’.Pd'u L'm{.-un':flool
LEB ESGUE 'S MEASURE AND

Cla 130%

INTEGRAL

— Mo mecaunalle aelt

— %ool Lmi/:{' U rorms

— The Riemann ;‘/WCJ/’J OHnoa ecad care

- Ll woa Lmr/(.ut /rrau. (%3'5/54\013 m«wm)

OVTER MEASURE

The o mearune °f Q.AJAA;M’/R,(;;QLfv'm‘o(
on Hhe il of ol H 2o o i

O P
2{64'—0&‘-) e A Cj“ (QJ’,(’")_ AlLoweq ¥
Il

: A Aeduip o
71\... ofﬁi“tw\ ™me omnn u\w" X € }/\
/‘rmht)wbﬁmd (aJ' L), Jf:.:\zout.» meavne. 42 ol Lo

)JOS ma A < oo.(jﬂ Avenaf

'YVW\“(A) .A'(IWo‘a/\ =
Jim‘m) % uwaivvvct o r‘-brlau.el (»} -
bt LI "m % ?
(al,(,i) X(a‘.'(,‘.) X - X (a‘.,LJ-) C_qa{ |
omod Lwlum l...a \ .
N PR N PP o
(%—%A(%—%) (% ﬂ)) :

uinfmfmuﬁlg , Y ritmalion ‘

mn¥ (AvR) < o A+ e B
A rm'l&)f/vtm Zf ANR = % To oved MJ.
bamvmina e collection o)[ mearunalle Adh
C‘h‘m]bﬂ o:uf We Aa:] ot A & mueaswnalle




SETS

i tha pmne of Aebungn, i “
() = 'h\usv(Cf\A) + M (C\A\

fr M act C. (Thir i Cmm,,oew‘]

Cni Aariom fn mmdni«/%) I AL

mearunalle | we avra Ka
man A =

KA.

Tfu. e o iun abls achh &ao/u( /btu fouuws'MJ rnoru;uu:

())éovm!'} one meapunalile.

ON MMMJ‘(L Ao

(Y I AL ALA;,.

c‘u\ ___f A C A C A C s _ane
NMMM H‘-!M

(VAJ) l"""MA

I

I—)oo

I"! wanﬂwf mearunchhle seds we &W,
(VA) ZMA A. /'\A %

T‘\& Y mt'wwé a***‘_ﬂ% Re (1)) em,g i‘o
NTlau:Tb*a Mad&&m% (”Mt‘

\/A\ <2_W

(v)




:-{ hvu-'h'\l-MMalxzn. Aba oNR ;/VVVo(AM.oe. m ane
platy of maswnebls ach b R (o L RT),

M'- A e (C) < M [CNA) +mes"(CNA)
b-a M/l)aolo()/t'fw'tl' e comne
C = (CnA)V(CNA).
We dave 4o shw, Lhet
m*(C) Z ma (CNA) +mw (CNA)
fr ot Fnt-ncts © C Mo

" (CAA) £ ma(A) = O,
M*(C\A\ < M*(C)'
Amee CNA c A oad CNA C C | g

of oAl ths  Rakiomed rfn'wbs = . n:tl/tla...

1g J ,

MO& M’:Oli') tl'... C% L( W‘.‘(
K d
?u ?ll ?3’.-., ;'n,oo- )
which & wll-fmonm, Tt £ >0. D(mvmx?)
' - £ : ,
';'J € (7] th )  t—_— om  imdowal 0{ leu

J J,J'“ )
' The nedi e
I Joelh" enp,
me @ < > 37 = ¢ Rk

®
QMJ) Mme &5 06 wan cw@-‘fnu?’ MQ=O.

®



jM ir&f.i, M\y LW\*M ('—' WM) /\-(,t
hen  Mmeanune ne, (Tﬂww. wink Al o_f e AN
. g that t\f/wwvw, erne nod LMM.)

reanvnally. So b s haed add.

m A—\’/um v]( Ce\cn'u. M NVMNJ £
Comtruct  mum - miasnalle Ach. J"“MJ'-
rMma vecwn, Fn imatance  on TR3 a
f‘;ou of hadivn 1 com be dinmoledd inde §
,(,w\aruum;é ra'e.uu; Ao Tho® thee /3 Omng r,c‘n.c.u.; Lo
L rwl- a‘:olcu\ua £o f«nm« a Q'“LQ’ o)( nedisn 2.
Nu,u.m ko A»H, measimmalila ru‘o.ou are out o.'[ AL,
1[:41,*4% fm v AN OQWMMJ

E INTEGRAL OF A

I

neeoed £ Mm%ﬁuf AMccon of. t/;u. u%?,w.

: iwtigpel | At wn lofime the imbipped of

; (- AR
EWI)MA<OOMJ1)

A -oo<}$§(x\$.§<°°,u4wnxeA.
y

g T Ahon 'wchoeAl § o o bewnded _i#«_-«_vﬂm
5 omd A) e net o)( A'mzﬁ}/‘wﬂ'm’ s 0{ £’“"’6
&

s Compolen ol b olianan v of A




A Z B i [0

:"h e cone o]l QQMW’A st J) e R dridi
U'Y\.Usdf do thu  tenre whow old E.'s an
[T u __ J . v,

snlinnsadn . ~MNow thow ane 'rnmz Moy Aubolian' sy omy
Cwitmc} the LW\A*MJXM) we cbrowe That

}MA < AD«. < S'D& < QMA
j—m vaJ Aw(aaf..'t\n'm‘mh, /th"m

=l

H
>
1A
J-
IA
il
] —
IA
§ a-M
{
>

DEFIMITION l_f 1l = we poy Thof T




THE RIEMANN INTECRAL

CUMPFARYVSON WITH

The WJJMM] notelting, o mred -

g Clrdy , S ¢, & o &S‘(x"xl’._.,)(“\ olx, olx, -ofx_
A A A
omd Ae m. Nl Hhe fout/w\'MJ wara/-u‘nm
with He  Riemam imﬁﬁj/\al ‘

T heons l{. f:[albl——%m 2 bowdedd
ﬁ_v\_el fR»ma”w\ A‘IV\L}/\QM) _t_t\h,, f_g: {v(w;?&t

J_@_}L‘A{:‘l. JThe miﬁ?na&x coimesda, (b-0a < =)
&mxﬂ "bb\;vt\ul/\ olinc i oun fw-vtw.
— \’ X € @ A = 0 2

{txy = {o) X & irnadioal Leal

jf A in oLMoLuQ A‘/nio a

erfmti»mc.b;, mre cr(nnm‘aa e A =0,

Lt
~fL‘ e ;
H .Lmez O < 1 — iﬂ-‘m.

The {—w«d:\v: O nedt Wemarag AM?AM wen [62]
©

e Paden 0{
i=13,



FUNCTIONS

MEASURARLE

nebh Lomcbidon w& x:tmx ;L% ;;Wumm

Fa um?h-u'h A.mi:j/ul’ Mo mddianm on
=Qn[°'l}) EL:Lolll\@z_
o ollowed.  Then
A= lwmaE + OmuE, = [ 0+0.-3 =0

L.
<

|
-
——

W)
<

O=A <

 =o0.

j&‘*h?x = 0 (uu}m).

(Viliw, 0<0 20 < & an it sholel le.)

own

e Y
& A > [~e0,00] i MMMMJ J]C each
(, He sk

x| >}
i maasuwmadle, Then abro Hh adk {x lgl,c\>a(}
telgoa < pd, {x| g spl ond

fxf«< g < pt T

wld e meanrumnade, F cXvay»b d 4-].

{x\&lx\>4 [\{ l‘s("\>°<——.§

amd Hhe imtirection of maad il b o MMWM

@



If § i allowed 4, Foke Ha volun + o
omef - oo, NLIQA t mc,@u.,(., MJM‘A,,&

&-‘(00) omd -&‘1(—00) one NMMM'

THEOREM (fubergua)  Suppone Lhot
(A >R i a Loumsll funckion ol

;MLY’J Sgtx)o?x
W.Ah, c'f amd Awlz Zf) & o a measunaldle
f,w«c)b'm.
?noof o! <':-'- . Slkrrmt ai 5 I

meanunolle Demota 3 = ;:Af S(x\) g = m g(x) |

(Dlnn'ox:. ha .«.Mt.nmal [],ﬁ] imdo M O._Vu»(
+ mudintomels | |
T. = + (¢~ -
1= [ g 3 £,
=13 m, mhjll\twirm'.wt (j o amcluolacd

J /2 B IR |
e Aast ambirwd T




m i aron' onm o{ "/ttu q—wa/b“ imolus oy
a MJAMMM of A l./wto oL/:z'ch,‘ rcty

EJ‘ = {xeA | 0 € Ij}

- {xeA j-l-ii-'-(g—l\ < {k) < j"'"i;(ﬁ-j)}‘

EA » _@ammu(a(n) becoune 4 s s wanp i on

A:UE., EJ.ﬂEk_—:?A (k:,l‘l')

T‘\;A war Lt cane of beunmoled fw«d-m
wn th Arlh of a'mi-yada'w\ oJ( fvwwtl mearine, Mok
we cowviodlen POSITIVE fa.wu&‘m. We have Aem
that the fumchion hawi do be meamneble.



THE INTEGRAL OF PoSITIVE FUNCTIONS

ft ACR (aR) b a
measmnadle ack (MA'—"ca O Mo aﬂuweo()

amoQ /)Awmt Mwl‘
(: A —> o]
o a  measunclde few\d,;m, 4 & evadial Avre

thot &(x) = 0. ﬁz &Em

&&‘X\Jx = N{r/}sn
A
tha P rarmsam L"*‘MJ
ik s ons ¢
A :j\/.EJ , EnE =9 (j78.

£
Nobie that Hhe . Avma SD oL Mo
WO‘U‘-OQ!(JM adlwﬂu M\erz&w\ ﬂ‘;ft\AAf- {2 «

Lok, oven ol srreanunalle

A
tiwms of imbignadn of Abp- fam L o (“mimphe’
&Aundam) e

N(x) = Z

3

1=

Cj 1 E;M



Lo’\lﬂ/‘(x’w&"m
frmction 1

§\§‘X\Jx = :—:‘;
o SMx\Jx =
A =

fo mbdinsimomn of A The
Hoe comtont nvalue .C.J. A

E. [7,%)
/- N

SA (X\o?x’
A

é CJ. ™UN EJ' .

de ar & Atbr— {,«Md‘m>

(% g

GENERAL CASE

Thir wan Hu A'mtyau( o][

Sm‘dﬁm. It cv(,—ur
&(0.&(X\+63(x\)e2x =
A

The ]MJ Lone juu wra Lhe o‘l.cvar

{={-¢

&+(x\ = max{ {10, O} ,

C«S&(x)dx & (,jj(xwx,

A A
§+
-j¢:¥#:¥‘

{T(x) = = man {§00), 0}

j§ & o NMM@M’ Ao GnL {+ ool £—‘ Now

(‘lx) Z 0 and {71 2 0, A Bhot  the

‘Wtaadzs
: & §+(X\Jx )

\ &S;(x\&x

We e fﬂm.o.



&gmﬂx = &S\+(x\o?x - S&-(XM’(»

A A
U pitualion o0 = oo beimy eecluokd.

DEFINITION ft (A — [=, °°1 de o

gg. (A/V\Jte,hv(r‘(t) Ve A i M __](
Lhorgue, 4
S-S (x\dx < = gﬁ—(x\e?x < oo
A

A
We .‘iq‘;_fl."“
&glx\ix Sf(x\&x = Sg-(x)Jx )
A

A A
Nedkio: e LY(A),

Noliw thet thin 4 on ohnoltely
vav-vtsze imt'-y““'e:

&\g(x)\c}x = &V(x\&x + &S;(x\o(x,

A A A

i

s \&"" Ss++ gg-. The l‘mno'LU\ R om e
EEPE
1 X

X

° 0
i ot of thin g, Im this ecample



f3 - (0 = = - 22

A A
omel Ao Hha rhouabm.g aboe oleen not rhoJAu.
W/a HW the Amvrnorm T emarmn Am)'.‘n}hd
doen mnet coma oecmdlg wn Awmn ,CW\.Vrrc/v\oLM

4o a sbdinamon o)( Mo whels &d{ WUA. Ona

'f/\m io 20 na ﬂu //wt'}/‘mla o1n o _.]L«/yu,ﬁ
imbonvats [0, c]. Imdud, vme miom

£

S Lom &MMX fx .
X
—>

o)

NMJ I\AMJMA My f/wm LM’o&)‘u'MJ [m«Tm'p.m

LA&JM ;Mi.rqj,,c Lides

cxt
. \
_— g(X)C Jx
ol f‘%

e inbiopecds oven - c] am orelim {.JM;,«
Amicy:cJAT M:l

?hOPU’éff.S of th the?vaf

o S(ag(x\JfLZ(x\)o?x = &Sx(x\dx +CX3(><)J)<
{9 € L*(A)

A
® \ & { dx \ &\gsm e L'(A

A
TRIANGLE INEQUALITY

Livear\TY



o0

® S (dx = Z thx\o?x (Ethen § 20 o
g

i el

E.
{
COoUNTABLE (\”DJAJ'“'W{

ADDITIVITY mearmalle Ah

3

.

I*

Lt §e LAY Gnm £>0 Huw &0 §>0
(W mch  Ehat

ABSOLVTE
I SS(K‘JX\ <t CoNTINUITY
E

M\WMA-U\ M(E\<S.

ADDENDUM  about meannalle famcliong,

I’\-g fw'm a L«u:.ci«‘w., Aosred ramolen ‘h:
ormda'vw;. Jf & amol J one measmnalle o

/

(+9, §15 Vg omd 1§1. Mo gty [¢I"
in meantaalds, jf Fh PMVLM .f'l f’"/.{h‘-- A
e enun adle Ab ONR y Lioma Ao |

i nf o, B fu, - bim
[ Ay ok, Ao imf i, fy ] and s fg, ]
ow maamnalls . CAVTION Ty componed fM«-\dAw,
1 .

&oz Lam }m',( k be measuwnalle . (m a/nvvmr'ﬂ«m
ok § ane wmcial)
] In ‘nwvtvwlaﬁ.) §(X\ o measnedde "j( 5—(&)
D Mm e

{{x+

) = Lom

h—>oo

- § (x)
) & G mel: 6
’ reosnalls fomdti .

The diffoubialilily & | of cowne, avumed. (1

= l-|&-



CONVERGENCE THEOREMS

Co-nvc |«Jf.'nce hCSu[fS

LEBESGUE'S MONOTONE CONVERGENCE THEOREM:
SAATK()QQ Lot each {« o meanvnalls amd Aot

O S SL(X) s gl(’() f P
whm X € A. Tten

COROLLARY Suﬁomc that caJ% Mo M a

X e A, TAW

\(g “k(X\)on =§ &“k(x\«ﬂx‘

A k2 A

Tf\z M Mn/&. o line Lrvma  conn L A‘mi?/\uc.!
farmvan se 5. becone T far&ﬁd Muman
M,(X\-!-Mi(x) 4+ -+ “a"“

ONL A'MUU.W'MJ ar A “Q

=)
O
MmonN
-, . n -X ' X =X _
E..’.‘" ‘Z- S([.{..’.‘.) e an — SQ 4 oQX = ~o
L ) CoNV,
n—>00 TuM,
o (6]



LERESGUE'S DOMINATED CONVERGENCE
THEOREM: Juppere Hhat  {(x) = Lim [ (x),
When X € A amd that B pusswnafle frometion
{u Aaﬂnh

| {ulr| < j(x); when x € A, (k=1,33,..)
fn A ome P"“d’"“" je Li(A)- Them 1T 1S

ESSENTIAL
Lo S&k(x)rﬂx = S&(x)cjx. THAT
k=> 20 Szmdx < oo
A A

Romarde : The /yrzu‘-l Lane whe, ™A < oo amd
'Su(x\‘ < M (q t,wv,‘a,w‘)) i qu.l.f MMJ,“L'A RM«L!
Hemum (Thom 00 = M wwill do ar majorant )

Sina Sj(x\eﬂx = |+ - < o W Com e LU,
JW\:Ma*uQO valeMu. e cnamn to ra.m Hae Liors £ pmelan

o)



TATOU'S LEMMA .SMT.(,,,M Lot fk A
reonmnolle  omd gk >0 It

S(x"mﬂ"’”f {()dx < vaumf ng(xxax
A

k=> %

A

"CONTINVITY [N THE MEAN 1 { € L"(TR“)J
| ‘f r < 00) Bhham
‘ Lom g\ &(X+M— &(X)lrotx

L—>o

= O,

.
&

THE TRIEST- FISCHER THEOREM Tha Lf-nrau

Er 2 l) I Ltmvrb.t'-

CoROLLARY j]( Zlc,,l" < oo,

"o inx
Sl P

the L77) -novm o o fumcbio

the, P

rmt‘u(r&

oo.;ncw:umwa ot wmk. T’fvww)
orrnu)a‘mwﬁ«l L:l ::Eur fw\ci'm . J-fu; Lone
L 3=5,7) 4 vy .,T(ML-MJ. If {elL(-mm), thn
. . < chx
JC:’:’-W X\&M - ZC"C

-m

1
dx = 0

—hn ',

(
W‘\”‘\ﬂ. Lk = T
ir

- ch . —
{ae xe wn e Fowmien

APPROXIMATION



'C(rCH—"u.tmi. /Vc/t'u. ﬂwé uw. a,rrnub'Mna/eMJ
j—bw.cfam < chx

Ckc (m,m fimite ambicea)

,,. i fima o
‘maw] walkineen,

Fim “‘j Lt sn  comdln B Leborgue
M ﬂ\M acdvamud qu.url- A5 nelew ant fm.
“ m
Howmwc A‘mlam h
B(x,r) = {‘Je(} l\x—q\-fn}
demots The oru—. qu. anth  nadian R cenfine d

ok X, jﬂmc’ammih—to&ambm
snkinas ol (x h.'X+h.) o{ L'Mul dh. iut

\B(xln)\ = S&x = Sg?x
Blr,n) Rlo,n)

Liw &?(3)&3 = T’(X)

n->o0+ |B(o,m|
Bl |

CS. T o wmbinuwoun, T e dimorran we foly
e Mok f Hha cw-waaz value

LEBESGUE TPOINTS

X+h

xgh.cf(llu _ T(") +___§(<r{-a) ?()ﬂ}cﬁq

N h —> O+,



LERESGUE'S DIFFERENTIATION THEOREM
{4t § e LYR™. Then

\
_ 0 {0 d
(%) y) >0+ le(o,m\& i
\x-ﬂal<’1—

7o meomn Lhat thee

= o')f'
"’Mb‘ x ok u'(MoL\WALQ al e AM,CI deer not
i\oto‘ jvvm _ﬁ_. _A_C_/f __.F ‘f_.,l)u;?/.u, e e e _3—_°

»mo&
“f

DEFViTIon We ’WJ ?‘“‘h X
: 19 imt of § e L (R,
AR NN

n->o¢ |Blonil
Blx,n)

NAcw that  (#x) =) (*).

o T

THEOREM Mk

L ponk o §¢ LR

no mallen hew Ho) & J-‘f""““!-



The M.,.JLM imks appron Go fha
THeoREM Lok € L ‘(-m,7). Thenm I

{(x) = L}«:Z(l—%)e““

foUMMJ L mes

TreoreEm Lok &ELI(TM. Thew Lhe
Lmiks of

- &Q(w\ﬁ. e dew (40 —> O+) AREL

C twt —>0
o &lg(w\ebw e dw (« “) GAVSS

£
Lt . ) |
L (e (1= oy TEIER-
R g&(w)ﬁ (l L)Jw (¢c—> ) C—FEE;\;E |
comeiode wibh g(ﬂ ot each {st},w. ‘:w'»d t.
T‘\w; we Lom it e Fouriom fnw[wm Q.e..




