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22. Lecture XXII: Index Theory II

22.1. Bendixson’s index formula. Recall that in Lecture XIII, we discussed planar systems for
which Df |x0 at an isolated critical point x0 was degenerate. It either had one zero eigenvalue, two
zero eigenvalues but a geometric multiplicity of one, or two zero eigenvalues with full geometric
multiplicity. Whilst we characterized behaviours in the first two cases, we left the final case open.
In the final case, it is possible for there to be many (compatibly oriented) hyperbolic, elliptic, and
parabolic sectors at an isolated critical point. We shall address some aspects of the final case now.

Theorem 22.1 (Bendixson’s Index Formula). Let e be the number of elliptic sectors and h be the
number of hyperbolic sectors at an isolated critical point x0 of a dynamical system governed by the
analytic vector field f .

If (x0) = 1 +
1

2
(e− h).

At an elliptic sector, it must be that where trajectors “turn back”, Q/P changes sign from positive
to negative, where P or Q becomes nought, along a curve traversing that sector in the counter-
clockwise sense. At parabolic sectors there are no changes of signs. In order to reason similarly for
hyperbolic sectors, however, one must take into account compatibility between neighbouring sectors
because one cannoth have arbitrary hyperbolic sectors next to one another at an isolated critical
point.

What Bendixson’s index theorem does suggest is that it is possible to calculate an index by
inspecting the phase portrait, and this lemma foregoing allows us to do so algebraically from the
equations.

[Draw some examples]

Remark 22.1. Assuming the hypotheses of the lemma, let M and N respectively be the number of
times that Q(x, y)/P (x, y) changes sign along C at a zero of Q from negative to positive, and from
positive to negative. Then

I(P,Q)>(x0) =
1

2
(M −N).

�

Remark 22.2. Recall that the winding number of a curve γ on C about a point is defined as

W (γ, z0) :=
1

2πi

ˆ
γ

1

z − z0
dz =

1

2π

ˆ
γ

d arg(z − z0).

If there is a map g that takes γ continuously into a simple closed curve C, then this map also
acts on the vector field f(z) = z, so that

1

2π

ˆ
γ

d arg(z − z0) =
1

2π

ˆ
C

d arg(g−1(z)− z0).

�

In this lecture we shall calculate some examples where we apply Bendixson’s Index Theorem, or
the attendent lemma. Next we shall look at another way to technique by which to analyse planar
systems globally, much like we used the polar coordinates transformation to analyse them locally.

22.2. Inversion of the plane. One way to get a look at behaviours far out is to invert the plane
about the unit circle.

Let us define the inverted coordinates of the xy-plane by

X =
x

x2 + y2
, Y =

−y
x2 + y2

.
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The point of an inversion is that (X2 +Y 2) · (x2 + y2) = 1 with a reflection. So in polar coordinates
(r, ϑ), an inversion is given by

R =
1

r
, Θ = −ϑ.

(See Coxeter’s Introduction to Geometry.)The inverted system in polar coordinates is simply

Ṙ =
−ṙ
r2
, Θ̇ = −ϑ̇.

This is familar as the inversion from complex analysis if we set z = x+ iy, Z = X + iY , then an
inversion is

Z =
1

z
,

which accounts for the prima facie superfluous reflection.
Writing f = (P,Q)>, set g = P + iQ, where we abuse notation so that P (x, y) = P (z), and

mutatis mutandis for Q, f and g. If we invert g by

G =
( P

P 2 +Q2
,
−Q

P 2 +Q2

)>
,

we can readily see from the linearity of the derivative that the inverted system to

ż = P (z) + iQ(z)

is

Ż = G1(1/Z) + iG2(1/Z) = − 1

z2
ż = −Z2ż,

where, of course, G = G1 + iG2.
We define the index at infinity, denoted by If (∞), as the index of the origin in the inverted

system.
[some examples]

Theorem 22.2. Let f be a C1-vector field for which the planar system ẋ = f(x) has m critical
points, with indices at these critical points given by {Ii}mi=1.

If (∞) +
∑
i

Ii = 2.

Proof. Let us work on the complex plane again.
Let γ be a Jordan curve enclosing all finite critical points of the system. In the inverted system,

γ is mapped to some curve Γ enclosing only the critical point at ∞ (if it exists).
Set G1 + iG2 =: |G|eiψ, and P + iQ = ρeiφ. By definition, If (∞) = ∆Γψ/(2π), where we denote

by the aggregate change in angle over the inverted curve Γ.
Now notice that

ż = |G|eiψ = −Z2ż = −|Z|2ρei(φ+2arg(Z)+π),

so

If (∞) =
1

2π
∆Γ (φ+ 2arg(Z) + π)

=
1

2π
(∆Γφ+ 2∆Γarg(Z) + ∆Γπ)

=
1

2π
(−∆γφ+ 2 · 2π + 0)

= 2−
∑
i

Ii.

�
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22.3. The Poincaré index theorem. The Poincaré index theorem equates the index of a system
on a two-dimensional surface and the Euler–Poincaré characteristic of that surface. A two dimen-
sional surface is a two dimensional, compact, C2-manifold, defined in a manner described in Lecture
VIII. Alternatively, for us, it is the surface of a doughnut with a finite number of holes, although we
make the caveat that this alternative excludes a number of interesting two dimensional surfaces not
smoothly embeddable in R3, in particular, to non-orientable surfaces, to which the theorem still in
fact applies. It goes beyond the scope of this module to discuss what precisely orientability means.
But we point out that smooth orientable 2-dimensional surfaces are all smoothly embeddable in R3.

On every neighbourhood of such a surface M , we can locally parameterize the surface by coordi-
nates (x, y), as a two dimensional manifold “looks locally like R2”. And it makes sense to discuss
a two-dimensional dynamical system on this surface, just as we had done for a system on a plane.
The vector field f(p) will be in a separate vector space, the tangent space TpM . Suppose now that
this vector field has finitely many critical points {pi}mi=1 ⊆M .

We then define the index of the surface M relative to the vector field f as

If (M) :=
∑
i

If (pi).

The startling fact is that not only is If (pi) curve independent, but If (M) is in fact vector field
independent. This number only depends on M , and is equal to the Euler–Poincaré charac-
teristic of M , χ(M). This number χ(M) is calculated in the following way:

Any smooth two dimensional surface can be tessellated by finitely many curvilinear triangles.
These curvilinear triangles may be found by first tessellating a local patch Vi = ϕi(Ui) ⊆ R2

by actual triangles in R2, which defines the triangle on Ui ⊆ M . We need to ensure that these
tessellations match up properly. Given a triangulation ∆ of a surface, we can calculate an integer

χ∆(M) = F − E + V,

where F is the number of faces, E the number of edges, and V the number of vertices.
A triangulation is not unique. However, by varying any given triangulation, say, by removing

edges and vertices, it can be shown that any triangulation returns the same number χ∆(M) (it
doesn’t even need to be triangles), so in fact χ∆(M) is independent of the triangulation ∆, and we
can call it χ(M). χ(M) only depends on topological properties of M . We call such a number a
topological invariant.

Having defined both If (M) and χ(M), we can state the following theorem:

Theorem 22.3 (Poincaré Index Theorem). Let M be a smooth two-dimensional surface, and f a
C1-vector field defined on it, with at most finitely many critical points.

If (M) = χ(M).

Refer to Perko, pp.307 – 310 for a sketch of a proof. The idea for orientable surfaces is to show
it for a sphere by reasoning about curves on spheres and the resulting index, and then proceed to
add “handles” to the sphere, where each “handle” is itself homeomorphic to a sphere.

Now we have almost proven this for the sphere since we know that the sphere has index 2, and we
know that we can compactify C by adding a point at infinity (using stereographic projection). We
only need to show that compactifying the plane and counting the critical points on the Riemann
sphere is the same as counting the critical points within γ and inverting the plane and counting the
critical points inside the inverted curve Γ.


