Problem 1

Compute the following integrals

a)
1
/ 5 dz.
|z|=3 2?2 — 2z
b)
/ (Im 2)% dz.
|z|=1
c)
/ 22+ 21zdz.
|22 4|2|6=1
Problem 2

Let u(z + iy) = e*(x cosy — ysiny).
a) Show that « is harmonic on C.

b) Find a holomorphic function f on C such that u = Re f.

Problem 3

Show that the Bergman kernel of the disk |z| < R is given by
R2
K(z,a) = ——"
(2:0) = R —ap

Problem 4

Let u be an arbitrary smooth function on a neighborhood of the disk |z| < 1. Assume that
u(z) = 0 for |z| = 1. Prove that

1

T or

u(0) / log |z| Au(z) dzdy.
|z|<1

Problem 5

Prove that
1 27

o log |ae™ — b| df = max{log|al,log |b|}, a,b € C, |a| # |b].
0



Problem 6

Let €2 be a domain in C. The Hurwitz theroem tells us that if a sequence of holomorphic
functions f,, converges locally uniformly to a holomorphic function f on €2 and each f,, has no
zeros in €, then f(z) is either identically zero or never equal to zero on ).

a) Show that Q2 \ {a} is a domain for every a € €.

b) Use the Hurwitz theroem to prove that if a sequence of holomorphic functions f,, converges
locally uniformly to a holomorphic function f on 2 and each f,, is conformal, then f(z) is either
conformal or a constant on (2. (Hint: "conformal" means being one to one and holomorphic, try
to apply the Hurwitz theorem to f,,(z) — f,(a) on Q \ {a} for each a.)

Problem 7
Let €2 be a bounded simply connected domain in C. Fix a € €). Denote by G(z) the Green
function of (2 with a pole at a.

(a) Show that there exists a unique holomorphic function f on €2 such that
Re f(z) = G(z) —log|z —al, f(a) =1lm(G(z) —log|z — al).
zZ—a

(b) Denote by F' the unique conformal mapping from €2 onto the unit disk with F'(a) = 0 and
F'(a) > 0. Show that
F(2)=(z—a)e!®,
where f is the function in (a).

Problem 8

Let K be a compact set in C. Show that
claK +0b) = |a|le(K), a,beC, aK+b:={az+b:z¢€ K},
where ¢(K) denotes the logarithmic capacity of K.



