=0

Exercise. Compute the Bergman kernel on the annulus 1 < |z| < 2. Hint: use the Laurent
series expansion.

4.1.2. Relation with the Riemann mapping function. The following theorem is known as the
invariance property of the Bergman kernel.

Theorem 46. If f : )y — Qs is conformal then
(4.8) Ky(f(2), fla)f'(2)f'(a) = Ki(z,a), z,a€ Q,

where K denotes the Bergman kernel on §;.

Proof. 1t suffices to verify that the left hand side also satisfies the reproducing property:

| R FE) T @) T @) dady = hla), e

where H, denotes the space of L?-holomorphic functions on €2;. Note that

g |h(2)|* dwdy = i [R(f~H (w))(f ) (w)|*dudv
implies that
he€Hi s g:=h(f")(7") € H,

thus we have
Lh@mU@J@wwﬂamwaéMMmMﬂmﬂ@mwaw@mw.

Since g(f(a))f'(a) = h(a), the theorem follows. O
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Corollary 10. Let Q) # C be a simply connected domain in C. Let f : 2 — D be the Riemann
mapping with f(a) =0, f'(a) > 0 for some a € ). Then

(4.9) f(z) = / ‘ /K(; CL)K(w,a) dw

for all z € ), where K denotes the Bergman kernel on §.

Proof. By (4.8) and (4.7), we have
—/(2)f (@) = K (z,0).
hence f'(a) = /7K (a,a) and

, ™
= K .
1= g K
Thus the theorem follows by integrating this identity along any curves connecting a and z (since
2 is simply connected, the integral does not depend on the choice of such curves). U

(4.9) suggests to compute the Riemann mapping function using the Bergman kernel. We
stopped here in the 2nd March lecture.

4.2. Test exam 1.

Exercise 1. Compute

/ e”dz
=2 (2 —1)%sinz’

Answer: The poles of - €4z in|z| <2isz=0,1,50

—1)2sinz

e’ dz e\ e(sinl — cos1)
/Z|:2 (z—1)%sinz m ( * (sinz) ( >> i ( * sin® 1 )

Exercise 2. Compute

2
costdt
/ _costdl_ oy s,
o a-+bcost

Answer: 2cost = et + 7%, put z = e, we get dt = Cz.l—j, hence

/2” costdt _/ z+ 271 dz

o a+beost J2a+b(z+271) iz

Then one may apply the Reidue theorem, the computation is similar to the example in page 155
of the Ahlfors book, so we will not repeat here. The solution is

27 a
— ]l —].
b( a2—b2)
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/ *© dx
0 CU4 + 1
Answer: This is a special case of Example 2 in page 156 of the Ahlfors book, the answer is

) 1
W@ZResz4+1.

Exercise 3. Compute

Since

24 +1= (Z . em‘/4)<z . 637ri/4)(z . e57ri/4>(z . 67m/4),

we get

. 1 , 1 _ 1 T
e ; Res a1 e Reszzewi/4z4——H + ReSz:esm/424—+1 = ﬁ
Exercise 4. Use the argument principle to find the number of solutions to 2% + 22 + 2z +4 =0
in the right half plane.
Answer: By the argument principle (see the Remark in page 18), the solution is

change of argument of 23 + 22 + 2 +4 on C
27 ’
where C' = [iR, —iR| + Cg, Ck is the half circle from —iR to iR in the right half plane, when

R is large, the change of argument of 2% + 2% + z + 4 on Cfp, is close to 37; on the other hand,
for z = it, t goes from R to — R, we have

Pt r+d=4—1+it(l -7

so the argument changes approximately from close to —7/2 (at z = iR) to 0 (at z = i) then to
close to /2 at z = —iR. Hence the change of argument of 2% + 22 + 2z + 4 on C'is 47, and the
solution is 2.

Exercise 5. Let u(z + iy) = €”siny, show that u is harmonic on C and find holomorphic f
on C such that u = Re f

Answer: A direct computation gives g, + u,, = 0 (you should write down the details if it is
areal exam) and one may take

f(z) = —ie®.

2
/ log e — a| df
0

Answer: If |a|] > 1 then log |z — a| is harmonic near |z| < 1 so the mean value property gives

Exercise 6. Compute

2T
/ log |e™ — a| df = 2rlog |al,
0
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If |a| < 1 then log |1 — az| is harmonic near |z| < 1, hence
2m ) 2m )
/ log\ew—a|d0:/ log|1 — ae®| df = 0.
0 0

When |a| = 1, we also get [ log |¢?—a| df = 0 by taking limit. The solution is max{0, 2 log |a|}.

Exercise 7. Find the Bergman kernel for 1 < |z| < 2.
Answer: Every holomorphic function f has a Laurent series expansion on 1 < |z| < 2:

f(z) = Z 2"

nez
One may check that {2"} is orthogonal with respect to the L? inner product, so

nan

a

z
K(z,a) = Z —||Zn||2’

n=—oo

where

4n+1 -1
[|2n]|* = / 12" dady = T————, n# -1, |[z7"|]* = 2nlog2.
1<|z|<2 n+1

Exercise 8. Define u such that u(z) — log|z — 1| is harmonic on |z| < 1, continuous on
|z] <1,and u = 0on |z| = 1. Show that such  is unique.

Answer: If uy, us satisfies the assumptions, then u; — wus is harmonic on |z| < 1, continuous
on |z| < 1, and vanishes on |z| = 1, so the maximum principle for u; — us and uy — u; gives
that u; = us. Thus w is unique. In fact

z —

1
=
1—

u = log | i
2

Exercise 9. Let f be a holomorphic function on |z| < 1. Assume that Re f = 3. Show that f
is a constant.

Answer: Otherwise the image of f would be an open set (see Corollary 6), so we get a contra-
diction.

Exercise 10. Use the Harnack inequality to prove that bounded harmonic functions on C are
constants.

Answer: If v is bounded and harmonic then v + C' > 0. Hence the Harnack inequality 3.27
applies to u := v + C, which gives

p—r
u(0) <u(z) <
SO <u(z) < P

u(0)

forall |z| < r < p. Let p — oo, we get u(z) = u(0) for all |z| < r. Let r — oo, we know that
u = u(0) on C. Hence v = u(0) — C'is a constant.
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4.3. Orthogonal polynomials on the elliptical disk. Let us apply Corollary 10 to elliptical
disks. Recall that we define the elliptical disk €2 as the interior of the ellipse

1 . .
(4.10) i=3 (pe”+ple™™), 0<t<2m,
where p > 1 is a constant. Write z = = + 1y, (4.10) gives
1 1
T = 3 (p—i—pfl) cost, Yy = 3 (p — p’l) sint.
Since cos?t + sin?t = 1, we know that the coordinate (x, ) in the ellipse satisfies
2 2 -1 _ -1
SIS o o B N
a’> b 2 2
Hence we have
2 2
4.11) O=datiyec: 2 +% 41
a? = b?

In order to find the Bergman kernel of €2, we need to find an orthonormal basis of the space H of
L?-holomorphic functions on 2. It is clear that all polynomials lies in H. Applying the Gram-
Schmidt process (see the Wikipedia page) to {z" },,>0, we obtain an orthonormal system {p,, }»>0
for H (i.e. ||pn|| = 1 and (pn, pm) = 0 for n # m), where each p,, is a degree n polynomial. To
prove that {p,,} is a basis of H, we have to show that polynomials are dense in H.

Theorem 47. Polynomials are dense in H for the elliptical disk.

Proof. Fix h € H, put
h.(z) :==rh(rz), 0 <r <1,

we know that ,. is holomorphic on the neighborhood Q /7 of Q2. By Lemma 5 below, it suffices
to show that any holomorphic function g on {2/ can be approximated by polynomials in H. But
this is a direct consequence of Lemma 6 below. U

Remark. I7 is known that polynomials are dense in H for all bounded simply connected domain
Qwith O(C\ Q) = 0N2. This is an old and deep result. The interested readers can find a (partial)
proof'in [F, Theorem 2].

Lemma 5. lim, ; ||k, — h|| = 0.

Proof. We shall follow the argument in [F, 911-912]. By |a — b|*> < 2(|a|* + b]?), we have

@i [n=ip= [ ppene [ne—nPs [ 2 bR+ [P
Q O\Q 0 o\ 10

forall 0 < ¢, < 1. Consider rz as a new variable, we have

/ Iy |? = / (rh(r2)|? dady = / h2,
o\Q o\t FO\FQ
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thus
/ 2 (|h* + [R)?) < 4/ |h|> =0 asrt — 1.
Q\tQ Q\rtQ
Hence for each ¢ > 0, there exist 0 < g < 1 such that
[ 2+ m) <
Q\toQ
for all t5 < r < 1. On the other hand, since

lim sup |h, — h| — 0,

r—1 tOQ

/ h— B <e
to2

forall ry < r < 1. Thus (4.12) gives ||h, — h||* < 2e for ry < r < 1 and the lemma follows. [J

we can find ¢y < rg < 1 such that

Lemma 6. Let g be a holomorphic function on a neighborhood of ). Then there exist polynomi-
als P, such that supg |g — P,| — 0 as n — oc.

Proof. Our assumption implies that ¢ is holomorphic on a neighborhood of s) for some s > 1.
Hence the Cauchy integral formula gives

o) = [ 2

a 211 (sQ) C— z

Since the above integral is the limit (in fact, uniform limit for z € Q) of finite sums

Zx-ﬁ G € 9(sQ),

JCj_Z’

it suffices to prove the theorem for g(2) = ((—2)~" for ¢ € 9(s9). Fix an opendisk D C C\ {(}
with 2 C D, then it suffices to take P, to be the first n-terms of the Taylor series of gon D. [

In order to find the orthonormal polynomials p,,, we need the following complex form of the
Green formula.

Theorem 48. Let () be bounded domain in C with smooth boundary. Then

(4.13) / fdz= / 21 f>dxdy
o9 Q
for every f smooth on a neighborhood of Q.

Proof. Since f dz = fdx + i fdy, the usual greee formula (3.8) gives
fdz= [ (it~ £,) dudy,
o0 Q
Hence (4.13) follows from i f, — f, = 2i f5. O
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A direct consequence of (4.13) is
(4.14) / 2 g’ dedy = f'gdz,
Q o0

for all functions f, ¢ holomorphic on a neighborhood of . This formula reduces our orthonormal
polynomial problem to d€2, which is much easier since in our case Jf? is the conformal image
of the circle |w| = p under the Joukowski map (a conformal map used in the airfoil design, see
Wikipedia)

. . 1 1

j.wl—>z—](w)—2 (w—i—w).
As a standard Fourier series result, we know that {z"},~ define a natural orthogonal basis for

the L? space of the circle |w| = p. The transform of 2™ to 92 under the Joukowski map is usually
called the Chebyshev polynomial.

Definition 22. The degree n polynomial T,, defined by T,,(j(w)) = j(w™) is called the Chebyshev
polynomial of the first kind.

Remark. Note that
To=1, Ti(z) =z

moreover
1 1 1\1 1 1 1
o n+1 _ n n—1
o) (e ) 2
gives
(415) Tn+1(2) = 22Tn<2) — Tn,1(2>.

In this way, one may get a precise formula for all T,.

Lemma 7. Let ) be the elliptical disk defined in (4.11). Then we have

my - n % <p2n _ p—2n) n=m.
Proof. By (4.14), we have
1 —
1 Ty = L / T T de.
21 90

Under the change of variable z = j(w) we have

dz = ' (w)dw = (1w ),
and Ji (™ AT (i 1
o) _ b)) _ gy (i) = (1~ w) T (iw)
Hence
7wy = 2w )
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we have
1 m(w™t —w ™ (w4 w ) 1
(T T = Z/le_p ( - ) { ‘ ) S —w ) du
= l m(w™ " —w ) (@" 4+ 0 7") dw
81 Jjwl=p
:é om W™ — ™YY (0w + (02 w) ™) duw
Hence our lemma follows from the Residue theorem. U

Definition 23. The degree n polynomial U,, defined by
T/

_ n+1
n+1

is called the Chebyshev polynomial of the second kind.

n -

Remark. By Lemma 7, we have

0 m # n;
(U, Un) = { g n+2 p—2n—2)

Hence p, = U,/||U,|| is the orthonormal polynomial that we need, and we have the following
Bergman kernel formula for )

4 KUy (2)Uy(a)(n +1)
K(z,0) = — Z P2 — a2
n=0
Together with (4.9), we get the Riemann mapping function for the elliptical disk. We stopped
here in the 7th March lecture.

4.4. Extremal property of the Chebyshev polynomial and capacity of a compact set. The
original definition of 7, is to use the following extremal property.

Theorem 49. Forn > 1, t,, := 21""T" satisfies

4.16 th € M,,, max |t,(z)|=2""= inf ma x)l,
( ) xe[—l),cl]’ ( )‘ qe/\/tnxe[—l},(l]‘q( )‘

where
./\/ln::{z"+alz”_1+---an:ajEC, 1<j<n}

denotes the space of all degree n monic polynomials on C.

Proof. (4.15) gives t,, € M.,,. Since j(e") = cost, we have T}, (cost) = cos nt. Thus

k
max_|t,(z)] = 217", t, (z) = (=1)*2'"™" 2} := cos —7T, 0<k<n.
z€[-1,1] n
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Let us use proof by contradiction. Assume that max;_y 5 [¢| < 2'~" for some ¢ € M,,. Let us
write ¢ = Re ¢ 4+ ¢ Im g, where Re ¢ and Im ¢ are polynomials with real coefficients, then

tu(zo) = 27" > Req(20), tu(x1) = —2""" <Req(1), tu(22) =2'7" > Req(zz), -+ .

Hence the mean value theorem for zeros implies that ¢, —Re ¢ has at least n zeros in [—1, 1]. Since
the degree of ¢, — Re ¢ is no bigger than n — 1, this can happen only when ¢,, — Re ¢ = 0, hence
max|_1 1 |Re | = max_q1|t,| = 27" and we have max|_q ) |¢| > 2'~", which contradicts
the assumption max_; 1] |¢| < 2™ O

One may replace [—1, 1] by a general compact set K C C, then we have the following result.

Theorem 50 (Exercise 4 in page 159 of [Ra)). Let K be a compact set in C. Put

4.17 o(K) = iInf , = ,
(4.17) mn(K) = inf {lgllx, [lgllx := max|q]

then there exists () € M,, such that ||Q||x = mn(K).

Proof. If the number of points in K is < n then we can write K = {z1,--- , 2}, kK < n. Take

Q(z) = (z—z1) - (2 — 2)2" ",
we know that ||Q||x = 0 = m,(K). If the number of points in K is > n then we can fix n
distinct points z1, - - - , 2, in K. Note that for

a(z) = 2"+ @z et ay,

we have
q(z1) — 27 a
: =V
q(zn) — 27 Qn,
where
A7l 1
N |
(4.18) V= .
n—1 n—2
Zy Zy oo zp 1

is known as the Vandermonde matrix. Since
det V = ngj(;ggn(zj' — Zk) 7é O,

we have

ap q(z1) — 27

=y

ap, q(zn) — 27
Hence all coefficients a; are uniformly bounded if ¢(z;) are uniformly bounded. In our case, let
us take ¢,, such that

ma(K) = T [[gullx
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then we know that coefficients of g, are uniformly bounded. Thus we can take a subsequence,
say {Gm, } of {gm}, such that the coefficients of {g,,, } converge to a; as k — oco. Put

Q:=2"+a12" -+,
then we have
1QIlx = Jixn [[gun, 1 = ma(F6).

The proof is complete. U

Definition 24. The (logarithmic) capacity of a compact set K C C is defined by
oK) = 1r;f1 o, (K™

Remark. We have

1
¢([~1,1]) = inf 20"/ = 5

n>1

In section 6.3 we shall give the original definition of the capacity.

5. THE DIRICHLET PROBLEM

The Dirichlet problem: Find a harmonic function with given boundary values. In Theorem
42, we prove that the solution, if it exists, must be harmonic near the boundary in case all given
data are real analytic. In this section, we shall use the Perron family of subharmonic functions to
prove the existence part for a large class of domains in C.

5.1. Subharmonic functions.

Definition 25. Let v be a continuous function on a domain ) C C. v is said to be subharmonicif
for every zy € Q, there exists ro > 0 with |z — zo| < ro contained in ) such that the following

2T
(5.1 submean inequality:  v(z)) < 2_/ v(zo + rei®) db
T Jo

holds for every 0 < r < ry.

Exercise: Use Exercise 2 in page 31 (and a change of variable argument) to prove that a C*
function v is subharmonic if and only if Av > 0.

Theorem 51 (Maximum principle). Let v be subharmonic on a bounded domain €} C C. If

limsupv(z) <0 forall ¢ € 052,

Q3z—(C

then v < 0on .
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Proof. Since v is bounded near the boundary, we know that

M :=supwv
Q

is bounded. The submean inequality implies that {v = M} is both closed and open in €2, hence
it is either empty or equal to €. If M > 0 then our assumption implies that v(zg) = M for some
20 € Q, hence {v =M} = Qand M < 0, we get a contradiction. O

Proposition 7. If vy, vo are subharmonic, then

C1v1 + U9, maxq{vy, va},
are also subharmonic, where ¢c; > 0, co > 0 are constants.
Proposition 8 (page 247, Ahlfors). Let v be a subharmonic function on a domain 2 C C. Let D
be an open disk with D C €). Then there exists a unique subharmonic function vp on §) such that
(5.2) vp is harmonic on D and vp = v on Q \ D.

(We call vp the Poisson Modification of v on D). We stopped here in the 9th March lecture.

Proof. By Schwarz’s theorem, there is an unique continuous function, say P,, on D such that
P, =von dD and P, is harmonic function on D. Hence it suffices to check that

P, onD
5.3 —
(5-3) D {v outside D

is subharmonic. Note that v — vp = 0 on 9D, Theorem 51 implies that v < vp on D. Hence
v < vp on §2. Now we have

1 2m ] 1 2m ]
vp(z0) = v(29) < —/ v(zo +1e) df < —/ vp (20 + re?) df
27T 0 27T 0

for every zy € 0D and small » > (. Since vp obviously satisfies the submean inequality for
small discs outside 0D, we know that vp is subharmonic everywhere on €. ]

Remark: Assume that D is given by |z — a| < r in the above theorem, then we have

1 21 ]
/ vp(a +re?) do
0

T or

1 2w

v(a) < wvp(a) v(a+re) do.

:%0

Hence we get:

Theorem 52 (Global submean inequality). Let v be subharmonic on a domain 2 C C. Then

27
(5.4 v(a) < i/ v(a +re’) db.
2m Jo

for every disk |z — a| < rin (L
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5.2. Solution of the Dirichlet problem.

Definition 26 (Dirichlet problem). Let €2 be a bounded domain in C. We say that the Dirichlet
problem is solvable on () if every continuous function on 9€2 extends to a continuous function on
Q) that is harmonic on §).

Definition 27 (Perron envelope). Let €2 be a bounded domain in C and let ¢ be a continuous
function on 0N). We call
ug = sup{v : vis subharmonic on Q withv* < ¢ on 0§}
the Perron envelope of ¢ on ), where v* is the function on the closure §) defined by
v*(¢) = limsupv(z), ¢ € Q.
05z—(

Theorem 53. uy is harmonic on €.

Proof. Step 1: ug is bounded. Denoe by B, the collection of all subharmonic v with v* < ¢ on
0f). Since the constant function v = m := mingg ¢ lies in By we know that ugy > m. On the
other hand, Theorem 51 gives

v< M:= r%?zxgb

on (2 for all v € By. Hence we know that m < u4 < M is bounded.

Step 2: Use the Poisson modification and the Harnack principle. Consider an open disk D
with D C . Fix z, € D. Then one may take a sequence of function v,, € By such that
lim v,(20) = ug(20)-
n—o0
Set
V™ = max{vy, v, -+, Up}.

then V" form a non-decreasing sequence in B,. By Proposition 8, we know that the Poisson
modifications V}; also lie in By and form a non-decreasing sequence. Note that

vn(20) < V"(20) < Vp(20) < ug(20)

implies that lim,, ., V}3(20) = u4(20). Since uy(zo) is finite (by Step 1), the Harnack principle
implies that V5 converges to a harmonic function U on D satisfying U < u, and U (zp) = u4(20).

Step 3: U = ug4 on D. Let us do Step 2 for another point z; € 2 and select w,, € B, with
lim,, o0 wy(21) = ug(2z1). But this time, we set

W™ := max{wy, vy, , Wp, Uy}
Then W7 converge to Uy, harmonic on D, with
U S U1 S Uy, Ul(Zl) = U¢(Zl).

Hence we know that U — U; has the maximum zero at zy. Therefore U = U; on D by the
maximum principle. Thus u,(21) = U(z;) for arbitrary z; € D. It follow that uy, = Uy on D
and u, is harmonic on any disk D and, consequently, on all of €2. We solved Exercise 2 in page
31 in details and stopped here in the 14th March lecture. U
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Definition 28. Let 2 be a bounded domain in C and let (o € 0S). A barrier at (y is a continuous
function w on (), harmonic on ), such that

w(Co) =0andw > 00n Q\ {¢}.

Q) is said to be regular if every boundary point of ) possesses a barrier.
Exercise: Show that 0 < |z| < 1 is not regular.

Theorem 54 (See Ahlfors, page 250). Let ) be a bounded domain in C. The Dirichlet problem
is solvable for ) if and only if 2 is regular.

Proof. Proof of =. If the Dirichlet problem is solvable for €2 then for every (, € 02, the function
¢ defined by

o(¢) =1¢ = Gl?, ¢ ed,
extends to a continuous function, say w on ), harmonic on . The maximum principle, Theorem

33, for —w implies that w is positive on 2. Thus w is a barrier at (y. Since ( is arbitrary, we
know that 2 is regular.

Proof of <=. Assume that (2 is regular, it suffices to show that for every continuous function ¢
on 02, the Perron envelope u,, satisfies that

(5.5) lim ug(2) = &(Co),

Z*)CO

for every (, € 0f2. Since € is bounded, we know that ¢ is bounded, so we can take M > 0 such
that |¢| < M on 9S2. For every € > 0, there exists a small disk D around ¢, such that

[6(¢) — &(Co)| <&,
for ¢ € D N (. Let w be a barrier at (,, we have

wp = inf w > 0.
O\D

Consider

W(z) = 6(Go) + ¢ + L2 - o)),

Wo
For ¢ € D N oY, we have W () > ¢((p) + ¢ > ¢(¢); for ¢ € 902\ D we obtain

W(C) = ¢(Go) +e+ M —(C) = M+ > o(C).

By the maximum principle any function v € B, must hence satisfy v < W. Hence u, < W and
we have

(5.6) limsup ug(z) < W (o) = ¢(Co) + €.

Z—)Co
For the lower limit, we consider

w(2)

V(z) == é(C) — e — w_o(M + (o))
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One may verify that V' € By, hence uy > V' gives
(5.7) ligig{)lf ug(z) > V() = 6(¢) —e.
Since ¢ is arbitrary, (5.6) and (5.7) together give (5.5). Ul

It remains to formulate geometry conditions which imply the existence of a barrier. To begin
with the simplest case, suppose that ) is contained in the half space Im z > 0, except for the
Co = 0 which lies in 2. Then w(z) := Im z is a barrier at (;. More generally, suppose that ¢,
is the end point of a line segment, say [(o, (1], all of whose point, except (g, lie in C \ 2. By a
linear change of coordinate, let us assume that (, = 0, (; = 1, we know that there is a conformal

mapping (see the picture below (should be = = ())

which maps C \ [0, 1] onto Im n > 0. Hence

w(z) :=Imn(z) =Im il

1—=2

defines a barrier at (y. To summarize, we have:

Theorem 55. The Dirichlet problem can be solved for any bounded domain €2 C C such that
each boundary point is the end point of a line segment whose other points lie in C \ Q. In
particular, any bounded domain with continuous boundary (i.e. the boundary is locally the
graph of a continuous function) is regular.

For simply connected domains, we have the following result (see Theorem 4.2.1 in [Ra] for
the proof). We stopped here in the 16th March lecture.

Theorem 56. Every simply connected bounded domain ) C C is regular.

6. POTENTIAL THEORY IN THE COMPLEX PLANE

6.1. Green’s functions as envelopes.
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6.1.1. Green’s functions for regular bounded domains. Let () be a bounded domain in C. Fix
w € {2, assume that (2 is regular, then by Theorem 54, there exists a

(6.1)  harmonic function u(z) on €2, continuous on  and u(¢) = — log |¢ — w| for z € 9.

Definition 29 (Definition of Green’s function for regular bounded domains). We call
Ga(z,w) == u(z) +loglz —w|, 2€Q, weQ,
the Green function with a pole at w € ().

The maximum principle implies the following result:

Proposition 9. Let §) be a bounded regular domain in C. Then Gq(-,w) is the unique function
such that Go(z,w) = 0 for z € 09, Ga(z,w) — log|z — w| (as a function of z) is harmonic on
Q and continuous on ).

The above proposition and Theorem 56 together imply:

Proposition 10. Let Q2 be a bounded simply connected domain in C. Then Go(-, w) = log | fu(2)
where f,, is the Riemann mapping from ) to the unit disk such that f,,(w) = 0 and f (w) > 0.

>

This proposition suggests a Green function proof of the Riemann mapping theorem, see the
proof of Theorem 4.4.11 in [Ra] for details. In case €2 is the unit disk D, we know that (try, use
Proposition 2)

Z—w
Jul2) = 1—wz’
hence we get
Z—w
(6.2) Gp(z,w) = log| . u’)z"

6.1.2. Green’s function as an envelope. By the proof of Theorem 54, we know that the function
u in (6.1) satisfies that

u = supq{v : vis subharmonic on 2 with v*(¢) < —log | — w| for { € 9N}
hence we get the following result.
Proposition 11. Let Q) be a bounded regular domain in C. Then
(6.3) Ga(-,w) =sup{y < 0:¢(z) —log|z — w|is subharmonic for z € Q},
for every fixed w € ().

Not that the envelope (6.3) is also well defined (and harmonic on 2 by Theorem 54) for non-
regular €. Hence, one can use it to define Green’s function for general bounded domains.

Definition 30 (Definition of Green’s function for general bounded domains). Let ) be a bounded
domain in C. We call G, defined in (6.3) the Green function with a pole at w € ().
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6.2. Poisson kernels and harmonic measures. Assume that () has real analytic boundary, then
the reflection principle (see Theorem 42) implies that the Green function Go(-, w) extends to a
harmonic function on a neighborhood of (2. Thus one may apply Green’s formula to

/QGQ(Z, w)Au(z) dzdy,

where wu is an arbitrary smooth function on a neighborhood of . Then we obtain the following
generalization of (3.17).

Theorem 57 (See Theorem 4.5.1 in [Ra] for generalizations). Let §2 be a bounded domain in C
with real analytic boundary. Then

(6.4) u(w) = %/QGQ(Z,U))AU(Z) dxdy + 2i Mu(z) |dz|, w €,

™ Joo anz

for all function u smooth on a neighborhood of ), where n. denotes the outward unit normal
vector at z € 0S). in particular, if u is harmonic on §Q then

6.5) w(w) 1/ 9Ga(2w0) | idl, we .
oN

o on.,

Proof. Put Q. := Q\ {|z—w| < }. Since Gq(z, w) is harmonic for z € €., the Green’s formula
(3.11) gives

Ju 0Gq(z,w) B
(6.6) /me <Gg(z,w) . u . ) |dz| = o Ga(z,w)Au(z) dzxdy,

Since Gq(z,w) = 0 for z = 00 and 052, = 0N2 — {|]z — w| < €}, we have (try!)

(6.7) lim (Gg(z, w) u _ u M) |dz| = 2mu(w) — / 9Ga(z,w) u(z) |dz|.
o)

e—0 o0, aTL 8n anz

Hence (6.4) follows. U

Remark. By the maximum principle, if u > 0 on 02 and harmonic on 2 then u > 0 on €, thus
(6.5) implies that p(z,w)|dz|, with

1 0Gq(z,w)
6.8 =
63) plw) = -2 2,
defines a probability measure on 0S). Since its integral (6.5) gives the value of harmonic func-
tions, we call p(z,w)|dz| the harmonic measure on OS2 with respect to w € §).

Definition 31. Let 2 be a bounded domain in C with real analytic boundary. We call p(z,w),
z € 0N), w € (), defined in (6.8) the Poisson kernel of <). The corresponding probability measure
p(z,w)|dz| is called the harmonic measure on 0S) with respect to w € ). We stopped here in
the 21st March lecture.
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6.3. Green’s function with a pole at infinity and equilibrium measure. Let {2 be a bounded
domain in C with Green’s function G, defined in (6.3). Note that the following mapping

1

Z—Ww

Zz (=
maps w to oo and €2 to a domain, say 2, around oco. Let us define G such that
GQ’(C) = GQ(Z7 U)),
or equivalently (since z = w + (1)

(6.9) GQ/<C) = Gq (w -+ %,w) .

Proposition 12. Assume that ) has real analytic boundary. Then G is the unique function on
Q' such that

(I) GQ/ S 0 on Q/,'
(2) Goy extends to a harmonic function near ) and G/ (¢) = 0 for ¢ € OSY;

(3) Goy (271) — log | 2| extends to a harmonic function near z = (.

Proof. (1) is obviuous. For (2), since (2 has real analytic boundary, by the reflection principle

(see Theorem 42), we know that G (-, w) extends to a harmonic function on a neighborhood of

Q and Gg(z,w) = 0 for z € 0N (since 2 is regular), thus (2) follows. For (3), note that
Go(27") —log 2| = Go (w + 2, w) —log 2],

thus (3) follows from the fact that G (z, w) — log |z — w| is harmonic near z = w. For the
uniqueness, one may pull back G to €2 and then apply the maximum principle. U

Remark. In general, let K be a compact set in C such that the unbounded component, say (),
of C\ K has analytic boundary. Then Qi = S for some bounded domain Q) with analytic
boundary, in this case, we shall write G as Gq,. and the above proposition gives:

Proposition 13. Let K be a compact set in C. Denote by )i the unbounded connected compo-
nent of C\ K. Assume that Q has real analytic boundary. Then there is a unique function Gg,.
on Qg such that

(1) G, <0onf);
(2) Gq,. extends to a harmonic function near Qg and G, (¢) = 0 for ¢ € 0Q;

(3) Go, (271) — log |z| extends to a harmonic function near z = 0.

Definition 32. Let K be a compact set in C. Assume that Q)i has real analytic boundary. Then
we call Gq, in Proposition 13 the Green function of )i with a pole at co. The following limit

(6.10) v = hH(l) (Gay(z7") —log|z|)

is called the Robin constant of K.
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We shall use the following result in the next subsection.

LLemma 8. Let K be a compact set in C. Assume that Q) has real analytic boundary. Put

1 0Gq,(Q)
6.11 =K
where outward unit normal vector at ( € 0S)k. Then
defines a probability measure i on K supported on Q) satisfying
v —Gai(z) z€Qk
6.13 =/ 1 —(|d =

Proof. Similar to (6.4), we have

1 1 0Gq, (C)
6.14 = — G A drdy + — —Kr d Q
614 ueo)= oo [ GaOauQdrdy+ o [ g ag, we
for all function u smooth on a neighborhood of Q2 such that u(1/z) extends to a smooth function
near z = 0, here u(oco) := lim, ,ou(1/z). Thus we know that px is a probability measure
supported on 0§2x in K. Hence it suffices to prove (6.13). By the Fubini theorem and the Fatou
theroem (see the next subsection),

1 oG
el = 3= [ ol = ¢ et jag

satisfies the submean inequality, is upper semi-continuous on (C and harmonic outside 0. For
fixed z € C\ Q, apply (6.14) to

u(C) :=log|z — (| + Ga, (C),
we get
Pux (2) = u(o0) = 1.
Since 02k is smooth and G, is smooth near 02k, we know that p,,, is continuous near 02,

thus p,, (2) = v also for z € 0Qk. Now it remains to show that p,,, = v — Gq, on Q, we
already know that they are equal on 02k, note that

Zli_)rgo(pw(z) —log|z]) =0= Zli_)n;()(v — Go,(z) —loglz]),

so they must be equal on {2x by the maximum principle. O

Definition 33. Let K be a compact set in C. Assume that Q)i has real analytic boundary. Then
we call jig defined in (6.12) the equilibrium measure on K. We also call the function p,,. in
(6.13) the equilibrium potential of K.

In the later sections, we shall follow [A1, section 2.2] to study the extremal property of 1 in
the space of Borel measures on K and prove that e” equals the logarithmic capacity ¢(K) of K.
We stopped here in the 23rd March lecture.
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6.4. A short summary and test exam 2.

6.4.1. A short summary.

1. The first main result is the Cauchy integral theorem (see Theorem 1), which implies Theo-
rem 7, Theorem 16 and Theorem 19, etc.

For example, Theorem 1) directly gives (try!)

/ 220 4 efdz=0
|z|+]2]°=3

and can be used to prove Corollary 3, which is used in the proof of the Riemann mapping the-
orem. Theorem 16 can be used to compute integrals (see page 154-161 in the Ahlfors book,
especially the exercise in page 161)

/2” dt o >0 /°° e ®dr  m
= s a = 7 = —.
o a-+bcost a? — b2 o L+ e

Theorem 19 can be used to prove that
z+4+e*=\ A> 1lisaconstant,

has exactly one solution in the right half plane and prove Corollary 6, Corollary 7, Theorem 21
and Theorem 22 etc.

2. The second main result is the Riemann mapping theorem, Theorem 29. We know that the
Riemann mapping function is directly related to the Bergman kernel (see Corollary 10 and the
Green function of a simply connected domain (see Proposition 9). In order to study the regu-
larity property of the Riemann mapping function (see Theorem 43), we introduce the theory of
harmonic functions. We prove the mean value property, Theorem 32, for harmonic functions,
and obtain the Poisson formula, Theorem 35, using the mean value property and the Mobius
transform. Then we prove the crucial Schwarz’s theroem, Theorem 36, for the Poisson integral
and the Harnack inequality, Theorem 38, for positive harmonic functions. Applications include
the Harnack principle — Theorem 39 (which is used in the proof of Theorem 53) and the re-
flection principle —Theorem 40 (which implies Theorem 43). In order to compute the Bergman
kernel of the elliptical disk, we introduce the Chebyshev polynomial and define the capacity of a
compact set (see Definition 24).

3. The third main result is the solution of the Dirichlet Problem, Theorem 54, which is used to
define the crucial Green’s function for a regular domain. Then we use Green’s function to define
the Poisson kernel, harmonic measure, Robin constant, equilibrium measure and the equilibrium
potential. In the later sections we shall prove the extremal property (see Theorem 64) of the
equilibrium measure and introduce a "weighted" version of the Green function (called the Hele-
Shaw envelope, see section 6.8-6.9). We stopped here in the 28th March lecture.
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6.4.2. Test exam 2 (NOT a normal exam, just a collection of related exercises).

dz (2)
= dz
/|z=5 (22 =1)%" Jjy= 22

where f is a given holomorphic function on |z| < 2.
Answer: 0, 2mi f'(0).
Exercise 2. Show that log |2% + z + 10| is harmonic on |z| < 1 and find a holomorphic f with
Re f = log|2* + 2z + 10|

Exercise 1. Compute

on |z| < 1.

Answer: Note that |z® + z + 10| > 8 on the disk |z| < 1, we know that the holomorphic
function 23 + 2z + 10 has no zero in |z| < 1, thus log |2® + z + 10| is harmonic. Moreover, by
Corollary 3, we know that f(z) := log(z® + z + 10) is well defined on |z| < 1 satisfying

Re f = log |2* + z + 10|

/ |dz| /°° cosz
T o190 Y 4 x?
|z]=1 ‘2—3‘2 0 .T2+1

/ P(z)dz = —2miP'(0),
|2]=1

on |z] < 1.

Exercise 3. Compute

and show that

where P is a polynomial on C.

Answer: (1) Write z as ¢?, we have |dz| = df = dz/(iz), thus
/ dz| / dz/(iz) / dz/(iz)
=1 12 =3 Jpm (= 3)(2 = 3) =1 (2 = 3)(z71 = 3)

1 / dz _2mi o
=30 e (2—3)(2—1/3) =30 1/3-3 4
(2) Let us integrate ¢“ /(2% + 1) along the curve Cg consisting of a line segment (—R, R) and

the semicircle from R to — R in the upper half plane, note that |e’*| < 1 on the upper half plane,
we have

2T R .
R2—-1

| e? /(2 +1)dz| <
semi cirlce

as R — oo, thus

*® cosx 1 [ cosz 1 o i
dr = = dr =-R d
/0 21 2/_Oox2+1 T3 e(/_oo:c2+1 x)

1 1z 1 —1
= —Re lim/ ¢ dz :—2m'6—,:1.
2 R—oo Jo, 2241 2 2i  2e
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(3) Note that zZ = £ on |z| = 1, hence

P(z)dz= | P(z)d(=)= | P(z) == = —2riP'(0),
e | read=] o

where we use the Cauchy integral formula and the fact that flz\zl 2" dz = 0 forall n # —1 in the
final equality.

Exercise 4. Show that .
/ log ¢ + 3| df = 27 log 3
and "
log2 < L log|29—|—8z7+2|%.
T J)21=20 Z
Answer: The equality follows from the mean value property for the harmonic function log |z +

3|; the inequality follows from the sub-mean inequality for the subharmonic function log |29 +
82" + 2|.

Exercise 5. Find a conformal mapping from H := {z € C : Imz > 0} onto the unit disk,
compute the Bergman kernel of the unit disk and then use it to get the Green’s function of H with
a pole at ¢ and the Bergman kernel of H.

Answer: One may verify that
i(z—1)
z+1
maps H conformally to the unit disk with F'(i) = 0 and F"(i) > 0, thus the Green function of of
H with a pole at 7 is given by

F(z) =

z—1
G(z) =log|F =1 .
() = log|F(2)| = log | |
To compute the Bergman kernel Ky, of H, we use Theorem 46, which gives
1 1
Ki(z,a) = — F'(z)F'(a),

T (- F(:)F @)
one may compute F”'(2) = —2/(z + ¢)? and obtain

Ky(z,a) = P ——EL

Exercise 6. Let f be a conformal mapping from a bounded simply connected domain €2 onto
the unit disk such that f(a) = 0 for some a € (.
a) Find Green’s function of ) with a pole at a;

b) Assume that {2 has real analytic boundary, find the equilibrium measure and the capacity of
C\ ', where
O ={(z—a):2€Q\{a}}.

Answer: a) It is log | f|.
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b) The map z — T'(z) = —- maps Q2 to ', thus the Green’s function Gg (w, 0o) of ' with a
pole at oo satisfies

Go(T(2),00) = log[f(2)]
Note that w = T'(2) iff z = a + 1, we have
Gor(w, 00) = log | f(a + w™)|.
Thus the equilibrium measure of K := C \ ' is given by
1 G (w,00)
27 0Ny,
the Robin constant of K (see Definition 32) is given by

d,UK = ‘dw’a

v = lim Go (271, 00) — log |2| = lim log | f(a + 2)| — log |z| = log | f'(a)|,
z—0 z—=0

where the final equality follows from

L flats) . flats) - fla)
z—0 zZ z—0 a+z—a
Thus the capacity of C \ €’ equals ¢” = | f'(a)|.

= f'(a).

Exercise 7. Solve Exercise 2 in page 31.
Answer: See the hint in page 31.

Exercise 8. Let u be a positive subharmonic function on a domain 2 C C. Assume that the
disk |z| < p lies in €. Show that

L p+r [ 0
<_ (1
u(z) < 27rp—7“/0 u(pe) db

for all z with |z| = r < p. You might use the maximum principle, Schwarz’s theorem and the
proof of the Harnack inequality. Another proof is to use a generalization of Exercise 7.

Answer: By Schwartz’s theorem, one can take a harmonic function v on the disk |z| < p such
that v is continuous on |z| < p and v = w on |z| = p, then the maximum principle for the
subharmonic function u — v implies that u < v on |z| < p, thus Poisson’s formula (3.21) gives

2m 2 2 27 2 2
o) <0t = o [T LT o= L [T D g
for all z with |z| < p. If |z| = r < p, then
il Y e Y s
pe =22 = (p—r)*  p—r
gives the estimate that we need. The second proof is to use (assume that u is smooth)

1 p(z —w) 1 /27r p* — |2 0
= — log | —5———|A d dl — —_— ) de.
u(z) o /|Z<p og| g |Au(w) dRew dIm w + o7 Tpe =P u(pe)
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Then Au > 0 and log |%| < 0 gives
L2 p? |2 i0
< — —_— ) do
uo) <5 [ e s
the remaining steps are the same.
6.5. A short course on Borel measures.

6.5.1. Riesz representation theorem. We shall mainly follow the Ransford book [Ra] in this part.
Let X be a topological space. A function ¢ : X — R is said to be continuous if

¢ (a,b) :={r € X :a< d(x)<b}
is open for all a, b in R. The support of ¢ is defined as
supp ¢ := {x € X : ¢(x) # 0}.

The space of all continuous functions with compact support in X is denoted by C.(X). The
fundamental theorem in the Borel measure theory is the following Riesz representation theorem.

Theorem 58. Let X be a metric space with compact exhaustion (i.e. there exists K, compact
with K, C the interior of K11 and U, >, K,, = X). Let

A:C.(X)—=R

be an R-linear mapping. If A is positive (i.e. A(¢) > 0 for all ¢ > 0) then there exists a unique
Borel measure i on X such that ji(K) < oo for all compact K C X and

Mo = [ o, Vo).
X
(notions related to the Borel measure will be given in the proof).

Proof. Notion: We write compact K < ¢ if

$eCX), 0<p<1, ¢=1lonk;
we write ¢ < U open if

¢ € CuX), 0< <1, suppp C U,

Definition: For U open, we define
1 (U) :=sup{A(¢) : ¢ < U}.

For an arbitrary subset £ of X, we define

w(E) :=inf{p*(U) : openU D E},

Step I1: Check that u* : 2% — [0, 0o] (2% denotes the collection of all subsets of X) is an outer
measure (see page 213 in [Ra] for details), i.e.

(1) u*(0) = 0;
(2) p*(Ey) < p*(Es) forall By C By C X
B3) 1 (UnE) <32, 1*(By) forall B, € X,n=1,2,-+ .
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Definition: We say that A C X is p*-measurable if
pW(E)=p (ENA)+u(ENAS forall E C X,
where A¢ denotes the complement of A.

Carathéodory’s Lemma (see [LL, Page 29] for the proof):
(1) The collection, say M, of all ;1*-measurable sets forms a o-algebra (i.e. D € M; A € M
implies A® € M and A; € M, j > 1, implies both N7, A; € M and U2, A; € M).
(2) The restriction
wr M — [0, o0
of y1* to M defines a measure on (X, M) (i.e. p*()) = 0 and p* (U2, 4;) = 372, p*(A;) for
all A; € M with A; N Ay, = 0 for j # k).

Step 2: Check that every open set U € M (see [Ra, Page 214]). Hence the Borel o-algebra
(i.e. the minimal o-algebra that contains all open sets) B € M. We shall denote the restriction
of u* to B by

w: B — [0, 00]
A p*(A).
Thus p is a Borel measure (i.e. a measure on the Borel o-algebra).

Step 3: Check that (see [Ra, Page 214 and Lemma A.3.4 in Page 213] for the proof) for every
compact K C X (thus K € B)

p(K) = inf{A(¢) : K < ¢},
in particular p(K) < oo.

Definition 34. A function f : X — [—o00, 00| is said to be Borel measurable (or simply, Borel) if
f(~o00,a) ={r € X: f(x)<a}€B, Yack.

One may check that if f, g are Borel then af+bg, fg, f/g are Borel for all a, b € R. Moreover,
if fi, are Borel then sup;~; fi, liminf,_, f; are Borel.

Example: Simple functions
N
s::Zalej, AjEB, CLjGR, 1<j5<N,
j=1
are Borel, where 1,4, = 1 on A; and equals zero elsewhere. We define the integral of s as

N
/ sdp =) a;u(A;).
X =

for a general non-negative function f on X, we define its integral as

(6.15) /fdu:sup{/sd,uzogsgf, ssimple}.
X X
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Step 4: Check that A(¢) = [ « @ dp and p is unique (see [Ra]). U

Remark: By [Ra, Lemma A.3.3], we also have
p(A) = sup{u(K) : compact K C A}, YA€ B.
A standard example of A is: X = C with

Aww=4¢m+wmm%

in this case, M defined in the Carathéodory lemma is usually called the Lebesgue o-algebra (so
A € M is said to be Lebesgue measurable). Hence 1 is the restriction to B of the Lebesgue
measure. A second example is X = C with

Moy = [ ot ab.

In this case, the corresponding Borel measure 1 is supported on the unit circle |z| = 1, where
the support of 1 is defined by
(6.16) supp p:= {F : F' C X is closed with (X \ F') = 0}.

6.5.2. Integral of a Borel function with respect to a Borel measure. The integral in (6.15) is not
so easy to compute/use, but it is known that if f > 0 is Borel then (see [LL, Page 17])

(6.17) / fdu= / ui{f(x) > t}dt.
b's 0
The right hand side is the integral of a decreasing function.

Theorem 59 (Fatou’s lemma). If f; > 0 are Borel then (see [LL, Page 18] for the proof)

liminf/ 1 duZ/liminffj dp.
X X J]—00

Jj—00

Definition 35. A complex function f : X — C is said to be Borel if both its real and imaginary
parts are Borel. A complex Borel function f is said to be integrable if

[ 11du < 0.
X
The L? space, 1 < p < o0, is defined by (see [Ax, Chapter 7])

LP(X, p) = {complexBorelf : / |f|P dp < oo} / ~,
X

where ~ means we identify functions which are equal outside a pi-measure zero set.
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Remark: Iz is known that each LP(X, u) is a complex Banach space (i.e. complete complex
normed space, see [Ru, page 67] and [LL, page 52]) and C.(X) is dense in LP(X, 1) (see [Ru,
Page 69]). People often identify f with its equivalent class in LP (X, ). In this way, f = g means
they are equal outside a ji-measure zero set, and f; — f pointwise on X means f;(x) — f(x)
for all x outside a ji-measure zero set.

Theorem 60 (Monotone convergence). If f; € L' (X, ) are real and f; < fo < ---, then

tim [ fdu= [l £y
J—0 Jx x J—o0
see [LL, page 17] for the proof.

Theorem 61 (Dominated convergence). If f; € L'(X,u) pointwise converge to f and there
exists G € L*(X, ) with | f;| < G for all j, then f € L*(X, i) and

lim / fidp = / lim fdpu,
J—=oo Jx x J—=oo
see [LL, page 19] for the proof.

6.5.3. Complex Borel measures.
Definition 36. A complex Borel measure is a function

w:B—C
such that p(0) = 0 and

}:m )| < oo, ZM =14j)

for all disjoint set A; € B.

Remark: If i is a complex measure, then its variation || deﬁned by
|1l (A) = sup Z (A

where the supremum runs over all sequences of dlS]omt Borel sets A; whose union is A, is a Borel
measure. We also know that its total variation ||u|| := |p|(X) < co. We have the following Riesz
Representation theorem for complex Borel measures (see Theorem 6.19 in page 130 in [Ru] for
the statement and the proof, we do not need "regular" because all finite Borel measures on a
metric space is regular, see Theorem A.2.2 in [Ra].)

Theorem 62. Let X be a metric space with compact exhaustion. Let
A:C.(X,C)—C
be a C-linear mapping. If

Il = sup { | 0 € C.x, ) suplol =1} < o0
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then there exists a unique complex Borel measure |1 on X such that

M) = [ odu, voec(x)
b
Moreover, we have ||u|| = ||All.

6.5.4. Fubini theorem. Let X;, X, be metric spaces with compact exhaustion. Let 1; be Borel
measures on X, such that y;(K;) < oo for every compact K; C X;, j = 1,2. The Borel o-
algebra By, «x, on X7 X X5 equals the smallest o-algebra, say Bx, x By,, containing A; x A,
for all Ay € Bx, and A; € By,. It is known that (see page 11 in [LL] for the uniqueness and
page 23 in [LL] for the existence) there exists a unique measure ;. on By, » x, such that

[},(Al X AQ) = ,ul(Al) X ILLQ(AQ), \V/Al € BXU A2 € BXz.
We write ;1 := p11 X po. We have the following Fubini’s theorem (see [LL, page 25]).

Theorem 63. With the notation above, if f > 0 is Borel on X, x X, then

(6.18) /XlxXQfdwl xug)zle (/XQfdm) dulz/XQ (/ledul> i

If f is complex valued then (6.18) holds if one assumes in addition that

[ il x ) <o,
X1 ><X2
(see [LL, page 25] for the proof and generalizations).

6.6. General subharmonic functions and extremal property of the equilibrium measure.
Definition 37 (See [Ra], page 28). Let Q2 be a domain in C. We say that a function

v:Q — [—o0,00)
is upper semicontinuous (usc) if

limsup v(z) < v(zp)
Z—r20

for every zy € €. An usc function v on () is said to be subharmonic if it satisfies the local
submean inequality, i.e. for every zy € €, there exists ro > 0 with |z — zy| < ro contained in )
such that the following

1 2m )
(6.19) v(2) < —/ v(zg + re’) df
0

- 27

holds for every 0 < r < ry.

Remark 1. Note thet v is usc if and only if {v < c} is open for every ¢ € R, hence subharmonic
functions are always Borel (see Definition 34). Thus the integral in (6.19) is defined as

2 2T 2
(6.20) / v(zo + 7€) df = / v (29 + re?) df — / v (20 + re?) db,
0 0 0
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where v := max{v,0} and v~ := max{—wv,0}. To verify that the right hand side of (6.20) is
well defined, we have to show that one of the integrals is bounded above. By Theorem 2.1.2 in
[Ra], we know that

2w
/ v (20 +re?) df < .
0
Thus the integral in (6.19) is well defined and v(zy) < 5- fo% v(zo + re?) df < oo implies that
it is bounded in case v(zy) > —o0.

Remark 2. An interesting class of non-continuous subharmonic functions are log | f| (see Theo-
rem [Ra, Theorem 2.2]), where f is holomorphic.

Remark 3. One may check that Theorem 51, Proposition 8, Proposition 7 and Theorem 52 also
apply to non-continuous subharmonic functions.

In potential theory, we shall study a class of subharmonic functions called "potentials" (gener-
alization of (6.13)).

Definition 38. Let 11 be a Borel probability measure on a compact set K C C. Its potential is the
function p,, : C — [—00, 00) defined by

(6.21) pu(z) == / log |z — w| dp(w).
K

Remark. The potential p,, is a natural generalization of % log | P,
n polynomial with zeros lie in K. In fact, if we write

P(z)=(z—21) - (2—2), z €K, 1Zj<n,

, where P, is a monic degree

then

1 8o + -+ 6.,
~og | Pa] = py for 1= 20

where 0., : ¢ = ¢(2;) denotes the Delta measure at z;.

Proposition 14. Let ;1 be a Borel probability measure on a compact set K C C. Then p,, is
subharmonic on C, harmonic on C \ supp p,

(6.22) lii%pu(z*l) +log|z| =0
and p,(z~') + log |z| extends to a harmonic function near z = 0.

Proof. Step 1: p,, is usc on C and continuous on C \ supp p. First, let us show that p,, is usc on
GC,i.e.

limsup p,(z) < / limsup log |z — w| dp(w) = p,(20),
K

Z—20 Z—20

But this is a direct consequence of Fatou’s lemma (for w € K, z close to 2, apply Fatou to
C'—log |z—w|, which is positive when C'is big enough). Similarly, apply Fatou to C'+log |z —w|,
we get that p,, is Isc on C \ supp p.
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Step 2: p,, satisfies the submean inequality on C and mean value property on C \ supp p.
Follows from the Fubini theorem, subharmonicity of z — log |z — w| and harmonicity of z +—
log |z — w| for z # w.

Step 1 and 2 imply that p,, is subharmonic on C, harmonic on C \ supp p. The remaining part
follows from

() log 2| = [ Tog[1 =~ zul du(u).
K

(Try! Apply step 1 and 2 to this integral). U

Definition 39. Let uu, v be a Borel probability measures on a compact set K C C. We shall define

(6.23) V, = igép“(z)’ W, :==suppu(z), I(p,v):= / Py dv.
# K

zeK

We call (1) := I(u, ) the energy of .

Remark. Since p, is harmonic on C \ K and p,(2) — oo as z — oo, one may apply the
maximum principle to conclude that V,, = inf .c i p,,(2).

The main theorem in this section is the following extremal property of 5 in (6.12).
Theorem 64. Let K be a compact set in C. Assume that C\ K has real analytic boundary. Then
(6.24) V= Vi = W = Ipx) = Sup () = Sup Vi = inf W,
where the supremum and infimum are taken over all Borel probability measures on K.

Proof. v =V, = W, = I(uk) follows directly from p,,, = v on K by (6.13). It remains to
do the following two steps.

Step 1: v = sup,, V,, = inf,, W,. By Fubini’s theorem and (6.13), we have

(6.25) | togle = uldut@)dnsctw) = [ podiie = [ pucdn=n.
KxK K K

for any Borel probability measure ;o on K. Hence

VNS/pud/vLK:’YSWp,
K

together withy =V, . = W,

i » WE obtain y = sup,, V, = inf, W,.

Step 2: v = sup,, I (). It suffices to show I () < ~ for any Borel probability measure ;. on
K. Note that (6.13) gives

Iy, pic) = / Puc dpe = = I(pk),
K

hence
I(p) = I(p — pre) — Tpre) + 20 (p, pore) = v + (g — ),
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and step 2 follows from the lemma below. Remark (optional). A simple proof of I(pn — k) < 0

using the language of currents: write u = p,, — p,, note that dd°(p,) = dd°(log |z| * du) = dp
(Where we choose d° such that dd°log |z| = o) implies that

I(M—MK):/uddcu: lim </ udcu—/ du/\dcu).
C R=00 \ J|z1=R lz|<R

Since u(z~1) is harmonic near z = 0 and vanishes at z = 0, we know

/ u(z) du(z) = / u(z ) du(z"") =0
|z|=R |z|=R—1
as R — oo. Hence

(6.26) I(p—pg)=— / du A d°u < 0.
C

This proof also implies that 1 (11 — py) = 0 if and only if 1 = k. d

Lemma 9. I(p — pg) < 0.

Proof. We claim that (the proof is given later)

1 dxd
(6.27) _/ | s =log R —log |21 — 2| + C' + (21, 2, R),
|z|<R |#

27 — 21|z — 2

where C'is a constant and €(z1, 25, R) — 0 for R — oo, uniformly when 21, z, are on a compact
set. Integrating (6.27) with respect to . — g yields

i [ (/K dp(¢) — duK<<>)2 drdy = (i — ).

R—o0 |Z—C’

which yields I (u — pg) < 0. O

Proof of (6.27). Write z — z; = re?, a = 2o — 21, we have

/ iy ___[" [
szZ1|<R‘Z—2’1HZ—z2| rei® —a|

Replace 0 by 0 + o, o« = arga, and r = |als, we get

/ / drdf / / drdf /R/lal / dsdf /R/lai / dsdf
|re? —al |re®® —|a|| |se? —1| |s — eif|

Note that (Hint: F(s) = [.” |S 29‘ show that F'(s) = [" % and |F’| < F, then use
|(log F)'| <1 to show that 2re™° < F(s) < 2me®)

T dsdf T dsdd
converges to a cconstant C' as T" — 0.
S

|s—e’9|
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Hence fl 2T dsd) — o og T gives

s

R/lal d dé’
/ / s - 2rlog 1 |+C+6(R/|a|),

where 0(t) — 0 as t — co. Now it suffices to estimate the show that

dxdy / dxdy
J(z1, 20, R ::/ —
S N e EET

goes to zero for for R — oo, uniformly when 2z, 2o are on a compact set. But this follows
directly from

z—z1|<R ‘Z - ZlHZ T 22|

(21, 20, R)| < / dedy b / dsdf
Re|z|<|s—z1|< Rtz 12— 21]]2 — 22| 2l [s — €]
(Hint: compare with the integral of 1/s). O
Proposition 15. In case K = {|z — 29| =1} or
K ={lz—z| <r}\Uj_,Dj, r>0,
where D; (no intersection) are small open disks in |z — zy| < r, we have
(6.28) v =1logr, pu.(z)=max{logr log|z|},
and [ = ‘dzl (we call it the normalized Haar measure the circle |z — zy| = 7).
Proof. Follows directly from
Goy(2) = Gamzgl>r}(2) =
and Lemma 8. U

6.7. Robin constant, capacity and transfinite diameter. We shall follow page 23-24 in [A1]
and page 153-154 (Fekete—Szego theorem) in [Ra] to prove that v = log ¢(K).

Definition 40. Let K be a compact set in C. The order n diameter (n > 2) of K is defines as

dn;zsup{ H \zj—zk]n(fl):zl,‘--,znef(}.

1<j<k<n

Ann-tuple z1,- - - |z, € K where the supremum is attained is called a Fekete n-tuple for K.
It is easy to see that ds is the diameter of K.

Lemma 10. d, 1 < d, foralln > 2.



71

Proof. Note that for for each 1 <[ < n + 1, we have
H |zj—zk]n(+*1> < d,.

1<j<k<n+1;j k£l

When [ goes through 1,--- ., n + 1, each ]zj — zx| occurs n — 1 times, hence
2 —2 n+1
M 5-af=T I =<
1<j<k<n+1 1<I<n 1<j<k<n+1; j,k#l
gives d,, 11 < d,,. O

Definition 41. We call

doo := lim do
n—o0

the transfinite diameter of K.

Theorem 65 (Fekete-Szego theorem). Let K be a compact set in C. Assume that C\ K has real
analytic boundary. Then

(6.29) v =logdy.

Proof. Step 1: v < logd,. Let z1,--- , 2, € K be the Fekete n-tuple, then the Fekete polyno-
mial F;, defined by

Foz) =(z—2z1) (2 — zpn)

satisfies
521 4+ -4 5zn

1
puzﬁlogan‘a H= n

Note that if z € K then

n

n(n+1)
11z ==11112 = 2l < Gar) ™
=1

i<k
gives
n(n+1) n(n+1)
(Ont1) 2 (0n) 2 n
|Fn(z)| < +1n(n71) < n(n-1) (571) )
' (0n) 2 (6n) 2
1.€.

v < supp, < logd,.
K
Hence it suffices to let n — oo.
Step 2: v > logd.. Still let zq, - - - , 2, € K be the Fekete n-tuple so that
n(n—1)

[Tz — 2l = (6)" 7.

j<k
For each 1 < j < n, let 1; be the normalized Haar measure on the circle |z — zj| = ¢, and put

pat oo
="
n

Y
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we have

1 o 2
I(p) = EZI(W) + EZ[(M,M)
j=1 i<k
Recall that /(1;) = log e by Proposition 15 and the submean inequality gives

T, ) = / () 2y () = / log |2 — zldju; (=) > log |2 — 2.
W—2ZE|=€

z—zj|=¢

Hence | .
oge N —
I(p) > %+

log d,,.

Since p 1s supported on

K. ={ze€C:dist(z,K) <e,}
let n — oo, we know that the Robin constant 7. of K. satisfies 7. > logd... Let e — 0, we
finally get (try!) v > log dw. U

Remark. (6.29) is true for general compact set K C C, see [Ra, page 153-154] for the proof.

Theorem 66. Let K be a compact set in C. Then
(6.30) o(K) = do,
where c(K) is the capacity of K defined in Definition 24.

Proof. Put p, = m,,(K)'/™. We know that inf,>; p, = c(K).The proof consists of three steps.

Step 1: p, < d,. Since K is compact, we can choose z, - - - , 2, € K such that
2
b= TI Iy
1<j<k<n
Consider ( (

n(n+1) n(n+1)

Vi) =TIl = al € (@) ™5 < (@)™

1<j<k<n+1

Write 2,41 = z and think of V' as a polynomial of z € K. The leading coefficient a,, of V'
satisfies

n(n—1)
|an| = (dn) 2
Thus
1 ntl
Pn < (Suplz‘) = (dn)n—l = d,.
K An (dn)T

as a function of z By the definition of d,,, 1, we have

Step 2: limsup,,_,., pn < ¢(K) < liminf, o p,. By Theorem 49, there exists a degree n
monic polynomial 7;, such that supy |7,,| = p. Note that (by the extremal property of T,,x.1)

k
SUp [Ty < sup [TETH] < <sup |Tm|) sup [T,
K K K k



gives
(Pmietn) ™ < (0m)™ ()",
1.e.
log prkyn < mk log pm + log pp,.
mk + h mk + h
Fix m > 1, let & run through 0, - - - ,m — 1 and £ — oo, the above inequality gives

limsuplog p, < ppm.

n—o0

Thus step 2 follows.
Step 3: do, < ¢(K). Recall the following identity for the Vandermonde matrix

A PR R |
P |
H (2j — 2z) =det V, V :=det _
1<j<k<n :
- - n—1 n—2
Zp Zp oo zp L

Let P, be arbitrary degree n monic polynomials, apply the column transform, we have

Pnf1(2’1) Pn72(21) Pl(Zl) 1
P, 1(z P, oz - Pz 1
[ (5= ) =detv —aep | 102 Fralz) oo Al L)
1<j<k<n : : : : :
Pnfl(zn> Pan(Zn) Pl(zn) 1
which implies that
n—1
n(n—1)
d,) 2z <n! sup | P;l.
() [Towir

Take the infimum over all P;, we get

n—1
n(n—1) .
j=1

i.e.

1+ +(n—1)
Let n — oo (lim,,—, log p, = log ¢(K) by step 2), we get
log ds < logc(K).

Thus step 3 follows. Together with step 1, we get ¢(K) = dw.

6.8. Hele-Shaw envelopes and weak Hele-Shaw flows. We shall follow section 5 in [RW].

73
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6.8.1. Hele-Shaw envelopes. In this section, we assume further that
(6.31) A¢p > 4onC.

A standard example is ¢(z) = |z|?, in which case A¢ = 4. The basic definition on which
everything else is based is the following:

Definition 42. Fort € R, let
(6.32) Wy = sup{e < 0:9(z) + ¢(2) — 2tlog |z| is subharmonic for z € C}.

We shall refer to 1), as the Hele-Shaw envelope at time t with respect to A¢ (note that 1 depends
only on A¢, in fact if A¢y = Ay then ¢ — ¢o is harmonic, thus V(z) + ¢1(z) — 2t log |z] is
subharmonic if and only if {(z) + ¢o(2) — 2tlog |2 is subharmonic).

Of course 1y < 0 everywhere.

Definition 43. For t € R, set
(6.33) Q:={z € X :¢(2) <0}

We refer to ) as the Hele-Shaw domain at time t, and the collection {2} of all such domains
as the weak Hele-Shaw flow with respect to A¢.

If ¢ depends only on |z| then the Hele-Shaw envelopes are computable and all Hele-Shaw
domains are disks (see page 10, Example 5.3 in [RW]). For example, if ¢(z) = |z|* we have:

Proposition 16. If ¢(z) = |z|? then
(1) Ift <0 then 1, = 0 and Q; = ();
(2) Ift > 0 then

Yi(2) = pi(2) = {

t(log|z|> —logt) +t — |z|* if|z|> <t
0 if |2 = ¢,

in particular, Q; = {z € C : |z]* < t}.

Proof. See Example 5.3 in [RW]. ]

The general weak Hele-Shaw flows satisfy the following properties.

Theorem 67 (See [RW] for the proof). Assume that ¢ is smooth and satisfies (6.31), then we
have

(1) Ift <0 then vy = 0 and Q; = ();

2) Ift > 0 then p; < ¥y < 0;

(3) Ift > 0 then 1y + ¢ is subharmonic on C;

4) Ift > 0 then ¢ + ¢ — 2log |z| is harmonic on Qy;

(5) Any first order derivatives of 1\ are Lipschitz continuous on C \ {0};
(6) The Lebesgue measure of the boundary of ), is zero;
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(7) If t > O then
A¢

JANTY
=Y e — =¢
A7 0= X0 A

in the sense of distribution on C, where

()_ 1 l:fZEQt
X2 =30 iz ¢

is the characteristic function of €,
(®) Ift > 0 then [, 32 drdy = t;
9) Ift > 0 then § is a domain with 0 € Q; C {|z|* < t}.

6.9. Strong Hele-Shaw flows.

Definition 44. For each 0 < t < 1 let Q; be a bounded domain in C. We say that {$; }o<i<1 is
an analytic increasing family if for any 0 < ty < 1 and any point p € 0%, there exists an open
set U C C containing p such that

NU={z€U:p(z) <t} fort close toty,

where p is real analytic with p(p) = ty and

%(p) # 0.

Think of p as a function of (z,y), z = x + iy, then

Vp(p) := (%(p), g—z(p)>

is called the gradient of p at p. It has square length

Vo) = | ) + |22
We call
_ Vo)
(639 Yol?) = D

the normal velocity of 0S), at p.

Remark. The original definition of normal velocity in [RW, section 8.1] is the following: for t
close to ty, let us write

U =A{p+ fp,t)n, : p € O},
for some real analytic function f, where

o Vo)
" [Vp(p)l
denotes the outward unit normal vector of )y, at p, then the normal velocity is defined by
0
(6.35) Vi (p) = —f(p, to)n,.

ot
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Now let us prove that these two definitions are equivalent: note that

f(p> t)np = (t - tO)‘/;fo(p) + O(‘t - tO‘Q)a
hence p + f(p,t)n, € 0 gives

p(p + (t — to)Vio (p) + O(It — to]*)) = t.
On the other hand, the taylor expansion of p at p gives

t=p(p+ (t —t0)Vi(p) + Ot — to|*)) = to + (t — to)a—f(p, to) - [Vp(p)| + O(|t — tof*),

ot
which is equivalent to
0
1= 2. t0)  190) + O(1 — 10,
Take t = ty, we get
of Vo(p)
Vi = —(p,t = =
to(p) at <p7 D)np |Vp(p)‘2>

which is precisely (6.34).

Definition 45. Fix a positive smooth function r on C. An analytic increasing family {0 }o<i<1
of bounded domains in C is said to be a strong Hele-Shaw flow with source at 0 with respect to
kif 0 € Qy forall t and

VG,
47
where V, is normal velocity of 0€); and G, denotes the Green function of (), with a pole at 0.

(6.36) V,=x

on 0§y, 0<t<l,

Remark. The equation (6.36) is a case of Darcy’s law, where k is usually called the permeability
of the medium and — Gy, /(47) models the pressure of the system, see [E] for a nice reference of
the Hele-Shaw flow with constant k.

6.9.1. Strong implies weak. Our next goal is to prove that every strong Hele-Shaw flow is also a
weak one in the sense of Definition 43.

Lemma 11 (By Richardson [Ri], see section 8.2 in [RW] for the proof). Let {2 }o<t<1 by a
strong Hele-Shaw flow with source at O with respect to k. Then

K

dzd
(6.37) / s (= t)h(0), 0<ty<t<l,
Q\ Qg

for every subharmonic function h on )y with identity holds if h is harmonic. In particular, if {,
tends to {0} as t — 0 then

dad
(6.38) /h TS th(0), 0<t<1,
Q4

K

for every subharmonic function h on §); with identity holds if h is harmonic.

The above lemma implies the following result.
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Theorem 68 (See Proposition 8.4 in [RW] for the proof). Let {Qt}0<t<1 by a strong Hele-Shaw
flow with source at O with respect to k. Assume that ) tends to {0} ast — 0. Then the weak
Hele-Shaw flow ), with respect to 47” satisfies

(6.39) Q= 0<t<l.
Moreover, the associated Hele-Shaw envelope is given by
dud
(6.40) (2) ::tlog|z|2—/ log |z — ¢|? “ v’ ¢ =u-+1w.
a K(C)

Remark. It is also know that (see [RW, section 8.3]) smooth weak Hele-Shaw flow is strong.
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