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Problem 1

a) Show that
∞∑
n=1

(−1)n+1 sin(2πnx)
πn

= x

for −1/2 < x < 1/2. (You should in particular explain why we know that
the series converges on this interval.)

b) Use the result in part a) to show that

∞∑
k=0

(−1)k
2k + 1 = π

4 and
∞∑
n=1

1
n2 = π2

6 .

Problem 2 Use an induction argument to show that e−x4 , x ∈ R, belongs to
the Schwartz class.

Problem 3 Recall Weyl’s theorem which says that a sequence x1, x2, ... of real
numbers is equidistributed mod 1 if and only if we have, for all integers k 6= 1,

lim
N→∞

1
N

N∑
n=1

e2πikxn = 0.

Use this theorem to show that the sequence θn, n = 1, 2, ..., is equidistributed
mod 1 if and only if θ is an irrational number.

Problem 4

a) Let φ be the scaling function of a multiresolution analysis. Deduce the scaling
relation

φ(x) =
∞∑

k=−∞
pkφ(2x− k),

and express the coefficients pk as an inner product involving the scaling
function φ.

b) Show that if φ is compactly supported, then pk is nonzero only for finitely
many k.
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c) Set

m0(ξ) := 1
2

∞∑
k=−∞

pke
ikξ,

take the Fourier transform of the scaling relation, and deduce formally the
formula

φ̂(ξ) = φ̂(0)
∞∏
j=1

m0
(
−2−jξ

)
.

(Here we use the convention that φ̂(ξ) :=
∫∞
−∞ φ(x)e−ixξdx.)

Problem 5

a) The Poisson kernel Pr on the circle T is defined as

Pr(t) := 1− r2

1− 2r cos t+ r2

for 0 ≤ r < 1. Show that we may write

Pr(t) = Re
( 2

1− reit − 1
)
,

and use this to prove that

1
2π

∫ 2π

0
Pr(t)dt = 1

whenever 0 ≤ r < 1.

b) Let f be a continuous 2π-periodic function and set

fr(t) := 1
2π

∫ 2π

0
f(x)Pr(t− x)dx.

Show that fr(t)→ f(t) uniformly on [0, 2π] when r → 1−. (Hint: Recall that
a continuous function on a closed interval is in fact uniformly continuous.)


