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18. Lecture XVIII: Poincaré Map and Stability I

We shall have a slight respite from the confinement to the plane in this lecture and consider again
periodic orbits of autonomous systems in Rd.

18.1. The Poincaré Map. A basic construction in the study of periodic orbits is the Poincaré
map. Suppose Γ is a periodic orbit of a C1-first order autonomous system in a neighbourhood
U ⊆ Rd. The Poincaré map is the map Π : U → U defined thus: Let x0 be a point on Γ. Let
Σ be the hyperplane perpendicular to Γ at x0. That is, if Γ is defined by γ : [0, 1] → Rd so that
γ(0) = x0, then

Σ = {y ∈ Ũ : (y − x0) · γ′(0) = 0},
where Ũ is a small neighbourhood around x0 (not the entire Γ).

As Γ is a trajectory, we know that γ′(0) = x′(0) = f(x0), where f is the function defining our
dynamics ẋ = f(x).

If x is a point in a small neighbourhood of x0, and x ∈ Σ, then we expect φt(x) to intersect
Σ again after some time τ(x) at φτ(x)(x). We define Π : Σ → Σ as the map Π : x → φτ(x)(x).
The map Π is not defined on U but on a codimension one subset Σ. We can also allow Σ to be a
smooth, curved codimension one surface transverse to Γ at x0.

The fact that this time τ(x) and the point φτ(x)(x) is well-defined in a neighbourhood U ∩ Σ of
x0 is a direct consequence of the implicit function theorem for the map F : R≥0 × Σ→ Σ given by

F (t,x) = (φt(x)− x0) · f(x0).

The level set F (t,x) = 0 gives us the points x in the neighbourhood of x0 on Σ and their first
return times, τ(x).

If |∇Π(x)| < 1 , then we have stability. In R2, we have the following theorem:

Theorem 18.1. Let γ be a periodic solution of period T for the C1- planar system ẋ = f(x). The
derivative of the Poincaré map Π along a straight line normal to γ′(0) is given by

DΠ(γ(0)) = exp
(ˆ T

0
(∇ · f)(γ(t)) dt

)
.

Recall that Π is defined on a codimension one subset, so that Π and DΠ both take values with
one degree of freedom only.

The reason this is result true is slightly complicated, and depends on Floquet’s theorem, which
we shall discuss later. But since ∇ · f = tr(Df), if we can write

(Df)(γ(t)) =
d

dt
log(M), (29)

for some invertible-matrix-valued M, we can use Jacobi’s formula

d

dt
(log(det(M))) = tr(

d

dt
log(M))

to get that

exp

(ˆ T

0
tr(

d

dt
log(M)) dt

)
=

det(M(T ))

det(M(0))
= det(M(T )).

Notice from (29), by normalizing Df(γ(0)),

M(t) = exp

( ˆ t

0
Df(γ(s)) ds

)
. (30)

This can be compared to (31) below.
From the above, we see that the periodic solution is a stable or unstable limit cycle according asˆ T

0
(∇ · f)(γ(t)) dt
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is negative or positive. If this quantity is zero, then γ belongs to a continuous band of cycles all
with the same period.

We shall see that the derivative of the Poincaré map, DΠ(x0), for x0 such that Γx0 is periodic,
serves very much “near” a periodic orbit, as the linearization Df does around a critical point. This
shall be the basis for a stable manifold theorem for periodic orbits.

18.2. Stable Manifold Theorem for Periodic Orbits. In order to achieve higer-dimensional
results analogous to the one above in which the stability of a limit cycle is seen to depend on DΠ,
with a Poincaré map Π defined along some codimension one subset Σ transverse to the limit cycle
at a point x0, we shall attempt to recreate a first-order analysis similar to our first-order analysis
about critical points.

The linearization about a periodic orbit Γ = {γ(t) : t ∈ [0, T ]} of the system

d

dt
x(t) = f(x(t))

is defined as the nonautonomous system

d

dt
x(t) = Df(γ(t))x(t).

The fundamental matrix solutions for the linearized nonautonomous system is a matrix valued
C1 function Φ satisfying

d

dt
Φ = Df(γ(t))Φ,

completely analogous to the definition in (13) of Lecture III. And for the same reason, as there are
no non-homogeneous terms, we can write

x(t) = Φ(t)Φ−1(0)x0.

Arguing especially heuristically, using integrating factors, by normalizing Df(γ(0)), we might
expect that

x(t) = exp

( ˆ t

0
Df(γ(s)) ds

)
x0. (31)

We can compare this with (30) above and see that the eigenvalues of M(T ) tells us exactly how the
Poincaré map acts in a small enough neighbourhood of γ(0) if the cycle is “hyperbolic”.

Recall that for autonomous linear systems, we can choose Φ(t) = exp(At), the flow. This is in
fact problematic when A is t-dependent because of non-commutativity —

d

dt
exp

( ˆ t

0
Df(γ(s)) ds

)
6= Df(γ(t)) exp

(ˆ t

0
Df(γ(s)) ds

)
. (32)

To see this, suppose M(t) =
´ t

0 A(s) ds. The exponential exp(M(t)) can be expressed as a power
series. Consider the difference exp(M(t + h)) − exp(M(t)), and evaluate the derivative from first
principles. By homogeneity/scaling, we can look at this term-by-term in the Taylor expansion.
Beyond first order, we run into the problem that we do not get

Mn(t+ h)−Mn(t) = nMn−1(t)M′(t)h+ o(h)

as in the linear case, which would give us (32). The problem is commutativity, for n = 2:

M2(t+ h)−M2(t) = (M(t+ h)−M(t))M(t+ h) + M(t)(M(t+ h)−M(t))

= M′(t)M(t+ h)h+ M(t)M′(t)h+ o(h),

and this is not necessarily 2M(t)M′(t)h + o(h). Remember that Lemma 1.1(iv) only works for
commuting matrices. Therefore we really need to understand what we can write Φ as.

Floquet’s theorem gives us a way to write Φ in (31) in a similar way in the nonautonomous case:
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Theorem 18.2 (Floquet’s Theorem). Suppose Df(γ(t)) is a continuous, matrix-valued, periodic
function with period T . Then for all t ∈ R, we can write the fundamental matrix solution defined
above in the form

Φ(t) = Q(t) exp(Bt), (33)

where Q(t) is a non-singular, matrix-valued, T -periodic function and B is a constant matrix.

The proof of this theorem turns on the simple observation that if a matrix C is non-singular, then
we can define its logarithm — that is, find a possibly complex matrix B such that C = exp(BT ).
The matrix C in this case comes directly from the representation of the solution by the fundamental
matrix solution, C := Φ−1(0)Φ(T ). Then it holds that the remaining factor Q(t) must be

Q(t) := Φ(t) exp(−Bt) = Φ(t)Φ−1(T )Φ(0).

It may be checked readily that Q is periodic with period T , to see that it is non-singular one has
but to notice that if Φ takes the form (30), Q is an exponentiation.

Written out thus, Floquet’s theorem seems like a mere technical result, but the consequences
of this representation (33) is far-reaching. Using the change-of-variables y = Q−1(t)x, a direct
calculation shows that the nonautonomous linearized system can be written as the autonomous
system

d

dt
y = By.

Now we can bring the full suite of linear methods developed thus far to bear.
We know that Q is non-singular and periodic (and if everything is smooth, also bounded), there-

fore the stability of the cycle Γ is determined by the eigenvalues of B — these eigenvalues are
called the characteristic exponents of γ(t), and are determined modulo 2πi. Trajectories for
which the characteristic exponents (save one) all have non-zero real parts are known as hyperbolic
periodic orbits.

The eigenvalues of exp(BT ) are known as the characteristic multipliers — these determine
how far x moves every time it comes around to the surface Σ again, i.e., the magnitude of Π(x)−x,
or DΠ. We shall not write this out as a theorem, but from our deductions foregoing, it may be
guessed that the characteristic multipliers are the eigenvalues of DΠ (if one considered Π as a map
Σ ⊆ U → U instead of Σ→ Σ.

Of course, B has to be singular and have one zero eigenvalue because Π(x) does not move x in
the direction of γ′(0), so the multiplier in that direction must be 1, whose logarithm is 0.

These observations leads us right to the main theorem of this lecture:

Theorem 18.3 (Stable Manifold Theorem for Periodic Orbits). Let Γ = {x ∈ Rd : x = γ(t)}
be a periodic orbit with period T , of a C1 first order autonomous system with flow φt. Suppose
γ(t) = φt(x0). If k characteristic exponent of γ(t) have negative real parts, and d − k − 1 have
positive real parts, then there is a δ > 0 such that the stable manifold,

Ms(Γ) = {x ∈ Bδ(Γ) : d(φt(x),Γ)→ 0 as t→∞, ∀t ≥ 0 (φt(x) ∈ Bδ(Γ))},
is a (k + 1)-dimensional differentiable manifold which is positively φt-invariant, and the unstable
manifold,

Mu(Γ) = {x ∈ Bδ(Γ) : d(φt(x),Γ)→ 0 as t→ −∞, ∀t ≥ 0 (φt(x) ∈ Bδ(Γ))},
is a (d− k − 1) dimensional differentiable manifold which is negatively φt-invariant. Furthermore,
the stable and unstable manifolds intersect transversally.

Subanifolds M ⊆ X and N ⊆ X intersect transversely (or transversally) if at every point
p of their intersection , TpM ⊕ TpN = TpX. This transversality condition is analogous to the
condition of tangency to invariant subspaces in the stable manifold theorem for critical points.


