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1. Lecture I: Introduction

1.1. Phase Spaces and Phase Flows. Let X be a space (for us, X will usually be Rd, with all its
metric and measurability structures). Let φ : R≥0 × R≥0 → Hom(X,X) be a map with a “cocycle
property”1:

φ(t, t) = IdX ,

φ(t, u) ◦ φ(u, s) = φ(t, s) u, t, s ∈ R≥0.
(1)

Here φ takes in a terminal time and an initial time in its first and second arguments respectively,
and acts upon an element x ∈ X by translating it to another point y ∈ X. If X is a topological
space or a measure space, we will usually want φ(t, s) respectively to be continuous or measurable.
The pair (X,φ) is a (continuous-time) dynamical system.

Figure 1. The cocycle property is a consistency criterion.

Example 1.1. Taking X = Rd, we see that the system of first-order differential equations with
(locally Lipschitz) f : [0, T ]×X → Rd,

ẋ(t) = f(t,x(t)), (2)

can be construed as a dynamical system (if it has unique continuous solutions) by considering the
pair (Rd, S) where S is the solution map S : (t, s,x(s)) 7→ x(t). (There is good reason not to think
of the target space of f as X — it is in fact the tangent space of X, which only happens to be
identifiable with X if X is Rd, but this is not true of more general spaces.)

Thinking of φ as a map R≥0 × R≥0 ×X → X, we can also write (2) as

d

dt

∣∣∣∣
(t,s,x(s))

φ = f(t, φ|(t,s,x(s))). (3)

It is sometimes convenient to define φ satisfying this equation to be the flow of the vector field
f , or of the dynamical system itself. We think of (2) as giving a description of a system for an
aggregate of particles from a fixed reference frame, and we think of (3) as a description of the
system given by following a specific particle starting at position x(s = 0). This is known as the

1This is not entirely accurate. Let G be a group acting on X. Then a dynamical system in our sense is the group
action on the product X×ρU , where U is an abelian group, via g : (x, u) 7→ (gx, u+ρ(g,x)). The map ρ : G×X → U ,
called the cocyle, satisfies the cocycle equation ρ(gh,x) = ρ(g, hx) + ρ(h,x). Where G is the one-parameter group
{φt}t∈R generating the flow, we can take U = R and ρ(φt,x) = t. More generally, we can define a dynamical system
as the pair (G,Y ), where G is a group that acts on a space Y .
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Lagrangian description of a system. In Lectures VIII and IX, we shall be putting this framework
into more geometric terms.

We also call x(t) the integral curve, or simply an integal, of f (or of the system), in the
sense that the solution of a differential equation is an integral. The space X is called the phase
space, when it is conctrued to house the curves Γ+(x) = {φ(t, 0,x(0)) : t ∈ R≥0}. These curves
are the forward orbits of the dynamical system, and the plots are known as phase portraits.

The primary object of this module is then twofold:

(i) to study qualitative changes of phase portraits as they depend on f , and
(ii) to study the asymptotic behaviour of the solution/integral curve x(t).

To these ends we shall be looking at solution curves to differential equations that blow up to infinity
asymptotically or in finite time, and spend extra effort exploring the complicated behaviours that
can occur when solution curves do neither of the foregoing. Where d = 2, it is also practicable to
draw phase portraits for an important class of systems, and we shall be applying ourselves to that
activity.

We shall first be considering linear systems, i.e., where f is linear in x, and then consider more
general systems by looking at linearization of f , i.e., using the approximation

f(x) ≈ f(x0) +∇f(x0) · (x− x0),

in a small neighbourhood of a “critical” point x0 of particular interest. Some behaviours of nonlinear
systems are so complicated that it is impossible to reduce them to their linearizations. That shall
also be of interest to us, and we shall look at some techniques to characterize these behaviours.

If we have time we shall also be looking at more general dynamical systems not described by
differential equations. Of those that are, we shall restrict our attention to ordinary differential
equations.

1.2. Structure of this module. In this module we shall be looking at, in order,

(i) linear systems,
(ii) local theory of nonlinear systems, that is, behaviour of systems around certain “critical”

values (via linearization),
(iii) global theory of nonlinear systems (periodicity), and
(iv) bifurcation theory.

1.3. Matrix exponentiation. The system of equations (2) is quite general in the sense that for
a differential equation of any finite order d, it is possible to recast it as a system of d first-order
equations by the change-of-variables xi+1 = dix/dti for i = 0, . . . d − 1, and x = (x1, x2, . . . xd)
(superscripts are indices, not powers).

As aforementioned, we shall first be studying linear systems. Our attitude towards linear systems
in X = Rd will be to seek to derive solutions explicitly rather than concern ourselves with the general
and abstract question of existence and uniqueness.

By linearity we mean

f(t,x(t)) = A(t)x(t),

where A(t) is a d× d matrix, and x(t) = (x1(t), . . . , xd(t))>.
First we impose an additional condition of autonomy. We say that a system is autonomous if

f(t,x(t)) = f̃(x(t)), or A(t) = A in the linear case, i.e., there is no dependence on t except through
the solution x(t) — there is no direct dependence of the system on t. This means that the rules
governing how a particle moves do not themselves change over time. This additional requirement
of autonomy (which can be imposed without linearity) reduces the cocycle property (1) on the flow
φ to a simpler for which φ : R≥0 → Hom(X,X), in which the flow only records the duration and
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not the terminal and initial times, and for which

φ0 = IdX ,

φt ◦ φs = φt+s t, s ∈ R≥0.
(4)

It is conventional to write the temporal argument in the subscript.
Autonomy means further that A is time-independent.

d

dt
x(t) = Ax(t), (5)

then, the d = 1 case suggests we can write down a solution

x(t) = exp(At)x(0),

if we can properly interpret exp(At). If this were the case, the map exp(At) : Rd → Rd can then
be identified with the flow φt of the autonomous system.

We shall now devote some time to showing what exp(At) must mean and why this intuitive form
of the solution is helpful in determining asymptotic behaviour.

Using the Taylor expansion for the exponential, we shall tentatively define

exp(At) :=

∞∑
n=0

tn

n!
An.

We shall require a few things:

(i) The series converges in appropriate topologies/norms.
(ii) The series satisfies number of properties expected of exponentials under appropriate condi-

tions.
(iii) The series applied to x(0) is a solution to the initial value problem dx/dt = Ax.

In which topology do we want the series to converge? Ideally, if x0 ∈ Rd is a fixed vector, we
want the partial sums

MN =
N∑
n=0

tn

n!
An

to converge in such a way that for some M∞

sup
t∈[0,T ]

‖MNx→M∞x‖`2(Rd) → 0 (6)

for any x ∈ Rd. We can then set exp(At) = M∞ and check that it satisfies the equation (5) on Rd.
If M∞ exists, we find

‖MNx−M∞x‖`2(Rd) ≤ ‖MN −M∞‖`2→`2 ‖x‖`2(Rd) ,

where

‖M‖`2→`2 := sup
|x|≤1

‖Mx‖`2(Rd)

(
= sup

x∈Rd\{0}

‖Mx‖`2(Rd)

‖x‖`2(Rd)

)
.

is the operator norm of linear operators `2(Rd)→ `2(Rd). The topology induced by the conver-
gence of this norm is the norm topology. We see that convergence in the operator norm would
imply convergence in the sense (6).

Recall that this sort of convergence can happens to Cauchy sequences in complete metric spaces.
Our metric space is Rd×d with the metric induced by the norm ‖·‖`2→`2 .

a. the normed space is complete

First, it can be readily verified that this norm is equivalent to the uniform norm:

C−1
d sup

ij
|Mij | ≤ ‖M‖`2→`2 ≤ Cd sup

ij
|Mij |,
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where Cd is a constant that depends only on the (finite) dimension d.
The space of d × d real matrices is complete under the uniform norm by the completeness of

real numbers, and so it is complete under the `2 → `2 norm (with supremum in t). (Equivalent
norms induce equivalent topologies — because of this equivalence we often drop the subscript on
the norm.)

b. the sequence is Cauchy

Secondly, by definition,

‖MNx‖`2(Rd) ≤ ‖M‖`2→`2‖Nx‖`2 ≤ ‖M‖`2→`2‖N‖`2→`2‖x‖`2(Rd),

and therefore, for two d× d matrices M and N,

‖MN‖`2→`2 ≤ ‖M‖`2→`2‖N‖`2→`2 .

We say that the linear maps `2(Rd)→ `2(Rd) form an algebra under the operator norm.
We then have

‖Mk‖`2→`2 ≤
k∑

n=0

|tn|
n!
‖A‖n`2→`2 ,

by the triangle inequality and the algebra property.
Next, for any ε > 0, we can find N such that

‖MM −MM+N‖`2→`2 =

∥∥∥∥ M+N∑
n=M+1

tn

n!
An

∥∥∥∥
`2→`2

≤
M+N∑
n=M+1

tn

n!
‖A‖n`2→`2 .

Therefore {Mk} are a Cauchy sequence in the norm and by completeness the sequence, and hence
the sum, converges after taking a supremum over t ∈ [0, T ] (in fact, converges absolutely).

This gives us a candidate M∞ for the solution exp(At).
Finally, to explain some parts of the next lemma, let us mention that matrix-valued functions

ϕ : R→ Rd×d are differentiable at t0 if there exists a d× d matrix N such that

lim
t→t0

∥∥∥∥N− 1

t− t0
(ϕ(t)− ϕ(t0))

∥∥∥∥
`2→`2

= 0.

We write ϕ′(t) for the matrix N. Note that we could have done this element-wise as we have shown
that the `2 → `2 norm and the uniform norm are equivalent norms in finite dimensions.

Now that we have a convergent Taylor series defining exp(At) we can easily show that:

Lemma 1.1. (i) Let ϕ(t) and ψ(t) be differentiable functions R → Rd×d. Then the Leibnitz
rule holds that

d

dt

(
ϕ(t)ψ(t)

)
= ϕ′(t)ψ(t) + ϕ(t)ψ′(t).

(Again, note that φ′ and ψ′, whilst being d × d real matrices, reside in fact in the tangent
space of the space of d× d matrices.)

(ii) Let 0d denote the zero matrix. Then

exp(0d) = Id.

(iii) For any d× d matrix A, (
exp(A)

)−1
= exp(−A).

(iv) If matrices A and B commute, then

exp(At) exp(Bt) = exp((A + B)t).
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(v) Let P be a nonsingular d × d matrix, and set Λ = P−1AP. (That is, Λ ∼ A — i.e., the
matrices are similar.) Then

exp(Λ) = P−1 exp(A)P.

Proof. (i) This holds by direct calculation element-wise.
(ii) The norm ‖0d‖`2→`2 can be explicitly found to be 0. The statement follows by the series

expansion.
(iii) Take ψ(t) = exp(−At) exp(At) and find that its derivative is 0 via the Leibnitz rule and

use (ii) with t = 0.
(iv) Take ψ(t) = exp(−(A+B)t) exp(At) exp(Bt) and find that its derivative is 0 via the Leibnitz

rule and use (ii). Naturally within the parenthesis A + B = B + A. Therefore the result
cannot be hoped to be true in general.

(v) Using the series expansion we see that the result is true for a partial sum. Then we take a
limit.

�

These properties also allow us to verify that the candidate exp(At)x is indeed a solution of the
equation (5):

Theorem 1.2 (Fundamental theorem for Linear Systems). For every b ∈ Rd, the initial value
problem

d

dt
x(t) = Ax(t), x(0) = b

has a unique solution
x(t) = exp(At)b.

Proof. It can be readily verified that x as constructed is a solution.
Now suppose x is a solution. Then set y(t) = exp(−At)x(t).
Differentiating y(t) from first principles we find that

d

dt
y(t) = − exp(−At)Ax(t) + exp(−At)

d

dt
x(t).

We can use the equation to expand the final term to find that the derivative is the zero vector. This
implies that

y(t) = y(0) = x(0),

and by construction x(t) must take the form required by the theorem statement. �
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2. Lecture II: Linear Systems in R2 I

2.1. Autonomous linear systems in R2. The spectral properties of A in (5) tell us a lot about
the qualitative behaviour of the solutions of the equation. Suppose that a non-singular matrix P
exists that allows us to diagonalize A, so that

(P−1AP)ij = λjδij , λj ∈ C,

where δij is the Kronecker Delta that is zero everywhere only except at i = j, when it is unity.
The equation becomes

d

dt
(P−1x)i = λjδij(P

−1x)i.

These are d decoupled one-dimensional equations for the new variable y = P−1x = (y1, . . . , yd)>:

dyj

dt
= λjy

j(t),

with solutions

yj(t) = eλjtyj(0).

The matrix with entries eλjtδij is sometimes written as diag(exp(λjt)). From the series representa-
tion it is clear that this is the same as exp(diag(λjt)).

In other words, by part (v) of Lemma 1.1,

x(t) = Pdiag
(

exp(λjt)
)
P−1x(0). (7)

This calculation avoids the difficulties of having to re-derive some results when λj are complex
because we solve the equation after decoupling, and do not refer to the exponentiation of a complex
matrix exp(Λ), where of course,

(
Λ
)
ij

= λjδij by writing

x(t) = P−1 exp(Λt)Px(0).

We also avoid the associated convergence issues in `2(C)→ `2(C). Naturally, it is also easy to show
that all the previous derivations on convergence carry over (C is also complete).

Complete decoupling does not happen when A is not diagonalizable, of course, but looking at the
eigenvalues of A remains illuminating. Where diagonalization is not possible, it becomes helpful to
resort to a Jordan normal form representation of A, and we postpone that discussion in general to
Lecture IV. For the remainder of this and the next lecture, we shall focus on the case d = 2.

When d = 2, fix the matrix A in (5) as

A =

(
a b
c d

)
, a, b, c, d ∈ R.

We now consider the spectrum of A.
We can find its eigenvalues λ in the usual way:

0 = det
(
λI2 −A

)
= det

(
λ− a −b
−c λ− d

)
= λ2 − (a+ d)λ+ (ad− bc).

Therefore

λ± =
(a+ d)±

√
(a+ d)2 − 4(ad− bc)

2
=

1

2

(
(a+ d)±

√
(a− d)2 + 4bc

)
.

This reduces to three cases:

(A) Two distinct real roots — (a− d)2 > −4bc;
(B) Root with multiplicity — (a− d)2 = −4bc — this can only happen if bc ≤ 0;
(C) Conjugate roots – (a− d)2 < −4bc.
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The case (A).

Consider now the foregoing discussion on decoupling. If there are two distinct real roots λ±,
there are two associated eigenvectors v±. Accordingly, we can write down the solution as

x(t) = C1e
λ+tv+ + C2e

λ−tv−, (8)

where the constants are determined by the initial condition

x(0) = C1v+ + C2v−.

Of course all this could have been derived using, e.g., the Laplace transform, for the second-order
equation by reversing the procedure for reducing equations to linear first-order systems described
at the beginning of §1.3.

The case (B).

This case splits further into two: the first, where for the root λ with multiplicity 2, there are as-
sociated eigenvectors that span R2 (“geometric multiplicity = algebraic multiplity), can be handled
as in (A); and the second, where λ does not have two linearly independent eigenvectors (“geometric
multiplicity < algebraic multiplicity”), and the matrix is not in fact diagonalizable, we have to find
an extra, generalized eigenvector.

From introductory linear algebra, we know that a Jordan chain gives us a second linearly inde-
pendent vector so that if v1 is an eigenvector, then a generalized eigenvector v2 satisfies

(A− λI2)v2 = v1.

That is, we are looking for v2 in ker((A− λI2)2)\ ker((A− λI2)).
Writing

x(t) = f(t)v1 + g(t)v2,

we can equate
d

dt
x = f ′(t)v1 + g′(t)v2

with
Ax = f(t)λv1 + g(t)v1 + g(t)λv2

to arrive at the equations

f ′(t) = λf(t) + g(t)

g′(t) = λg(t).

This gives us the general solutions:

x(t) = f(t)v1 + g(t)v2 = (C1 + C2t)e
λtv1 + C2e

λtv2. (9)

Again, the constants C1 and C2 are determined by the initial condition via

x(0) = C1v1 + C2v2.

The case (C).

The case (C) is exactly as (A) as there are always two linearly independent (conjugate) eigen-
vectors:

x(t) = C1e
λ+tv+ + C2e

λ−tv−.

However, as our dynamics take place in X = R2, we have to exclude non-real solutions. We know
that

λ+ = λ̄−, v+ = v̄−,

where the second conjugation is taken element-wise. This compels us to require

C1 = C̄2.

in order that all solutions be real.
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Now set

σ = Rλ± =
a+ d

2
, τ = ±Iλ± =

√
|(a− d)2 + 4bc|

2
,

so that

λ± = σ ± iτ,
and

K1 =
C1 + C2

2
, K2 = i

C1 − C2

2
.

We can then write x as

x(t) = eσt
(
K1 cos(τt) +K2 sin(τt)

)
Rv+ + eσt

(
K2 cos(τt)−K1 sin(τt)

)
Iv+, (10)

where now we can determine the constants K1 and K2 by the initial condition:

x(0) = K1Rv+ +K2Iv+.

2.2. Asymptotic behaviour of solutions. Next, we shall look at the asymptotic behaviour of
solutions. A fixed point, by definition, is a constant trajectory — dx/dt = 0, which, by the
equation, is also given by

Ax = 0.

This linear system has a trivial solution if A is non-singular. If A is singular, then 0 is an eigenvalue,
and any multiple of the eigenvector(s) is a fixed point. Therefore the fixed points of these systems
are either 0, or a one-dimensional subspace, or the entire R2. The last possibility only occurs if A
is the zero matrix itself.

We look again at the three cases we derived for the system:

d

dt
x(t) =

(
a b
c d

)
x(t).

These concerned the eigenvalues of the matrix foregoing,

λ± =
1

2

(
(a+ d)±

√
(a− d)2 + 4bc

)
,

and were:

(A) Two distinct real roots — (a− d)2 > −4bc;
(B) Root with multiplicity — (a− d)2 = −4bc — this can only happen if bc ≤ 0;
(C) Conjugate roots – (a− d)2 < −4bc.

Let us consider these cases in the asymptotic regime — when t→∞.

The case (A).

We already derived in (8) that solutions satisfy

x(t) = C1e
λ+tv+ + C2e

λ−tv−,

where the constants are determined by the initial condition

x(0) = C1v+ + C2v−.

As defined, in this case, λ− < λ+.
We see that

(i) if λ− < λ+ < 0, then eventually x(t)→ 0;
(ii) if λ− < 0 < λ+, then eventually x(t) · v− → 0 (x(t) tends to zero in the direction of v−),

and simultaneously, x(t) · v+ →∞;
(ii) if 0 < λ− < λ+, then eventually x(t)→∞ in the direction of v+.
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The case (B).

When the geometric multiplicity of A equals its algebraic multiplicity, we may proceed as in the
case above. The asymptotic behaviour exhibited is either exponential decay to the fixed point 0,
or blow-up to infinity, according as the single eigenvalue-with-multiplicity satisfies λ < 0 or λ > 0.

As derived in (9), when A is non-diagonalizable, the solutions are

x(t) = f(t)v1 + g(t)v2 = (C1 + C2t)e
λtv1 + C2e

λtv2,

where v1 is one eigenvector associated with λ and (A− λI)v2 = v1. Asymptotically, then, x tends
to infinity or 0 in the direction of v1 according as λ > 0 or λ < 0.

The case (C).

Recall that we set σ = Rλ± and τ = ±Iλ−. We derived in (10) that

x(t) = eσt
(
K1 cos(τt) +K2 sin(τt)

)
Rv+ + eσt

(
K2 cos(τt)−K1 sin(τt)

)
Iv+,

where now we can determine the constants K1 and K2 by the initial condition:

x(0) = K1Rv+ +K2Iv+.

These solutions are periodic/oscillatory with an attenuation/damping or amplification coefficient
eσt. It is an attenuation factor if σ < 0 whereupon asymptotically, the solution tends to 0. It is
an amplification factor if σ > 0, and asymptotically, the solution tends to infinity in an oscillatory
manner. If σ = 0, then the oscillatory/periodic behaviour persists for all time.

2.3. A word on non-homogeneity. Only a slight modification is needed to treat systems of the
form

d

dt
x(t) = Ax(t) + g,

where g ∈ Rd if zero is not an eigenvalue of A (that is, if A is invertible). If A is invertible, we can
find a unique vector h ∈ Rd such that Ah = g. Then using the change-of-variable y = x + h — a
constant translation, we can write the system as

d

dt
y(t) = Ay(t).

We can solve for y in the manner already prescribed (by exponentiation of A), and then recover x
via x = y − h. The only difference then is that, in the case d = 2 for example, the fixed points are
now either at h.

If A is singular, assume that it has been reduced to Jordan normal form. Then either

A =

(
λ 0
0 0

)
or A =

(
0 1
0 0

)
.

Both of these cases can be solved directly.
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3. Lecture III: Linear Systems in R2 II

3.1. Phase Portraits. As described in Lecture I, for d = 2, there is a particular vivid way to
represent solutions via phase portraits. By definition, for autonomous systems, the flow φ(t, s,x(0))
only depends on t and s via the duration t− s. Therefore the (forward) orbits

Γ+(x(0)) = {φt(x(0)) : t ∈ R}
form a set partially ordered by inclusion — for any two initial points x(0) and y(0), either

(i) Γ+(x(0)) ⊆ Γ+(y(0)), or
(ii) Γ+(y(0)) ⊆ Γ+(x(0)), or
(iii) Γ+(x(0)) ∩ Γ+(y(0)) = ∅.

A cleaner but slightly coarser statement is that the orbits

Γ(x(0)) = {φt(x(0)) : t ∈ R}
either coincide or are disjoint. This observation ensures that we can draw reasonably clean phase
portraits for 2-dimensional linear autonomous systems. We shall now devote the remainder of this
lecture to sketching phase portraits of each of the cases mentioned in the previous subsection.

3.2. Examples.
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4. Lecture IV: Linear Systems in Rd

In this lecture, we look at linear systems more generally.

4.1. Autonomous linear systems in Rd. We consider again the system

d

dt
x(t) = Ax(t),

where A is now a d × d matrix. Now as we saw, the matrix A is not in general diagonalizable.
However, it can always be put into a standard, or normal form, from which we can determine which
eigenvalues have strictly greater algebraic multiplicities than they have geometric multiplicities. We
have the following useful theorem:

Theorem 4.1 (Jordan’s Normal Form Theorem). Let Bm for 1 ≤ m ≤ s be a dm × dm matrix
given by (

Bm)ij = λmδij + δi−1,j .

For every d × d matrix A, there exist dm × dm matrices Bm with
∑

1≤m≤s dm = d, and a d × d
matrix J given by

J =

B1

. . .

Bs


for which

A ∼ J.

The matrix J is unique up to the ordering of the blocks.

Recall that similarity is an equivalence relation.
The matrix J is the Jordan normal form of A. We sometimes write this as J = diag(Bm).

The matrices Bm with λm on the diagonal and 1 on the superdiagonal are known as the Jordan
blocks. The number of Jordan blocks with λ on the diagonal is the geometric multiplicity of that
eigenvalue and the number of times λ appears in J itself is its algebraic multiplicity.

As A is real, its characteristic equation also only has real coefficients, and therefore complex
roots only appear in conjugate pairs.

This normal form representation allows us to decouple the first-order system into blocks with
distinct eigenvalues of different multiplicities. We shall now repeat in general dimensions our de-
ductions in the case d = 2. In particular, from the Fundamental Theorem for Linear Systems
(Thm.1.2) it can be seen (cf. (7)) that where A = P−1JP,

x(t) = P exp
(
Jt
)
P−1x(0).

One advantage of decoupling the equations is that, just as diagonal matrices are easy to exponen-
tiate, it is also relatively benign a calculation that determines exp

(
Jt
)
. First, a direct calculation

shows that for any power n ∈ N,

Jn =

Bn
1

. . .

Bn
s

 ,

so that by the series representation of the exponential,

exp
(
Jt
)

= exp
(
diag(Bmt)

)
= diag

(
exp(Bmt)

)
.

Next it remains to find exp
(
Bmt

)
. Writing Nm for the dm × dm matrix with 1s along the

superdiagonal (with entries δi−1,j), we find

exp(Bm) = exp(λmIdmt) exp(Nmt) = eλmt exp(Nmt),

as the identity matrix commutes with any other matrix.
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Therefore we need only determine exp(Nmt). We find that Nm is nilpotent with power dm, as,
by direct calculation (or by induction), for any power n ∈ N of N,(

Nn
m

)
i,j

= δi−n,j .

Putting this into the series expansion for exp(Nmt) we find(
exp(Nmt)

)
i,j

=

dm−1∑
n=0

tn

n!
δi−n,j ,

i.e., exp(Nmt) is an upper-diagonal matrix that looks like

exp(Nmt) =


1 t t2/2! · · · tdm−1/(dm − 1)!
0 1 t · · · tdm−2/(dm − 2)!
0 0 1 · · · tdm−3/(dm − 3)!
· · ·
0 · · · 1 t
0 · · · 0 1

 .

Recall that the algebraic multiplicity of an eigenvalue λ is the number of times that λ is a root
of p(x) = det(A− xI) = 0, and the geometric multiplicity is the dimension of ker(A− λI).

Associated with each distinct eigenvalue λ of A, of algebraic multiplicity µ is a generalized
eigenspace spanned by the µ linearly independent generalized eigenvectors Vn = {v1, . . . ,vµ}. Of
these, a subset will be actual eigenvectors. The rest are found by the Jordan chain procedure. The
value µ is the sum of all dm where the associated Jordan block Bm has diagonals with value λ.

The Jordan chain procedure by which the bases Vn are found is given in Perko on p.43. Note that
the algorithm/theorem in Perko is written in such a way as to avoid vectors with complex entries.

The idea is that if the dimension of ker(A−λI) is not great enough, we look among ker(A−λI)2,
and increasingly higher powers, until we find d linearly independent vectors.

The generalized eigenvectors give the full generalized basis by which P is constructed so that
A = PJP−1.

Example 4.1. Examples of matrices in Jordan normal form:1 0 0
0 2 0
0 0 3

 ,

1 0 0
0 2 0
0 0 1

 ,

1 1 0
0 1 0
0 0 4

 ,


1 1 0 0
0 1 0 0
0 0 1 0
0 0 0 4

 ,


1 1 0 0
0 1 0 0
0 0 1 1
0 0 0 1


Example 4.2. Consider the Cauchy problem:

d

dt
x(t) =

2 1 0
0 2 0
0 −1 3

x(t), x(0) = b.

Let the matrix be called A.
One can find that the eigenvalues of the matrix are λ1 = 2, with algebraic multiplicity 2, and

λ2 = 3.
However, λ1 only has geometric multiplicity of 1, and its associated eigenvector is v1 = (1, 0, 0)>.
The eigenvector associated with λ2 is v2 = (0, 0, 1)>.
This tells us that the Jordan normal form is

J =

2 1 0
0 2 0
0 0 3

 .
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We can also find the non-singular matrices P that puts A into its Jordan normal form. The Jordan
chain procedure involves finding an linearly independent vector v3 in the kernel of (A − λ1I3)2 as
ker(A− λI3) has been exhausted. This is done by setting

(A− λ1I3)v3 = v1.

Doing so we find that v3 = (0, 1, 1)> is a solution.
The subspace decomposition then suggests that

x(t) = (C1 + C2t)e
2tv1 + C2e

2tv3 + C3e
3tv2.

The reason for finding extra linearly independent vectors to be generalized eigenvectors in this
way is that, setting

P = (v1,v3,v2) =

1 0 0
0 1 0
0 1 1

 ,

we have

J = P−1AP.

Therefore with the change-of-variables y = P−1x, we can transform the Cauchy problem to

d

dt
y = Jy, y(0) = P−1b.

This can be exponentiated easily:

y(t) = (C1 + C2t)e
2tP−1v1 + C2e

2tP−1v3 + C3e
3tP−1v2,

(because if w is an eigenvector of A, then APP−1w = λw, and P−1w is the eigenvector of P−1AP).
We can recover x via x = Py, verifying our intuitions.

4.2. Linear stability theory. The main advantage of decoupling the system by casting it into
the Jordan normal form, however, is that we can state a sort of “structure theorem” for all linear
systems.

Let Vn be the collection of generalized eigenvectors associated with the eigenvalue λn ∈ C. We
can group the collections Vn into three classes: Set

Es = span
⋃

{n:Rλn<0}

Vn

Ec = span
⋃

{n:Rλn=0}

Vn

Eu = span
⋃

{n:Rλn>0}

Vn.

(11)

We call Es the stable subspace, Ec the centre subspace, and Eu the unstable subspace.
They are so named because Es consist of the directions along which the dynamics of the system
enforces decay to 0 and Eu consist of the directions along which x(t) tends to infinity as t→∞.

We say that a subspace E ⊆ Rn is invariant with respect to the flow φt if φtE ⊆ E for all time
t ∈ R. That is, the (forward and backward) orbit(s) of each point within E remains in E.

For us, the flow, as identified following (5) is exp(At). If all eigenvalues of A have non-zero
real parts (i.e., the centre manifold is trivial), then we say that the flow, and the linear system, is
hyperbolic.

From the definition of the generalized eigenvectors that span Es, Ec, and Eu, we can deduce
that:

Lemma 4.2. Let E be the generalized eigenspace of A corresponding to an eigenvalue λ. Then
AE ⊆ E.
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Proof. The linear space E is spanned by generalised eigenvectors vj for which (A − λI)vj = uj ,
where uj is another (generalised) eigenvector or uj = 0 ( in which case vj is an eigenvector.

This means Avj = λvj + uj ∈ E.
We can express any vector w ∈ E, as a linear combination of the generalised eigenvectors spanning

E. So we find that Aw ∈ E by foregoing deductions. Therefore, AE ⊆ E. �

Iterating the theorem we see that

AnE ⊆ An−1E ⊆ . . . ⊆ AE ⊆ E.
So using the partial sums of series representation of the flow exp(At), and taking the limit, it further
holds that the subspaces are invariant with respect to the flow also. This invariance means that in
general, the Jordan normal form decouples the system into invariant subspaces, and these invariant
subspaces span the entire phase space:

Theorem 4.3. Let A be a real d× d matrix. Then the phase space Rd can be decomposed thus:

Rd = Es ⊕ Ec ⊕ Eu,
which are defined in (11). Furthermore, these subspaces are each invariant with respect to the flow
exp(At).

Proof. Taking w to be a vector in Es, we find that Akw ⊆ Es for any k. Therefore eAtw ⊆ Es, by
the completeness of the finite dimensional space Es. �

4.3. A class of nonautonomous linear systems. Finally we take a look at a simple class of non-
autonomous systems, which is the autnomous linear system, with an additional nonhomogeneity:

d

dt
x(t) = Ax(t) + g(t). (12)

From a first course in differential equations, it can be guessed that the solution is the matrix
reformulation of Duhamel’s formula, by obtained by convolving a fundamental solution against the
inhomogeneity. This is in fact the case.

Define a fundamental matrix solution to

d

dt
x(t) = Ax(t)

as any continuously differentiable matrix-valued function Φ : t→ Rd×d satisfying

Φ′(t) = AΦ(t) ∀t ∈ R. (13)

In particular, Φ(t) = exp(At) is a fundamental matrix solution of the first-order system with
Φ(0) = Id. We have the theorem:

Theorem 4.4. Let Φ be any fundamental matrix solution to

d

dt
x(t) = Ax(t).

The solution of (12) with intitial condition x(0) = b can be written as

x(t) = Φ(t)Φ−1(0)b +

ˆ t

0
Φ(t)Φ−1(s)g(s) ds,

and is unique.

This result can be verified readily by differentiation.
This also means that taking Φ(t) = exp(At), we have

x(t) = exp(At)b +

ˆ t

0
exp(A(t− s))g(s) ds.
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It bears mentioning that, in fact, we can always turn a non-autonmous system into an autonmous
one by increasing the dimension. Suppose we have some non-autonomous system

d

dt
x(t) = f(t,x(t)).

Now introduce a new variable y(t) = (τ(t),x>(t))>, where τ(t) = t. Then the system becomes

d

dt
τ = 1,

d

dt
x = f(y(t)),

which is obviously autonomous. However, even if f were linear in x(t), it is usually very far from
being linear in y(t).
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5. Lecture V: Local Well-Posedness I

The study of differential equations is usually concerned with four main problems. Given a differ-
ential equation, we should like to know:

(i) Existence: given an appropriate set of initial/boundary conditions, do solutions exist (in a
certain function space, in an appropriate sense)?

(ii) Uniqueness: given an appropriate set of initial/boundary conditions, are solutions unique if
they exist (in an appropriate sense)?

(iii) Continuous dependence: if initial/boundary/other conditions are perturbed slightly (in a
given topology), does the corresponding solution also only change slightly (in some topol-
ogy)? (Continuous dependence implies uniqueness in appropriate spaces.)

(iv) Asymptotic/long-time behaviour: concerning evolution equations — how do solutions deve-
lope eventually ?

Along the way, we are interested also in dependence on other parameters, transient behaviour of
solutions, etc.. Affirmative answers to the first three questions characterize a phenomenon known
as well-posedness. We say the equation with its accompanying conditions constitute then a
“well-posed problem”.

In previous lectures, we have answered all of the questions above as they concern linear au-
tonomous systems of two first-order equations by constructing solutions explicitly. Direct construc-
tion is not generally possible. We should like to provide some general conditions for well-posedness
of first-order systems of the form

d

dt
x(t) = f(t,x(t)).

To this end we shall establish the Picard–Lindelöf Theorem in this lecture about existence and
uniqueness, and we shall discuss continuous dependence in Lecture V. Before we do so we shall
recall an important definition: A function g : Rm → Rd is Lipshitz in the open set U ⊆ Rm if there
is a constant L, known as the Lipschitz constant, such that for every x,y ∈ U ,

|g(x)− g(y)| ≤ L|x− y|.

Clearly, Lipschitz functions are continuous, and in fact, they are differentiable except on a Lebesgue
null set. Where a Lipschitz function is differentiable, its derivative is readily seen to be bounded
by the local Lipschitz constant. Therefore Lpischitzness is a smoothness condition. When L < 1
globally, we call the Lipschitz map a contraction map.

This condition is important in ways we shall appreciate later. First we take a look at two classic
examples of non-(global) existence and non-uniqueness where the Lipschitz condition is violated:

Example 5.1 (Finite time blow-up). On the space X = R consider the equation

dx

dt
= x2, x(0) = 1.

It can be checked that x 7→ x2 fails to be globally Lipschitz, though it is locally so on every bounded
open set. This equation is separable, and we can solve it to find

dx

x2
= dt,

−1

x
= t+ C.

The constant is −1 from the initial condition and we find that the solution is

x(t) =
1

1− t
.

There is no existence beyond [0, 1). We call this mode of non-existence finite-time blow-up.
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Example 5.2 (Non-uniqueness). Again consider a one-dimensional system this time given by the
equation

dx

dt
=
√
|x|, x(0) = 0.

It can be checked that x 7→
√
|x| fails to be Lipschitz in any neighbourhood of 0.

The equation is again separable, and we find that

x(t) = t2/4

solves the problem with the given initial condition. But this initial condition is not enough to
enforce uniqueness because x(t) ≡ 0 also solves the equation with the given initial condition.

We are now ready to state the main theorem of this lecture.

Theorem 5.1 (Picard–Lindelöf Theorem). Let f(t,x(t)) be Lipschitz in its second argument over
the open set U ⊆ Rd and continuous in t (i.e., f ∈ C(R; Liploc(Rd))). Then for each b ∈ Rd, there
exists an η > 0, and a C1 map x : (t0 − η, t0 + η)→ U solving the Cauchy problem

d

dt
x(t) = f(t,x(t)), x(t0) = b. (14)

Furthermore, x is unique on its interval of definition.

Note that this theorem extends the theorem in Cain and Schaeffer to the non-autonomous case.
The proof is bipartite.

(1) First we shall show that the Cauchy problem for the differential equation can be re-formulated
as a Cauchy problem for an integral equation. Simultaneously, we shall show that if a con-
tinuous x(t) exists at all, it is in fact C1. This shall re-cast our problem as a fixed-point
problem.

(2) Secondly, we shall show that x(t) exists and is continuous and unique.

Part 1.

Lemma 5.2. Let U ⊆ Rd be an open set. Let f : R × U → Rd be continuous. Write J for the
interval (t0− η, t0 + η). If x ∈ C1(J) solves the Cauchy problem (14) then it also solves the integral
equation

x(t0 + t) = x(t0) +

ˆ t0+t

t0

f(s,x(s)) ds, 0 < t < η. (15)

Conversely, if x ∈ C(J) and satisfies the foregoing integral equation, then it is in fact in C1(J) and
solves the Cauchy problem (14).

This is a direct result of an application of the fundamental theorem of calculus. Let it be pointed
out that x(t) needs only be continuous for the integral equation to make sense. But once it does
make sense, it is immediate that x(t) must also be once continuously differentiable if f is continuous
in both its arguments as a composition of two continuous functions is continuous.

This transforms our Cauchy problem into one of finding a fixed point x ∈ C(J) (the “point” is
a continuous function — a point on the function space) in the following way. Let T : C(J)→ C(J)
via

T(x)(t) = x(t0) +

ˆ t

t0

f(s,x(s)) ds.

Then the Cauchy problem is equivalent to finding a fixed point of the map T.

Part 2.

Establishing existence usually turns out to be a topological result of compactness, or on a metric
space, completeness. We know that a complete space is one for which every Cauchy sequence
converges. That is, roughly if a sequence does not escape to infinity — that a subsequence is
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Cauchy — then the space ensures that it also does not eventually fall through a hole in the space,
and so a limit point exists. Therefore existence reduces to setting up an approximate sequence and
showing that the elements of the sequence gets closer and closer to one another.

We shall require then three ingredients:

(i) finding a complete metric space,
(ii) constructing a sequence,
(iii) showing that the sequence is Cauchy,

or satisfy some other compactness structure analogous to the ones here described.
Looking back at Part 1., we see that we have an essentially free upgrade to the smaller space

of continuously differentiable functions, and we need only to show that our solution exists as a
continuous function over some interval J . Therefore our candidate for a complete metric space is
C(J) (acutally, C(J,B) for some small ball B around the initial condition, because f is only locally
Lipschitz), with η a free constant to be later determined. Obviously we should like to make η (in
J = (t0 − η, t0 + η)) as big as we can.

Lemma 5.3. Let B ⊆ Rd be an open set. The continuous functions C(J) form a complete metric
space under the norm-induced metric

‖x− y‖C(J) = sup
t∈J
|x(t)− y(t)|.

It is also relatively transparent that C(J) is a vector space. Recall that a complete normed vector
space is known as a Banach space.

Proof. To show completeness, we postulate a Cauchy sequence of continuous functions and show
that it must converge to a continuous function. Let xn(t) be a sequence of functions in C(J) such
that for any δ, there is an N such that for m,n > N ,

‖xn − xm‖C(J) = sup
t∈J
|xn(t)− xm(t)| < δ.

For each fixed t ∈ J , given any ε, we can choose the same N and say that if n,m > N ,

|xn(t)− xm(t)| ≤ ‖xn − xm‖C(J) < δ.

Therefore by the completeness of the reals, for each fixed t, xn(t) converges pointwise and defines
a point x(t). Now we shall show that t 7→ x(t) is continuous:

For two points s, t ∈ (t0 − η, t0 + η), by the triangle inequality,

|x(t)− x(s)| ≤ |x(t)− xn(t)|+ |xn(t)− xn(s)|+ |xn(s)− x(s)|.
Let us choose N large enough that supt∈J x(t)−xn(t)| < δ/3. Since xn is continuous, for any δ > 0,
there exists a δ such that if |t − s| < δ, |xn(t) − xn(s)| < δ/3. The calculation above then implies
that for every δ > 0, we can use the same δ and find that if |t− s| < δ, |x(t)− x(s)| < δ. Therefore
x ∈ C(J), and the space is complete.

�

The next lemma will use this completeness to find a unique solution to a fixed-point problem on
the Banach space.

Lemma 5.4 (Contraction Mapping Principle). Let T : X→ X be a contraction map from a Banach
space into itself. Then T has a unique fixed point. that is, there exists a unique x ∈ X such that

T(x) = x.

Proof. By assumption, T is a contraction map. This means that for some L < 1,

‖T(x)− T(y)‖X ≤ L‖x− y‖X
for any two continuous functions x,y ∈ X.

Define the iteration xn+1 = T(xn).
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Then we find that

‖T(xn+1)− T(xn)‖X ≤ L‖T(xn)− T(xn−1)‖X ≤ Ln+1‖T(x0)− x0‖X.
Since Ln → 0,

‖xm − xn‖X ≤
n+1∑

k=m+1

Lk‖T(x0)− x0‖X,

and {xn} is a Cauchy sequence. By assumption the space X is Banach and hence complete. There-
fore, there is a point x to which the sequence converges in the norm of X. This must be a fixed
point by construction.

Suppose there are two fixed points x and y. Then

T(x) = x, T(y) = y, ‖T(x)− T(y)‖X = ‖x− y‖X.
But this violates the contraction property as

‖T(x)− T(y)‖X ≤ L‖x− y‖X < ‖x− y‖X.
This contradiction establishes the theorem.

�
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6. Lecture VI: Local Well-Posedness II

Proof of Thm. 5.1. It remains to show that the map

T(x)(t) = x(t0) +

ˆ t

t0

f(s,x(s)) ds

is a contraction map in the space C([t0 − η, t0 + η], Bε(x(t0))), where Bε(x(t0)) ⊆ Rd is an ε-ball
about x(t0) ∈ Rd . To do so we will require the local Lipschitz property of f . This requires us to
work on a small neighbourhood of the phase space, which is fine as T(x)(t) is continuous in time
and T(x)(t0) = x(t0).

Let Ks be the local Lipschitz constant such that for all x0,y0 ∈ Bε(x(t0)),

|f(s,x0)− f(s,y0)| ≤ Ks|x0 − y0|.
Set

Ms = max
x0∈Bε(x(t0))

|f(s,x0)|.

Then for t ∈ J = [t0 − η, t0 + η],

|T(x)(t)− x(t0)| ≤
ˆ t

0
|f(s,x0)| ds ≤ max

s∈[t0−η,t0+η]
Msη.

This is bounded by ε/2 if we choose η sufficiently small, say η < T for T such that

ε

2 maxs∈[t0−T,t0+T ]Ms
= T.

Now let x,y ∈ C(J). Taking the difference,

T(x)− T(y) =

ˆ t

t0

f(s,x(s))− f(s,y(s)) ds,

we find that

‖T(x)− T(y)‖C(J) ≤ sup
t∈J

ˆ t

t0

|f(s,x(s))− f(s,y(s))| ds ≤ ηmax
s∈J

Ks(x(t0))‖x− y‖C(J),

by the triangle inequality.
Now we simply require η to be small enough such that ηmaxs∈J Ks(x(t0)) < 1 also. This will

give us a contraction map, and by the previous lemma, a unique solution on C(J) to the Cauchy
problem in the theorem statement. In particular, the solution will be the limit under the C(J)
norm of the iterants in the following Picard iteration:

xn+1(t) := x(t0) +

ˆ t

t0

f(s,xn(s)) ds.

�

Remark 6.1 (Maximal time of existence and bootstrapping). When we reach t0 + η, we can choose
a new initial condition x(t0 + η) and perform the argument again. Suppose f depends so weakly on
s that Ms and Ks are bounded over R by a constant C. Then we can extend the time of existence
by another η, and then again, ad infinitum, and thus “bootstrap” our way to a globally unique
solution. This would fail if the sequence of ηs defined by

tn := sup Jn, Jn := (tn−1, tn−1 + ηn), ηn sup
s∈Jn

Ks(x(t0 +
∑
k<n

ηk)) < 1

sums to a convergent series.
There are conditions that can be put on f to guarantee the that we can bootstrap — the simplest

is global Lipschitz f = f(x) independent of time. That way, K is uniformly fixed and M is fixed
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for each iteration of the argument, so η is also constant for each iteration of the argument, and Nη
is bigger than any given constant for big enough N .

Another is a growth requirement on f in addition to (at least uniform-in-time) local Lipschitzness:

|f(x, t)| ≤ C(t)|x|+B(t),

where C and B are continuous functions in t.

�

6.1. Trapping regions. A more geometric condition is that of trapping regions:

Theorem 6.1. Let f : U → Rd be a Lipschitz function. Let E b U be a compact compact set with
outward unit normals n(y) at y ∈ ∂E. Suppose f satisfies

f(y) · n(y) ≤ 0

for y ∈ ∂E. If x0 ∈ E0 is in the interior of E, then a global solution exists to the initial value
problem

ẋ = f(x), x(0) = x0.

Moreover the orbit {x(t) : t ≥ 0} is contained in E.

Compact sets E are sets for which any collection of open sets whose union contain E has a finite
subcollection with the same property. On Rd, compact subsets are exactly the subsets that are
cloesd and bounded, by the Bolzano–Weierstrass theorem.

Proof. Since a locally Lipschitz function is uniformly Lipschitz on any compact set, as long as the
solution remains within E, we can bootstrap as indicated in Remark 6.1. Suppose x(t) leaves E.
By continuity, there is a time t1 at which x(t1) ∈ ∂E and for which ẋ(t1) · n(x(t1)) > 0. But this
contradicts the hypothesis of the theorem. �

6.2. Some words on the Peano existence theorem. It turns out that it is possible to weaken
the condition of Lipschitz continuity and establish an existence theorem with continuity only. This
is known as Peano’s existence theorem:

Theorem 6.2. Let f : R × Rd → Rd be a continuous function. Then there exists a non-empty
interval [t0, t0 + η) on which Cauchy problem

d

dt
x(t) = f(t,x(t)), x(t0) = b

has a solution in C([t0, t0 + η)).

But as we saw in Example 5.2, this solution may not be unique. Another way of looking at it
is that an initial condition is not enough information to specify a unique solution in the space of
continuous functions if f is just continuous in both of its arguments.

6.3. Gronwall’s Inequality. Also called Gronwall’s lemma, this inequality is the archetypal bound
arising from a differential inequality:

Theorem 6.3 (Gronwall’s Inequality). Let g : [0, T ]→ R be continuous and suppose that there are
is a non-negative constant C and a non-negative v : [0, T ]→ R such that

g(t) ≤ C +

ˆ t

0
v(s)g(s) ds, t ∈ [0, T ]. (16)

Then

g(t) ≤ C exp

(ˆ t

0
v(s) ds

)
.
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Remark 6.2. Note that this is slightly more general than the inequality found in Schaeffer and Cain.
One can understand the inequality (16) as a differential inequality if C = g(0), and a differential
formulation from which we can deduce the integral formulation (16) is

d

dt
g(t) ≤ v(t)g(t).

If v is bounded on [0, T ], then we also have

g(t) ≤ Ce‖v‖L∞([0,T ])t,

(
‖v‖L∞([0,T ]) := sup

t∈[0,T ]
|v(t)|

)
.

Proof. One simple way to prove the inequality is by iterating it and using the Taylor expansion for
the exponential.

We can also set

G(t) = C +

ˆ t

0
v(s)g(s) ds,

from which we obtain
g(t) ≤ G(t), G′(t) = v(t)g(t).

Leibnitz’s rule then shows that
d

dt

(
e−
´ t
0 v(s) dsG(t)

)
= e−

´ t
0 v(s) dsv(t)

(
−G(t) + g(t)) ≤ 0,

because the exponential and v are both non-negative, and g ≤ G pointwise.
Therefore we find that

e−
´ t
0 v(s) dsG(t) ≤ G(0) = C,

which can be expanded to yield the inequality in the theorem statement.
�

We shall apply Gronwall’s inequality to derive continuous dependence on initial conditions.

Corollary 6.4. Let x and y be solutions in C([0, T ]) to the differential equation

d

dt
u = f(t,u(t)),

with initial conditions u(0) = x(0) and u(0) = y(0), respectively. Suppose f is continous R×Rd →
R, and Lipschitz in its second argument:

|f(s, ξ)− f(s, ζ)| ≤ Ks|ξ − ζ|, 0 ≤ Ks ∈ C([0, T ]), ξ, ζ ∈ Rd.
For t ∈ [0, T ], it holds that

|x(t)− y(t)| ≤ |x(0)− y(0)|e
´ t
0 Ks ds.

Proof. This result follows from the previous theorem by application of the Lipschitz assumption of
f . First integrate the differential equation over [0, t], t ∈ [0, T ] with initial conditions x(0) and y(0),
then take the difference. By the triangle inequality,

|x(t)− y(t)| ≤ |x(0)− y(0)|+
ˆ t

0
|f(s,x(s))− f(s,y(s))| ds

≤ |x(0)− y(0)|+
ˆ t

0
Ks|x(s)− y(s)| ds.

Now we can apply the Gronwall inequality with g(t) = |x(t)− y(t)| and v(s) = Ks in (16). �
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7. Lecture VII: Hyperbolic Critical Points

Starting this lecture and for the subsequent few lectures, we shall be looking at what may be
known as the local theory of nonlinear systems. The word “local” here is used in a sense different
to “local” well-posedness. By “local” here we mean “local in the phase space” and not “local in
time”.

7.1. Linearization. Having deduced the existence and uniqueness of a solution to the system

d

dt
x = f̃(t,x), x(0) = b

where f̃ is Lipschitz in x and continuous in t, and explored questions of continuous dependence, we
shall now look again at asymptotic behaviour of solutions. To do so we shall have to focus on f̃
for which f̃ has a bounded Lipschitz constant over all of Rd and not just on an open set U ⊆ Rd
around the initial value. We shall also restrict our attention to autonomous systems again.

Looking at asymptotic behaviours compels us to consider again the behaviour of the set of fixed,
or equilibrium points, of the system. That is, recalling the three possible behaviour as t → ∞ —
that of escape to infinity (along, perhaps, a particular direction), limit at a point, or limit in a more
general set (such as around a periodic orbit), we shall first discuss the second case. A fixed, or
critical, or equilibrium point of the dynamics is a point x0 ∈ Rd for which

f̃(x0) = 0.

Starting from such a point, we see that dx/dt = 0, so that x(t) = x0 for all time. This point is
then a fixed point of the flow because φt(x0) = x0 for every t. At each coordinate, x0 solves

f̃ i(x) = 0. The codimension one surface f̃ i(x) = 0 is known as a nullcline, and the fixed point is
at the intersection of all the nullclines.

By Taylor’s theorem, where f is continuously differentiable around x0 up to all orders, we can
expand f about x0 as

f̃(x) = Df̃(x0)(x− x0) +
1

2
D2f̃(x0) : (x− x0)⊗ (x− x0) + . . . .

The derivative Df̃(x0) is the matrix with entries

(Df̃
∣∣
p
)ij =

∂f̃ j

∂xi

∣∣∣∣
x0

.

Therefore one can make the approximation

f̃(x) ≈ Df̃(x0)(x− x0)

in a neighbourhood of x0 the sense of the usual vector norm in Rd, the remaining terms being of
order O(|x− x0|2).

It turns out that the dynamics of the linear system

d

dt
x = A(x− x0), A = Df̃(x0)

also approximates the dynamics of the full nonlinear system in a neighbourhood of x0 in a sense to
be made precise later. We shall also see that this is not as absolute an approximation as pointwise
as vectors, because this approximation-in-dynamics can fail spectacularly when A does not generate
a hyperbolic flow. (Recall from §4.2 that a flow is hyperbolic when A does not have eigenvalues
with zero real parts.)

To this end we shall begin by restricting our attention even more narrowly and consider au-
tonomous first order systems around critical points x0 at which the eigenvalues of Df̃(x0) all have
non-zero real parts. We shall call these critical points hyperbolic critical points. Our first
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task will be to make a small linear adjustment to our problem, by shifting everything by x0 so that
the critical point of interest is the origin:

Let f(x) = f̃(x + x0), then

d

dt
x(t) = f(x(t))

will have a critical point at 0 ∈ Rd if, and only if, f̃(x0) = 0.

7.2. Examples. In the following we shall consider a few examples of hyperbolic critical points.
These examples are chosen because we shall revisit them. They are all systems with dependence on
at least one parameter other than time.

Example 7.1 (Van der Pol’s Equation). The first example we inspect is known as van der Pol’s
Equation/Oscillator, which models oscillatory currents in electrical circuits with vacuum tubes —
essentially and oscillator with non-linear damping. For β ∈ R, the Van der Pol Equation is

ẋ = y

ẏ = −β(x2 − 1)y − x.
(17)

This equation arose in is often stated in another form. We can find its fixed points relatively
easily. In fact it only has one:

0 = y, 0 = −β(x2 − 1)y − x =⇒ x = y = 0.

We can find Df :

Df =

(
∂f1/∂x ∂f1/∂y
∂f2/∂x ∂f2/∂y

)
=

(
0 1

−2βxy − 1 β

)
.

Therefore

Df

∣∣∣∣
(0,0)

=

(
0 1
−1 β

)
,

and Df |(0,0) is non-singular for β 6= 0.
Its eigenvalues are

λ± =
β ±

√
β2 − 4

2
.

This means that the system
d

dt
x(t) = Df |(0,0)x(t)

has an unstable focus when 0 < β < 2, and an unstable node when 2 < β. Either way it is a
source when β > 0.

Because of the physical system which it models one does not often consider the case β < 0. But
we are free to do so here: When −2 < β < 0, the linearized system has a stable focus and when
β < −2, the linearized system has a stable node. That is, the system is a sink when β < 0.

Therefore we should expect that the dynamics of the nonlinear system exhibit the respective
behaviours in these ranges of β in a small region around (x, y) = (0, 0).

Example 7.2 (Duffing’s Equation). The Duffing Equation/Oscillator models damped oscillators:

ẋ = y

ẏ = x− x3 − βy.
(18)

Here β > 0 is the damping parameter. This equation is usually written with an inhomogeneity that
also models a driving force. But without such a forcing term, we have an autonomous system whose
fixed points are at(

0

0

)
=

(
y

x− x3 − βy

)
=⇒ (x, y) ∈ {(0, 0), (±1, 0)}.
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The first order approximation is

Df =

(
∂f1/∂x ∂f1/∂y
∂f2/∂x ∂f2/∂y

)
=

(
0 1

1− 3x2 −β

)
At the fixed point (x, y) = (0, 0),

Df |(0,0) =

(
0 1
1 −β

)
.

and its eigenvalues are

λ± =
−β ±

√
β2 + 4

2
.

This implies that the linearized system has a saddle for all β > 0.
At the fixed points (x, y) = (±1, 0),

Df |(±1,0) =

(
0 1
−2 −β

)
.

and its eigenvalues are

λ± =
−β ±

√
β2 − 8

2
.

This is an sink for all β > 0, and so the linearized system exhibits a stable node when β >
√

8, and
a stable focus when β <

√
8.

Stability is what we expect of damping, and we expect that the dynamics of the nonlinear system
exhibit the respective behaviours in these ranges of β in a small region around each fixed point.

Example 7.3 (Lotka–Volterra model). The second example we consider the Lotka–Volterra model.
This equation models predator-prey populations dynamics:

ẋ = x− xy
ẏ = ρ(xy − y).

(19)

The prey concentration is modelled by x, and the predator concentration is modelled by y. Inter-
action/predation is modelled by xy. The parameter ρ is positive.

First we seek the critical points:(
0

0

)
=

(
x− xy
ρ(xy − y)

)
=⇒ x = y = ±1 or x = y = 0.

Again it is simple to find the linearization here:

Df =

(
1− y −x
ρy ρ(x− 1)

)
.

At the fixed points, we find:

Df |(1,1) =

(
0 −1
ρ 0

)
, Df |(0,0) =

(
1 0
0 −ρ

)
, Df |(−1,−1) =

(
2 1
−ρ 2ρ

)
.

The eigenvalues of Df at (1, 1) are λ± = ±i√ρ. Therefore (1, 1) is not a hyperbolic critical point.

At (0, 0), the eigenvalues of Df are λ1 = 1 and λ2 = −ρ. Eigenvectors (0, 1)> and (1, 0)>,
respectively, are also more readily found than in the previous two examples. Therefore the behaviour
of the linearized is that of a saddle for all ρ > 0, and we expect the behaviour of the nonlinear
system to be the same around the point (0, 0).

It makes little sense to study the equation at (x, y) = (−1,−1) if we consider the model, but we

are not thereby hindered. The eigenvalues of Df |(−1,−1) are λ± = 1 + ρ±
√
ρ2 − 3ρ+ 1. Therefore

according as ρ ∈ (3−
√

5, 3 +
√

5) or ρ ∈ R>0\[3−
√

5, 3 +
√

5], the linearized system is an unstable
focus or node. And we expect the nonlinear system to behave likewise in a small region around
(−1,−1) when ρ are in these intervals.
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Example 7.4 (Augmented Lotka–Volterra model). The augmented Lotka-Volterra model amends
some deficiencies in the Lotka–Volterra model that we can glean from our analysis in the previous
example.

Since the model is a saddle around (0, 0), (with eigenvectors (0, 1)> and (1, 0)>, respectively) we
see that no matter how small x or y gets, as long as they are positive, extinction does not happen.

Secondly, without predators (y(0) = 0), the prey population/concentration can grow indefinitely.
We introduce two parameters — a self-sustaining population parameter 0 < ε < 1 and a carrying

capacity parameter K > ε — to rectify these two problems in the modified equation:

ẋ = x

(
x− ε
x+ ε

)(
1− x

K

)
− xy

ẏ = ρ(xy − y).

(20)

Let us write φ for
x− ε
x+ ε

(
1− x

K

)
.

The critical points in R>0 × R>0 are at

xφ(x) = xy, xy = y =⇒ (x, y) ∈ {(0, 0), (ε, 0), (K, 0), (1, φ(1))}.
The gradient is

Df =

(
xφ′(x) + φ(x)− y −y

ρy ρ(x− 1)

)
.

and

φ′(x) =
−1

K

x− ε
x+ ε

+
2ε

(x+ ε)2

(
1− x

K

)
.

At (x, y) = (0, 0), both species are extinct — this is the extinction equilibrium. The eigenvalues
here are λ1 = −1 and λ2 = −ρ. This implies that the linearized dynamics has a stable node, and
the nonlinear dynamics has one in a vicinity of (x, y) = (0, 0).

At (x, y) = (ε, 0) the predators are absent and the prey are at extinction threshold. The eigen-
values here are λ1 = (1 − ε/K)/2 and λ2 = −ρ(1 − ε). This implies that the linearized dynamics
has a saddle, and the nonlinear dynamics has one in a vicinity of (x, y) = (ε, 0).

At (x, y) = (K, 0) the predators are absent and the prey are at a healthy concentration. The
eigenvalues here are λ1 = −(K − ε)/(K + ε) and λ2 = ρ(K − 1). This implies that the linearized
dynamics has a stable node or a saddle, according as K < 1 or K > 1, and the nonlinear dynamics
has one in a vicinity of (x, y) = (K, 0).

At (x, y) = (1, φ(1)) the predators are conextant — this is the coexistence equilibrium. The
eigenvalues here are

λ± =
φ′(1)±

√
(φ′(1))2 − 4ρφ2(1)

2
, φ′(1) =

2ε− (1 + 2ε− ε2)/K

(1 + ε)2
,

which can still be hyperbolic, and is a sink or source according as 2ε− (1 + 2ε− ε2)/K is negative
or positive. It is a furthermore node or focus depending on whether φ′(1))2− 4ρφ2(1) is positive or
negative. The nonlinear dynamics has corresponding behaviour in a vicinity of (x, y) = (1, φ(1)).
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Example 7.5 (Activator-Inhibitor systems). The activator-inhibitor models the concentrations of
two species of chemicals, the one modelled by x is produced more rapidly as its concentration
increases, and is thereby self-promoting, and the one modelled by y inhibits the production of x.
This model is given by the equation:

ẋ = σ
x2

1 + y
− x

ẏ = ρ(x2 − y).

(21)

The parameters σ and ρ are positive.
Again we can find the fixed points, and they are:

(x, y) ∈ {(0, 0), (r+, r
2
+), (r−, r

2
−)},

where

y = σx− 1, y = x2 =⇒ r± =
σ ±
√
σ2 − 4

2
.

Therefore the fixed points not at zero only exist in the phase space when σ > 2.
The linearized system is determined by

Df =

(
2σx/(1 + y)− 1 −σx2/(1 + y)2

2ρx −ρ

)
.

At (x, y) = (0, 0), we see that Df |(0,0) has eigenvalues λ1 = −1 and λ2 = ρ. This implies a saddle
for the linearized dynamics and a saddle for the nonlinear dynamics near (0, 0).

Suppose σ > 2. Notice that on the nullcline y = σx− 1,

Df

∣∣∣∣
y=σx−1

=

(
1 −1/σ

2ρx −ρ

)
.

That means

Df

∣∣∣∣
(r±,r2±)

=

(
1 −1/σ

2ρr± −ρ

)
.

This has eigenvalues

λ±1 =
(1− ρ) +

√
(1− ρ)2 ∓ 4ρ

√
1− 4/σ2

2
, λ±2 =

(1− ρ)−
√

(1− ρ)2 ∓ 4ρ
√

1− 4/σ2

2
.

Therefore the behaviour at (x, y) = (r−, r
2
−) is approximated by a saddle. The behaviour at (x, y) =

(r+, r
2
+) is a source or a sink according as ρ < 1 or ρ > 1.
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8. Lecture VIII: Embedded Submanifolds of Rd

We shall delve deeper into the qualitative local theory of autonomous ODEs and understand in
exactly what way the linear system

d

dt
x(t) = Df(x0)x

approximates the system
d

dt
x(t) = f(x(t))

near a hyperbolic critical point. This discussion will be quite geometrical and we shall acquire some
language before the undertaking. This lecture presents some of that language along with some facts
concerning geometric objects.

8.1. Manifolds. In this subsection we shall be discussing some tools that shall allow us to talk
about the dynamics of one system approximating the dynamics of another system, as well as allow
us to write down a structure theorem for nonlinear autonomous dynamical systems around critical
points, similar to Theorem 4.3 for linear systems.

Without digressing inordinately to define and familarize ourselves with the notion of topology
and a topological space in general, let us simply say that one can think of a “topology” as structures
on a set that characterize the notion of “nearness”, and by extension how convergence takes place.

We are generally only concerned with Rd in this module, and more generally with spaces with a
metric — a way to measure distances between two points obeying the identity rule and the triangle
inequality (such as C(J) or the space of matrices (which is essentially Rd×d)). Therefore we will
mostly restrict our discussion of a topological space to metric notions.

A continuous a map from one space X to another space Y lets us compare the way things converge
on two different spaces. Notice that if f : Rd → Rn is a continuous function, then that continuity
is connected with how sequences converge in one space as compared to how they converge in the
other space. Suppose xn → x is a converging sequence in Rd. Then the continuity of f implies the
convergence of yn = f(xn) to y = f(x). Conversely, the continuity of f is implied by the property
that it transfers convergence from one space to the other. After all, continuity means that if the
pre-image changes a little, then the image also changes just a little.

Proof. If xn → x, then for every δ > 0, there is an N such that n > N implies |xn − x| < δ.
If f is continuous, then for every ε > 0, there is a δ > 0 such that |x−y| < δ implies |f(x)−f(y)| <

ε.
Therefore, fixing ε > 0, we can find a large enoughN such that |xn−x| < δ, and |f(xn)−f(x)| < ε.

This implies that f(xn)→ f(x). �

Therefore, the structures that allow for convergence — the topology — can be characterized
thus: we say that two spaces X and Y with topological structure are topologically the same,
or homeomorphic, if there is a continuous map H : X → Y that is invertible, and its inverse
H−1 : Y → X is also continuous. Such a map is called a homeomorphism. On Rd we can put
more structures on H. A Ck-diffeomorphism is a k-times continuously differentiable map with
an inverse that is also k-times continuously differentiable. If k is unbounded, we say that the
diffeomorphism is smooth.

On Rd, xn → x if on any open ball Bδ(x), one finds that xn ∈ Bδ(x) if n > N for some N = N(δ).
Therefore, the collection of open balls on Rd is the structure that controls convergence, or nearness.
All xn with n > N are δ-near to x. An arbitrary union of open balls is an open set, and not
unreasonably an open set containing x is known as a neighbourhood of x.

Heuristically speaking, an m-dimensional manifold is a topological space M that looks locally like
Rm. That is, around each point p ∈ M , there is a neighbourhood U ⊆ M and a homeomorphism
ϕU : U → V ⊆ Rm (ϕ is continuous and invertible and its inverse is continuous), where V is
a neighbourhood in Rm. Homeomorphisms defined on overlapping neighbourhoods are related in
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ways that encode how M is patched together from little pieces of Rd, much like a globe is patched
together with flat strips and two caps.

In this module we shall not be needing an intrinsic definition of a manifold. Insofar as we
are concerned, we shall use the word “manifold” to mean a level set of a continuous function
h : Rd → Rn because all our manifolds are naturally embedded in phase space, which is Rd. That
is, by manifold, we shall mean a subset X ⊆ Rd defined by a C1 function h : Rd → Rn of constant
rank k, and a constant c ∈ Rn thus:

X = {x ∈ U ⊆ Rd : h(x) = c},

and inheriting the metric properties of Rd as a subspace. The rank of a function h : Rd → Rn at
the point p ∈ Rd is the the dimension of the column space of its gradient, Dh, which in geometry is
also variously denoted ∇h, gradh, dh, or h∗ (with slight variations in meaning).

By the zero map Z : Rd → R, given by Z(x) = 0, it is immediate that Rd itself is a manifold —
as it must be even by the more general heuristic definition of a manifold earlier given — Rd looks
(globally and) locally like Rd.

Example 8.1. For d = 3 and n = 1, the manifold described by the constant rank function h(x) =
(x1)2 +(x2)2 +(x3)2, and a constant c = r2, where r ∈ R describes a 2-sphere S2 (embedded in R3).
The function h has constant rank in any open neighbourhood excluding 0 because Dh|(y1,y2,y3)> =

2(y1, y2, y3)>.

To get a quick idea of what X must look like and why the constant rank condition is important,
we need look no further than the rank theorem:

Theorem 8.1. Let U ⊆ Rm and V ⊆ Rn be open sets and F : U → V be a smooth map with
consant rank k. For any p ∈ U , there exist smooth diffeomorphisms ϕ : U0 → Rm and ψ : V0 → Rn
such that ϕ(p) = 0, and U0 ⊆ U , F (U0) ⊆ V0 ⊆ V , and

ψ ◦ F ◦ ϕ−1(x1, . . . , xk, xk+1, . . . , xm) = (x1, . . . , xk, 0, . . . , 0).

From this theorem it is immediate that

Corollary 8.2. If h : Rd → Rn is a C1-map of constant rank k, then each level set of h is a
manifold of codimension k.

The rank theorem is a ready consequence of the the Inverse Function Theorem below. These
theorems will then also be useful for helping us understand how to associate linearized dynamics
with the full dynamics of a nonlinear system.

Theorem 8.3 (Inverse Function Theorem). Let U and V be open subsets of Rn and F : U → V be
a C1-map. If DF (p) is non-singular at some point p ∈ U then there are connected neighbourhoods
U0 ⊆ U of p and V0 ⊆ V of F (p) such that F |U0 : U0 → V0 is a smooth diffeomorphism.

Proof. Let us show at F is a homeomorphism, and leave out smoothness.
By a suitable transformation, we can assume that F (0) = 0 and DF (0) = In. (E.g., take

F1(x) = F (x+p)−F (p), and F2(x) = DF1(0)−1F1(x), sinceDF1 is non-singular at 0 by assumption,
and consider F2 instead of F .)

1. F is a one-to-one.

By construction F has a fixed point at 0. The map H(x) = x−F (x) has a root at 0. Moreover,
DH(0) = 0n. Therefore there exists a δ > 0 for which x ∈ B2δ(0) implies |DH(x)| < 1

2 , by which

we mean that for any x′ ∈ B2δ(0),

|H(x)−H(x′)| ≤ 1

2
|x− x′|.
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Using x− x′ = F (x)− F (x′) +H(x)−H(x′), we see that

|x− x′| ≤ |F (x)− F (x′)|+ |H(x)−H(x′)| ≤ |F (x)− F (x′)|+ 1

2
|x− x′|. (22)

Therefore F is one-to-one on B2δ(0).

2. F is onto.

We will look for fixed points of the map G(x) = y + x − F (x), to show that for any y ∈ Bδ(0)
and δ > 0 sufficiently small, there is a (unique) point x ∈ B2δ(0) for which F (x) = y.

Fix y ∈ Bδ(0). First G(x) maps B2δ(0) to itself because

|G(x)| ≤ |y|+ |x− F (x)| ≤ δ

2
+
|x|
2
≤ δ.

Moreover, G is a contraction:

|G(x)−G(x′)| = |H(x)−H(x′)| ≤ 1

2
|x− x′|.

By the compactness of B2δ(0) and the contraction mapping principle, G has a fixed point, and
for every y ∈ Bδ(0), there is a point x ∈ B2δ(0) for which F (x) = y.

3. F−1 is continuous
Defining U1 = B2δ(0) ∩ F−1(Bδ(0), we see that U1 is open, and F : U1 → Bδ(0) is one-to-one

and onto, so F−1 : Bδ(0)→ U1 exists as a map. Subsituting x = F−1(y) and x′ = F−1(y′) in (22)
shows that F−1 is continuous.

�

Closely related to the Inverse Function Theorem is the Implicit Function Theorem:

Theorem 8.4 (Implicit Function Theorem). Let U ⊆ Rn × Rk be an open set, let (x,y) =
(x1, . . . , xn, y1, . . . yk) be the standard coordinates on U . Suppose Φ : U → Rk is a C1-map,
(a,b) ∈ U , and Φ(a,b) = c. If the matrix DΦ(a,b) is non-singular, then there exist neighbourhoods
V0 ⊆ Rn of a and W0 ⊆ Rk of b and a smooth map F : V0 →W0 such that

Φ(x,y) = c ↔ y = F (x).

Finally we need to introduce the tangent space. Let M be a manifold of dimension n defined
by {x ∈ Rd : h(x) = c}, where h : Rd → Rd−n is a C1 map of constant rank. Let p ∈ M . The
tangent space of M at p is denoted by TpM . Naturally all the vectors that can be imagined as
having one end at p and “lying in M” would be directions along which h does not change, because
M is by definition a level set. Therefore, we can identify the tangent space TpM with

TpM = {y ∈ Rd : y − p ∈ ker Dh}.
This is reduces to the usual definition of a tangent space if we take M to be of codimension one, or
in fact, a tangent plane if d = 3, and n = 2. Since Dh is zero in the n directions of M and nonzero
in the remaining d− n dimensions, we see that TpM is in fact isomorphic to the vector space Rn.

This also makes clear why it is helpful to distinguish the target of f in the system (5) from
the phase space. When the phase space is not Rd, for example, if a nonlinear system has some
nonlinear n-dimensional invariant manifold M in Rd, and we want to consider the system only on
that invariant manifold, then f maps into Tx(t)M = Rn at each point x(t), and not into M .
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9. Lecture IX: Stable Manifold and Hartman–Grobman Theorems

9.1. Stable Manifold Theorem. Now we are ready to discuss the ideas of the stable manifold
theorem.

Recall that for a linear system, by Thm.4.3, we can decompose phase space about its critical
points to R = Es ⊕ Ec ⊕ Eu, where

Es = span
⋃

{n:Rλn<0}

Vn

Ec = span
⋃

{n:Rλn=0}

Vn

Eu = span
⋃

{n:Rλn>0}

Vn,

and Vn were the vectors spanning the general eigenspace associated with λn. Now if 0 is a hyperbolic
critical point, by definition, Df(0) does not have eigenvalues with Rλn = 0. Therefore, for the linear
system

d

dt
x(t) = Df(0)x(t),

we have a decomposition of phase space into Rd = Es ⊕ Eu.
The stable manifold theorem is as follows:

Theorem 9.1 (Stable Manifold Theorem). Let U be an open subset of Rd containing the origin.
Let f ∈ C1(U ;Rd), and let φt be the flow of the nonlinear system

d

dt
x = f(x).

Suppose that f(0) = 0 and Df(0) has k eigenvalues (counting multiplicity) with negative real parts
and d− k eigenvalues with positive real parts. Then

(i) there exists a dimension k C1-manifold Ms tangent to Es of the linearized system

d

dt
x = Df(0)x

at 0 such that for all t ≥ 0, φt(Ms) ⊆Ms and for all y ∈Ms,

lim
t→∞

φt(y) = 0;

and
(ii) there exists a dimension d− k C1-manifold Mu tangent to Eu of the linearized system at 0

such that for all t ≤ 0, φt(Mu) ⊆Mu and for all y ∈Mu,

lim
t→−∞

φt(y) = 0.

Example 9.1. We look at a nonlinear system that we can solve explicitly:

ẋ1 = −x1

ẋ2 = −x2 + x2
1

ẋ3 = x3 + x2
1.

There is one fixed point, which is the origin. The linearization is given by

Df(0) =

−1 0 0
0 −1 0
0 0 1

 ,
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and so 0 is a hyperbolic critical point. The eigenvalues and eigenvectors are readily deducible, and
we see that

Es = {x : x2 = 0} = span{(1, 0, 0)>, (0, 1, 0)>}, Eu = {x : x1 = x2 = 0} = span{(0, 0, 1)>}.

The equations can also be integrated by hand, giving

x1(t) = y1e
−t

x2(t) = y2e
−t + y2

1(e−t − e−2t)

x3(t) = y3e
t + y2

1(et − e−2t)/3,

with x(0) = y = (y1, y2, y3)>.
We see that limt→∞ φt(y) = 0 if, and only if, y2

1/3 + y3 = 0, and so

Ms = {y ∈ R3 : y2
1 + 3y3 = 0}.

Likewise, limt→−∞ φt(y) = 0 if, and only if, y1 = y2 = 0, and so

Mu = {y ∈ R3 : y1 = y2 = 0}.

It is clear that Mu is tangent to Eu at 0 because they coincide entirely. Taking the derivative of
h(y1, y2, y3) = y2

1 + 3y3, for which Ms is the level set at 0, we find

∇h
∣∣∣∣
0

= (2y1, 0, 3)>|(0,0,0) = (0, 0, 3),

which is indeed perpendicular to Es, and so S and Es are tangent at 0, as expected.

The way that the Stable Manifold Theorem is usually proven gives us insight into the structure
of nonlinear systems. And whilst we shall not be proving the Stable Manifold Theorem, it is of
benefit to discuss some elements of its proof. First notice that for a general first order, autonomous
nonlinear system, we have the following Taylor’s expansion around a hyperbolic critical point x0:

d

dt
x(t) = Df(x0)x(t) + G(x),

where G has zero first derivative at x0. This means that whilst G might not be “second-order” in
x, for every ε, there is a δ such that if |x− x0| < δ, and |y − x0| < δ,

|G(x)−G(y)| ≤ ε|x− y|.

By applying the Jordan Normal Form Theorem (Thm. 4.1), we can assume that Df(x0) is of the
form

Df(x0) =

(
P 0
0 Q

)
,

where P is a matrix in Jordan normal form with only eigenvalues of negative real parts, and Q is
a matrix in Jordan normal form with only eigenvalues of positive real parts. The linear system can
be solved by exponentiating Df(x0) so that where

W (t) =

(
ePt 0
0 0

)
, Z(t) =

(
0 0
0 eQt

)
,

the flow of the linearized system is

eDf(x0)t = W (t) + Z(t).

Using the Duhamel representation to treat the term G as an inhomogeneity, we find

x(t) = eDf(x0)tb +

ˆ t

0
eDf(x0)(t−s)G(x(s)) ds
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If we look at solutions that start on what might potentially be the stable manifold, we have
solutions of the form

x(t) = W (t)b +

ˆ t

0
W (t− s)G(x(s)) ds−

ˆ ∞
t

Z(t− s)G(x(s)) ds.

Now we can take Picard iterations and exploit the signs of the real parts of the eigenvalues to
bound W and Z to reach our conclusions via an applicaiton of the contraction mapping theorem
on a sufficiently small ball around the fixed point. With these same estimates, it can be shown that
the solution to which the Picard approximation tend also satisfies

|x(t; b)| ≤ K|b|e−αt

for initial conditions b sufficiently close to the fixed point x0 and α > 0 chosen as to be smaller
in magnitude than all negative eigenvalues of Df(x0). A similar procedure can be done for the
unstable manifold, except we then run time in the backwards direction using the reversal t 7→ −t.

We can see what form the stable manifold must take from the Duhamel representation by taking
t = 0. First, taking t = 0, we find

b = W (0)x(0; b) +

ˆ ∞
0

Z(−s)G(x(0; b)) ds.

Next, by the form of the solution, it is clear that x(t; b) is independent of the last d−k coordinates
of b. So we are led to the equations defining a manifold:

0 = (y1, y2, . . . , yd)
> −W (0)x(0; y1, . . . , yk, 0, . . . , 0)−

ˆ ∞
0

Z(−s)G(x(0; y1, . . . , yk, 0, . . . , 0)) ds.

The first k equations yield no information as they only say 0 = 0− 0. The final d− k equations are
level set (at 0 ∈ Rd−k) of the map

y ∈ Rd 7→ (0, . . . , 0, yk+1, . . . yd)
> −
ˆ ∞

0
Z(−s)G(x(0; y1, . . . , yk, 0, . . . , 0)) ds,

which is a manifold of codimension d − k, as sought. It is more effort to show that solutions not
beginning on this manifold do not tend to the fixed point x0 as t→∞.

The Stable Manifold Theorem only definesMs andMu on a small neighbourhood of the hyperbolic
critical point. To supplement their definition in the theorem we also introduce the global stable
and unstable manifolds at 0 if it is a hyperbolic fixed point:

W s(0) =
⋃
t≤0

φt(Ms)

W u(0) =
⋃
t≥0

φt(Mu).

These may not be manifolds in the sense we have defined, or in the more general sense conventionally
used, except restricted to a neighbourhod of the hyperbolic critical point, but they are flow invariant,
and satisfy the properties respectively ascribed to Ms and Mu in the Stable Manifold Theorem. This
is primarily because the function of which they are level sets can fail to be constant rank, and the
“manifold” can intersect itself, so when we say “Ck-manifold” below, we mean essentially that it is
Ck on neighbourhoods where the function defining it has the same rank.

We are also in a position to speak briefly of non-hyperbolic critical points:

Theorem 9.2 (Centre Manifold Theorem). Let f ∈ C1(U ;Rd) and f(0) = 0. Suppose Df(0) has k
eigenvalues with negative real parts, m eigenvalues with zero real parts, and (d−k−m) eigenvalues
with positive real parts. There exists

(i) an m-dimensional C1-centre manifold W c(0) tangent to the centre subspace Ec of the
linearized system at 0,
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(ii) a k-dimensional C1 stable manifold W s(0) tangent to the stable subspace Es of the linearized
system at 0, and

(iii) a (d−k−m)-dimensional C1 unstable manifold W u(0) tangent to the unstable subspace Eu

of the linearized system at 0.

These three subsets of Rd are invariant under the flow φt.

What happens on the centre manifold shall remain a mystery to us as long as we are only willing
to look at approximations to first order because of another topological fact, this time of the real
numbers. If λ = σ+ iτ , and σ 6= 0, then there is always a small enough perturbation of λ by h ∈ C
such that the sign of R(λ+h) is the same as the sign of σ. Not being zero is an open condition. But
if σ = 0, any (general) perturbation of λ will give σ a sign. Therefore, we see that what determines
the behaviour on the centre manifold is determined by how the nonlinear terms perturb the system
spectrally in a neighbourhood of a critical point. We shall find that at nonhyperbolic critical points,
completely novel behaviours can arise because of nonlinearity.
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9.2. Hartman–Grobman Theorem. First we seek to exhaust the facilities of first order approx-
imative methods as well as we can with the tools available to us.

The Hartman–Grobman Theorem is a partial generalization of the Fundamental Theorem of
Linear Systems, and gives us more precise information about trajectories near hyperbolic critical
points. Recall that having defined the exponential of a matrix, the Fundamental Theorem allowed
us to write a solution to the autonomous linear system

d

dt
x = Ax(t), x(0) = b

as
x(t) = exp(At)b.

The Hartman–Grobman theorem allows us to write the solution to the nonlinear system near a
hyperbolic critical point x0 as an approximation of

exp(Df(x0)t)b,

if the initial condition x(0) = b is sufficiently close to x0.
To understand the contents of the precise statement, we define two terms. Suppose we have two

first order autnomous systems in Rd, shifted so that one of their critical points each are at 0. Let
one system have a flow φt and the other have a flow ψt. These two autonomous first order systems
are said to be topologically equivalent in a neighbourhood of 0 if there are two open sets U
and V , both containing 0, a homeomorphism H : U → V and a monotonically increasing function
η : R≥0 → R≥0 such that

ψη(t) ◦H(x) = H ◦ φt(x).

If we can choose η (by changing H, say) so that η = IdR, then the systems are said to be
topologically conjugate in a neighbourhood of 0.

Theorem 9.3 (Hartman–Grobman Theorem). Let x0 ∈ Rd be a hyperbolic critical point of the
system

d

dt
x(t) = f(x(t)),

with flow φt. There exists neighbourhoods U and V of x0, a homeomorphism H : U → V and an
interval I ∈ R containing 0 such that for every y ∈ U and t ∈ I,

H ◦ φt(y) = exp(Df(x0)t)H(y).

Hartman also showed that if f ∈ C2, then we can find H as above which is additionally a C1-
diffeomorphism. How smooth a transformation H is depends on what is known as “resonances” in
the dynamical system — parts that are essentially nonlinear and cannot be transformed away by
a change-of-coordinates because of some spectral obstruction. We shall discuss this further in our
discussion on normal forms.

Example 9.2 (Sternberg 1957). The system

ẋ = 2x+ y2, ẏ = y

can be linearised around the hyperbolic fixed point (x, y) = (0, 0) to

ẋ = 2x, ẏ = y.

The Hartman–Grobman theorem says there is a C1-diffeomorphism under which the systems are
locally topologically conjugate. Since both systems are integrable by hand, we can see that C1 is
the best we can do.

The first system is solved by x = y2(k+ log |y|) and the second system by x = cy2. The solution
to the full system is C1 but not C2 in any neighbourhood of the origin. The second is C2. Since
the composition of C2 functions is C2, there cannot be a C2 diffeomorphism taking one flow to the
other.
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10. Lecture X: The Method of Lyapunov

10.1. Lyapunov functions. Having looked in some detail at hyperbolic critical points, and seeing
that first order methods suffice to determine a wealth of information concerning the system in a
neighbourhood of any such point, we turn now to a method that will shed some light on behviour
near nonhyperbolic critical points.

First we shall refine our notions of stability. Let us call a fixed point x0 of the flow φt of an
autonomous system stable if for every ε > 0, there exists a δ > 0 such that for every t ≥ 0,

y ∈ Bδ(x0) =⇒ φt(y) ∈ Bε(x0)
(

= Bε(φt(x0))
)
,

otherwise the fixed point is unstable. This is a notion with which we are already familiar. Let us
further say that x0 is asymptotically stable if it is stable and if there exists a δ > 0 such that
in fact as t→∞, we have

y ∈ Bδ(x0) =⇒ lim
t→∞

φt(y) = x0.

We know from any of the three preceding theorems on stable manifolds, centre manifolds, or the
theorem of Hartman–Grobman that a hyperbolic critical point is either unstable, or otherwise
asymptotically stable. However, fixed points for linear systems that exhibit centres, for example,
are stable without being asymptotically stable.

The method of Lyapunov shall be able to help us to make a distinction between stable nonhy-
perbolic critical points that are asymptotically stable, and those which are not necessarily so.

Theorem 10.1. Let U be a neighbourhood of a fixed point x0 containing only one fixed point. Let
f ∈ C1(U) determine an autonomous system

d

dt
x(t) = f(x(t)),

and suppose that a function V ∈ C1(U) exists for which V (y) > V (x0) for y ∈ U . If, furthermore,

(i) DV · f ≤ 0 on y ∈ U\{x0}, then x0 is stable;
(ii) DV · f < 0 on y ∈ U\{x0}, then x0 is asymptotically stable; and

(iii) DV · f > 0 on y ∈ U\{x0}, then x0 is unstable.

Since the system is autonomous,

dV ◦ x

dt
= DV |x

dx

dt
= DV |x · f(x), (23)

and so the conditions in the theorem statement are a condition on the increase or decreas of V ◦x(t)
along a trajectory x(t) = φt(y0). The applicability of the theorem depends on finding such a
function V and a neighbourhood U for which V and its derivatives has the requisite signs over
the entire region U . A function V satisfying (i) or (ii) is known as a Lyapunov function of the
system.

Given our discussion following the statement of the Centre Manifold Theorem (Thm.9.2) last
time, we can see that if we can find a Lyapunov function around a non-hyperbolic fixed point of a
nonlinear system, we shall be able differentiate between centres and foci.

Before we prove the theorem we require a basic result on continuous functions.

Lemma 10.2. Let V : Rd → R be a continuous function. Let E ⊆ R and S ⊆ Rd be closed sets,
furthermore let S be bounded (i.e., contained within BR(0) for a large enough finite R). Then

(i) V −1(E) is closed in Rd, and
(ii) V attains its supremum in S (i.e., ∃w ∈ S such that V (w) = supy∈S V (y)).

As in Lecture VIII, by open sets we mean sets that can be made up of an arbitrary union of
balls, and by closed sets we mean any set that can be written as a complement of an open set.
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The supremum of a function V over a set S is the least upper bound of the collection of values
{V (s) : s ∈ S}.

Proof. If {xn} is a sequence contained in E that converges to x, it hold that x ∈ E because otherwise
x is contained in some open ball Bδ outside of E, and this means |xn−x| > δ for every n, no matter
how large. This property therefore characterizes closed sets.

Let {yn} be a sequence in V −1(E) converging to y. We need to check that y ∈ V −1(E). Since
yn → y, for every δ > 0, there is an N such that n > N implies |yn−y| < δ. Since V is continuous,
for every ε > 0, there is an N such that n > N implies |V (yn) − V (y)| < ε. That implies that
V (yn)→ V (y). Since E is closed and {V (yn)} ⊆ E, it must be that V (y) ∈ E and y ∈ V −1(y).

Since S is bounded and V is continuous, V must also be bounded, so there is in fact a least upper
bound Λ. Since Λ is the least upper bound, there cannot be a Λ′ < Λ such that V (y) ≤ Λ′ for every
y ∈ S. Therefore for any n, there is a yn ∈ S such that Λ− V (yn) < 1/n. Then V (yn) converges
to Λ.

There must be a subsequence {ynk} ⊆ S that converges. Consider the full sequence {yn}. Since
S is bounded, it can be contained in a closed cube QR(x) of side length R. Now we cut the cube into
2d subcubes with overlapping faces and corners. At least one of these cubes contain infinitely many
points of {yn}. We cut this cube into a further 2d subcubes, and so on ad infinitum. Therefore there
is a convergent subseqence {ynk} ⊆ S. Since S is closed, ynk → y, and y ∈ S. (This is essentially
the Bolzano–Weierstrass Theorem.) Since ynk → y and V is continuous, V (ynk) → V (y), it must
be that V (y) = Λ, since V (yn)→ Λ. Therefore the supremum is attained. �

Remark 10.1. Between more general topological spaces X and Y , possibly without metrics, contin-
uous functions f : X → Y can be defined as functions for which f−1(E) is closed in X whenever
E is closed in Y . Since closed sets are defined as the complement of open sets, this is equivalent to
the characterisation that f−1(E) is open in X whenever E is open in Y .

Proof of Thm. 10.1. Without loss of generality, we can assume V (x0) = 0, and V (y) > 0 for y ∈ U
by adding a constant to V .

Part (i):

Since U is open, there is a sufficiently small ε such that U contains the closed ball B̄ε(x0). Since
V (y) > 0 on U\{x0}, there is a positive minimum mε > 0 to the set

{V (y) : |y − x0| = ε} ⊆ R.

Since V (x0) = 0, by the continuity of V , for a sufficiently small δ < ε, every y0 ∈ Bδ(x0) satisfies

V (y0) < mε.

By the non-increasing property of V (φt(y0)), it holds that

V (φt(y0)) ≤ V (y0) < mε.

This ensures that φt(y0) is never in the set {y : |y − x0| = ε}. From which we can conclude that
φt(y0) ∈ Bε(x0) for all time, and x0 is therefore a stable fixed point.

Part (ii):

From the above we know that if y0 ∈ Bδ(x0) for some sufficiently small δ, φt(y0) remains in
Bε(x0) ⊆ U .

If V (φt(y0)) is strictly decreasing along trajectories, and it is lower bounded by V (x0) = 0, it
holds that V (φt(y0)) must tend to a limit as t → ∞. Suppose V (φt(y0)) → m > 0. Then for any
η < 0, we can find a sufficiently large T such that if τ > T ,

0 >
d

dt

∣∣∣∣
t=τ

V (φt(y0)) > η.
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We now derive a contradiction, the idea being that, supposing V (φt(y0)) has to slow down to
zero as it nears the set {y : V (y) = m}, yet we can pick a point arbitrarily close to this set and
show that the starting speed must be some magnitude uniformly bounded away from 0.

Observe that by continuity,

A = {y : V (y) = m} ∩ B̄ε(x0)

is closed and bounded, so that on this set, the continuous function (recall that V ∈ C1)

d

dt

∣∣∣∣
t=0

V (φt(y))

attains a maximum, say ϑ. It must be that ϑ < 0 because A is disjoint from {y : V (y) = 0}, which
contains {x0}. This is the condition in (ii).

By continuity of the same derivative, we can always find a δ′ neighbourhood of this set on which

d

dt

∣∣∣∣
t=0

V ◦ φt < ϑ′,

for some ϑ < ϑ′ < 0. Now it remains to choose ϑ′ < η < 0 to derive a contradiction.

Part (iii):

Essentially reversing the signs/result of (ii).
�
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10.2. Examples. As mentioned, applying the theorem turns on finding a Lyapunov function. There
is no general way of doing so. We now look at two instructive examples.

Example 10.1. We consider the system

ẋ = −2y + yz − x3

ẏ = x− xz − y3

ż = xy − z3

.

There is a fixed point at the origin. We can find Df(0):

Df(0) =

0 −2 0
1 0 0
0 0 0


The eigenvalues are λ1 = 0 and λ± = ±2i. This is a non-hyperbolic fixed point for which the entire
space is locally part of the centre manifold.

We consider the function V (x, y, z) = x2 + 2y2 + z2. Setting (x(t), y(t), z(t)) = φt(β) for β in a
sufficiently small neighbourhood of 0, the derivative can be computed as

d

dt
V (φt(β)) = DV (x, y, z) · f(x, y, z)

= 2x(−2y + yz − x3) + 4y(x− xz − y3) + 2z(xy − z3)

= −2x4 − 4y4 − 2z4

< 0

for (x, y, z) 6= 0.
Though origin is asymptotically stable, the linearised system does not tell us that there is a sink

— this shows that the linearised system is not approximating the qualitatice dynamics of the full
system here, and nonlinear effects dominate.

Example 10.2. Consider the second order equation

ẍ+ q(x) = 0.

We can reduce it to a first-order system:

ẋ = y, ẏ = −q(x).

This is known as a conservative system — essentially Newton’s second law in which the force is a
conservative force — it can be written as a gradient of a potential, or an “energy”. For this reason
it is also known as a gradient system, more of which we shall see in the next lecture. Such systems
have Lyapunov functions that are easy to find if the energy as usually defined has a sign — the
energy itself. We require xq(x) > 0, so that the force is restorative.

Suppose q(x0) = 0, so that (x0, 0) is a fixed point. Set

V (x, y) =
1

2
y2 +

ˆ x

x0

q(r) dr.

Then V (x, y) > 0 in a neighbourhood of (x0, 0) and

d

dt
V (x(t), y(t)) = q(x)y + y(−q(x)) = 0.

Therefore the equilibrium (x0, 0) is stable.
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11. Lecture XI: Gradient and Hamiltonian Systems

11.1. Elementary Hamiltonian Dynamics. A full discussion of Hamiltonian dynamics requires
an introduction to manifolds with a symplectic structure, a sort of anti-symmetric inner product
over the tangent bundle of spaces TpM as p ranges over M . But it is nevertheless natural to give
a superficial account of Hamiltonian systems after a discussion of the method of Lyapunov. We
shall focus on select topics of the theory immediately pertainent to our ongoing discussion on fixed
points.

A Hamiltonian system is a system over R2n, for which there is a function H ∈ C1(Rd×Rd;R)
such that the system can be written as

d

dt
q =

∂H

∂p
,

d

dt
p = −∂H

∂q
,

where p and q take values in Rn. This function H is known as the Hamiltonian (function).
Writing x = (q,p)>, the first thing to notice about Hamiltonian systems is that the Hamiltonian

is a conserved quantity of the dynamics:

dH(x)

dt
=
∂H

dq

dq

dt
+
∂H

dp

dp

dt
= 0.

Therefore H is a Lyapunov function for the corresponding Hamiltonian system if H(y) > H(x0)
for every y in a neighbourhood of a fixed point x0, allowing us to conclude that that fixed point is
stable. We have not excluded the possibility that we can find a better Lyapunov function that is
strictly decreasing along trajectories. We shall be spending a little effort a little later on on telling
when it is that a critical point is stable but not asymptotically stable.

Hamiltonian systems arise naturally in modelling physical systems in which no dissipative effects
are present. The Hamiltonian of system is often interpretable as its total energy, or potential of some
sort (gravitational potential, hydrolic potential, electric potential, etc.). The “classical mechanics
way” to think about Hamiltonian systems is that p = q̇, so that where q is the position of a particle,
p is its (normalized mass) momentum. This is not always the case, of course, but where it holds
true,

q̈ = −∂H
dq

.

We call systems of the form

q̈ = −f(q), q ∈ Rn

Newton systems if f can be written as a gradient because they are Newton’s second law with
normalized mass and a conservative force given by f(q). This is a very specific type of Hamiltonian
system because if f = ∇qV , then the Hamiltonian H is given by

∂H

dq
= f(q) = ∇qV =⇒ H(q,y) = V (q) +G(p),

and depends on the momentum variables p in a special way. The part dependent on q is the
potential energy and the part dependent on p is the kinetic energy. In fact, taking

∇pG(p) = ∂H/∂p = q̇ = p,

we see that G(p) = |p|2/2, as expected. With n = 1, we know we can always write f as a
gradient/derivative, simply by integrating f , but this is not always so for higher-dimensional f
because the integral of f might not be path-independent.

11.2. Planar Hamiltonian Systems. The analysis of critical points for Hamiltonian systems for
n = 1 is simpler also. We shall refine our analysis by giving geometric descriptions/definitions four
types of behaviour around critical points in planar systems already familiar to us from the linear
theory:
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(i) A critical point x0 ∈ R2 for an autonomous system is a focus (or spiral) if there exists a
δ > 0 such that for y0 with 0 < |x0−y0| < δ, |φt(y0)−x0| → 0 and |arg(φt(y0)−x0)| → ∞
as t→∞ (stable) or as t→ −∞ (unstable).

(ii) A critical point x0 ∈ R2 for an autonomous system is a centre if there exists a δ > 0 such
that every trajectory in Bδ(x0)\{x0} is a closed curve.

(iii) A critical point x0 ∈ R2 for an autnomous system is a centre-focus if there exists an
sequence of closed curves {Γn} and a sequence of number rn → 0 such that Γn+1 is in the
open set enclosed by Γn and Γn ⊆ Brn(x0), and every trajectory between Γn and Γn+1 tends
to one closed curve or the other as t → ±∞. These closed curves Γn are known as limit
cycles.

There must needs be an infinite sequence of limit cycles for this to be a genuinely new
behaviour, because otherwise in a small enough neighbourhood of the fixed point, we see a
focus, or a centre.

(iv) A critical point x0 ∈ R2 for an autonomous system is a topological saddle if there exist
two trajectories which approach x0 as t → ∞, and two trajectories that approach x0 as
t → −∞, and if there exists a δ > 0 such that all other trajectories in Bδ(x0)\{x0} leave
Bδ(x0) as t→ ±∞. We call the four special trajectories separatrices.

We are ready to state a lemma:

Lemma 11.1. If (q0, p0) is a focus of the planar Hamiltonian system

dq

dt
=
∂H

∂p
,

dp

dt
= −∂H

∂q
,

then (q0, p0) is not a strict maximum or strict minimum of the Hamiltonian function H.

As can be deduced from this theorem statement, Hamiltonian functions do not have to be Lya-
punov functions in the strict sense we have required. However, the other case excluded by the
statement is not at all exotic. If a function V attains a maximum at a critical point x0, and
DV · f ≥ 0 in a neighbourhood of x0, then clearly x0 is stable because −V would supply us with a
suitable Lapunov function.

SinceH is conserved by the flow (invariant along trajectories), it is quite evident that ifH attained
a strict maximum or strict minimum at the critical point (q0, p0), and is C1, then a trajectory cannot
connect any points in a neighbourhood of (q0, p0) with the critical point itself, for then H would
have to increase or decrease to the value it attains at the critical point. One instance in which H
might have a focus at a critical point, then, can be that H vanishes to second order at the critical
point.

In fact, this is the crux of the argument demonstrating the statement of the Lemma: If there
is a focus, then there is a trajectory φt(u0, v0) that tends to the critical point (q0, p0) such that
H(φt(u0, v0)) is constant. This means that H cannot attain a strict maximum or minimum in any
neighbourhood of (q0, p0).

Before we state a more general theorem characterizing the behaviour of planar Hamiltonian sys-
tems around critical points, we shall impose two further requirements on the Hamiltonian functions
of planar Hamiltonian systems. The first requirement that they be real analytic — that is, at any
point, there is a neighbourhood such that H can be expressed as a convergent series of its Taylor
expansion about that point, and in particular, H is smooth. There are smooth functions that are
not real analytic — the most commonly cited example of which is

h(x) = exp(−1/x)1[0,∞),

which is smooth not expressible as the convergent sum of its Taylor series in any neighbourhood
around 0. We have seen that Lipschitz regularity gave us existence and uniqueness, and it should
be no surprise that higher regularity/smoothness requirements yield similar dividends and rule out
some behaviours that are difficult to analyse.
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The second requirement is that ∇H is of full rank around x0. We say that the critical point x0

of a system
d

dt
x = f(x),

in Rd is non-degenerate if Df(x0) is non-degenerate/non-singular/does not have 0 as an eigen-
value. In the context of planar Hamiltonian systems, we see that this means the matrix

Df =

(
∂2H/∂p∂q ∂2H/∂p2

−∂2H/∂q2 −∂2H/∂p∂q

)
is non-singular at a critical point (q0, p0). Notice that this matrix can be obtained from the Hessian
∇2H of H by left multiplication with (

0 1
−1 0

)
which implies that det(Df) = det(∇2H). That is, we require that H does not vanish to second
order.

From elementary calculus, if H ∈ C2(R2), then at a point (q0, p0) for which ∇H = (0, 0)>,
one can deduce if (q0, p0) is a maximum, a minimum, or a saddle point according as Df(q0, p0) is
negative definite, positive definite, or has both positive and negative eigenvalues. In particular, if
H has a saddle point at (q0, p0), then det(∇2H)(q0, p0) < 0.
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We state now our first result on concrete behaviour of trajectories near nonhyperbolic critical
points for general planar autonomous systems:

Theorem 11.2. Let U ⊆ R2 be a neighbourhood of a critical point x0 of an autonomous system
ẋ = f(x), f ∈ C1(U). Suppose x0 is a centre for the linearized dynamics. Then x0 is either a
centre, a centre-focus, or a focus for the original autonomous system.

We shall defer this proof to the next lecture. Meanwhile we state another result due in part to
Dulac which we shall discuss a few more lectures thence:

Theorem 11.3 (Dulac). In any bounded region of the plane, an analytic planar system has at most
a finite number of limit cycles.

This readily implies that for analytic f , the autonomous system ẋ = f(x) cannot have centre-foci.
Lemma 11.1 also rules out foci under certain situations. This brings us to the main theorem of this
lecture:

Theorem 11.4. Let x0 be a nondegenerate critical point of a planar analytic Hamiltonian system.
Then x0 is a topological saddle of the system if it is a saddle for the Hamiltonian function, and x0

is a centre if it is a strict local maximum or minimum for the Hamiltonian function.

The non-degeneracy and strict optimum conditions rule out focus behaviour by Lemma 11.1, and
the analyticity assumption implies that a centre for the linearized system is a centre for the full
system via Thm. 11.2 and Dulac’s Theorem. Saddles are hyperbolic, and the the statement in the
theorem pertaining to them follows from the Hartman–Grobman Theorem.

11.3. Gradient Systems. Since Hamiltonian systems arise naturally in modelling potentials, it is
of interest also to consider the orthogonal system. Given the Hamiltonian system

d

dt
q =

∂H

∂p
,

d

dt
p = −∂H

∂q
,

the orthogonal system is
d

dt
q =

∂H

∂q
,

d

dt
p =

∂H

∂p
,

which we can also write as

d

dt

(
q

p

)
= ∇H. (24)

Since

∇H ·
(∂H
∂p

,−∂H
∂q

)>
= 0,

the trajectories of the orthogonal system are orthogonal to the trajectories of the Hamiltonian
system. Where the trajectories of the Hamiltonian system are iso-energetic lines, the orthogonal
trajectories run along the direction of the steepest change of H, that is, along ∇H. If H were of a
form giving a Newton system, the q trajectories would be the field lines of the “force” under the
energy potential given by H. Systems of the form (24) are known as gradient systems.

Since trajectories of the gradient system are always orthogonal to the level sets of H, we can use
H (or −H) as a Lyapunov function and formulate and show the “dual” theorem to Thm.11.4:

Theorem 11.5. Let x0 be a nondegenerate critical point of a planar analytic gradient system with
potential H. Then x0 is a topolgocial saddle for the gradient system if it is a saddle for H and it
is a stable or unstable node of the system according as it is a strict local maximum or strict local
minimum for H.
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Example 11.1 (Simple pendulum). The simple one-dimensional (i.e., one degree of freedom) pen-
dulum with a massless string under the effect of gravity only can be modelled as

ϑ̈+ sin(ϑ) = 0.

This system is usually linearized by considering the small angle approximation sin(ϑ) ≈ ϑ when
ϑ is small.

The full system can be readily analysed however, as it is a Newton system:

ϑ̇ = ψ, ψ̇ = sin(ϑ).

There are fixed points at ψ = 0 and ϑ ∈ πZ.
The potential energy in this case is

e(ϑ) = −
ˆ ϑ

0
sin(η) dη = cos(ϑ)− 1.

As can be computed with the Hessian of H, via Thm. 11.4, the fixed points at 2πZ are centres
and the fixed points at 2πZ + π are saddles.
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12. Lecture XII: Critical Points of Planar Systems I

Let us continue our discussion on critical points of planar systems in greater generality than
we have done in the previous lecture. In this lecture we are still interested in the four types of
nondegenerate behaviours that are manifested in planar linear systems — namely, centres, foci,
nodes, and saddles, and perturbations of them by nonlinearities. Recall that we have also defined
the centre-focus which does not occur in linear or even analytic systems. We shall see in the next
lecture that nonlinear systems can manifest behaviours vastly different from these five.

With reference to the theorems that shall follow, by an isolated critical point, we mean a
critical point x0 for which there exists a δ > 0 such that Bδ(x0) does not contain any other critical
points. Before we begin let us also review and expand the list of fixed points of nonlinear systems
we considered last time:

(i) A critical point x0 ∈ R2 for an autonomous system is a node if there exists a δ > 0 such
that for y0 with 0 < |x0 − y0| < δ, |φt(y0)− x0| → 0 and arg(φt(y0)− x0) tends to a finite
limit as t→∞ (stable) or as t→ −∞ (unstable). It is a proper node if each ray from
x0 is tangent to some trajectory.

(ii) A critical point x0 ∈ R2 for an autonomous system is a focus (or spiral) if there exists a
δ > 0 such that for y0 with 0 < |x0−y0| < δ, |φt(y0)−x0| → 0 and |arg(φt(y0)−x0)| → ∞
as t→∞ (stable) or as t→ −∞ (unstable).

(iii) A critical point x0 ∈ R2 for an autonomous system is a centre if there exists a δ > 0 such
that every trajectory in Bδ(x0)\{x0} is a closed curve.

(iv) A critical point x0 ∈ R2 for an autnomous system is a centre-focus if there exists an
sequence of closed curves {Γn} and a sequence of number δn → 0 such that Γn+1 is in the
open set enclosed by Γn and Γn ⊆ Bδn(x0), and every trajectory between Γn and Γn+1 tends
to one closed curve or the other as t → ±∞. These closed curves Γn are known as limit
cycles.

(v) A critical point x0 ∈ R2 for an autonomous system is a topological saddle if there exist
two trajectories which approach x0 as t → ∞, and two trajectories that approach x0 as
t → −∞, and if there exists a δ > 0 such that all other trajectories in Bδ(x0)\{x0} leave
Bδ(x0) as t→ ±∞. We call the four special trajectories separatrices.

First, we present a general theorem due to Bendixon, whose work shall be the topic of further
lectures in this module:

Theorem 12.1 (Bendixson). Let (x0, y0) ∈ R2 be an isolated critical point of a C1-first order
autonomous system, then either (i) every neighbourhood of the critical point contains a closed tra-
jectory, or (ii) there exists a trajectory that tends to (x0, y0) as t→ ±∞.

This may seem a rather vacuous theorem, and indeed it can be verified quite readily if one
attempts to draw trajectories near an isolated fixed point. We shall not spend time proving it.

Recall that from the Hartman–Grobman theorem, around a hyperbolic critical point x0 ∈ Rd
of a C1-autonomous system, we can always find neighbourhoods U and V and a homeomorphism
ψ : U → V such that the flow was homeomorphic to the linear flow:

ψ ◦ φt = exp(Df(x0))ψ.

It turns out that this simply continuous homeomorphism is capable of turning a node into a focus.
But if ψ is a C1-diffeomorphism, this is not possible. Happily, as we also mentioned in remarks
following the Hartman–Grobman Theorem, Hartman also showed that if the system is a C2-first
order autonomous system, a homeomorphism that is additionally a C1-diffeomorphism exists. To
see what is happening, consider the topologist’s sine curve, y = sin(1/x), which is continuous but
has unbounded derivative closer and closer to the origin.

From this we can conclude that
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Theorem 12.2. Let (x0, y0) ∈ R2 be a hyperbolic fixed point of a C2-first order autonomous system.
Then (x0, y0) is a (topological) saddle, a stable or unstable focus, or a stable or unstable node,
according as (x0, y0) is a saddle, a stable or unstable focus, or a stable or unstable node of the
linearized system, and conversely.

The Hartman–Grobman theorem tells us that there is topological conjugacy between a system
and its linearization around a hyperbolic fixed point, this theorem tells us that for C2 systems there
is more — exact dynamical correspondence.

The correspondence between the full system and the linearized system in the saddle case can be
had for C1-first order autonomous systems as well. Let us look at one example where the system is
only C1 and the conclusion of the theorem above does not hold.

Example 12.1. Consider the system with f defined by the following for (x, y) 6= (0, 0):

ẋ = −x− y

log(
√
x2 + y2)

,

ẏ = −y +
x

log(
√
x2 + y2)

.

We complete this definition by setting f((0, 0)) = (0, 0), so that the origin is a fixed point by fiat.
In polar coordinates, the system becomes

ṙ = −r, ϑ̇ = 1/ log(r).

Recall that a change of coordinates is really a local homeomorphism.
This nonlinear system can be readily integrated:

r(t) = r0e
−t, ϑ(t) = − log

(
1− t/ log(r0)

)
+ ϑ0.

This shows that starting in a small enough neighbourhood of the origin, i.e., r0 < 1 we have
|r| → 0 and |ϑ| → ∞ as t→∞, and the origin is a stable node.

The linearized system is determined by

Df =

(
−1 −(log(

√
x2 + y2))−1

(log(
√
x2 + y2))−1 −1

)
+ (log(

√
x2 + y2))−2(x2 + y2)−1

(
xy y2

−x2 −xy

)
,

and

Df((0, 0)) =

(
−1 0
0 −1

)
,

which yields a stable node.
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The aim of this lecture is to show the following theorem which underpinned our deductions last
time:

Theorem 12.3. Let U ⊆ R2 be a neighbourhood of a critical point x0 of an autonomous system
ẋ = f(x), f ∈ C1(U). Suppose x0 is a centre for the linearized dynamics. The critical point x0 is
either a centre, a centre-focus, or a focus for the original autonomous system.

Proof. By a translation if necessary, let the critical point x0 be the origin. If the origin is a centre,
we know that by a change of variables, we can write Df as

Df =

(
0 −b
b 0

)
,

which has eigenvalues λ± = ±ıb.
The full planar system is then

ẋ = −by + p(x, y)

ẏ = bx+ q(x, y).

Since (0, 0) is a fixed point, p(0, 0) = q(0, 0) = 0.
Recall our decomposition of a general C1 system in our discussion of the Stable Manifold Theorem.

For every δ > 0, there is an ε > 0 such that if |(x, y)>| < δ,

|(p(x, y), q(x, y))>| < ε|(x, y)>|.
This means that p = o(r) and q = o(r).

Now

2rṙ =
d

dt
r2 = 2xẋ+ 2yẏ = −2xyb+ 2xyb+ 2xp+ 2yq = o(r2),

ϑ̇ =
d

dt
arctan(y/x) =

1

1 + (y/x)2

(
1

x
ẏ − y

x2
ẋ

)
= b+ o(1),

as r → 0, and we have
ṙ = o(r), ϑ̇ = b+ o(1).

This means that for sufficiently small r0, say r0 < δ, we find

ϑ̇ ≥ b/2, ϑ ≥ bt/2 + θ0,

as t → ∞, and ϑ is a monotonically increasing function of t. This means ϑ is invertible for small
enough r, and so it makes sense to write the radius r̃ = r ◦ϑ−1 as a function of the angle/argument.

Suppose the origin is neither a centre nor a centre focus. Then for δ > 0 small enough, there are
no closed trajectories in Bδ(0)\{0}. Without loss of generality (otherwise use time reversal t 7→ −t)
we can take

r̃(ϑ0 + 2π) < r̃(ϑ0).

This argument can be iterated and in order to avoid trajectories that cross (which cannot happen
in autonomous systems), we have

r̃(ϑ0 + 2kπ) < r̃(ϑ0 + 2(k − 1)π)

for every k ∈ N.
Therefore the sequence of numbers in k is monotonically decreasing and lower bounded by 0,

which means there is a number % such that

% = lim
k→∞

r̃(ϑ0 + 2kπ).

Now we are going to consider the convergence of the functions rk(ϑ) = r̃(ϑ0 + 2kπ + ϑ) on
[0, 2π]. We shall show that it is uniformly bounded and equicontinuous, whereby the Arzela-Ascoli
Theorem will allow us to conclude that rk(ϑ) converges to a continuous function R(ϑ) on [0, 2π] in
the continuous/uniform norm that we have seen before. Since R(ϑ) will then be arbitrarily cloes
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to R(ϑ + 2π) for any ϑ ∈ [0, 2π], R will be non-zero periodic function, and a closed trajectory, a
contradiction.

We already know that the functions rk are uniformly bounded :

% ≤ rk(ϑ) ≤ sup
θ∈[0,2π]

r̃(ϑ0 + θ).

We also know that

dr̃

dϑ
=

˙̃r

ϑ̇
=

(xẋ+ yẏ)/r̃

(xẏ − yẋ)/r̃2

=
p(x, y) cos(ϑ) + q(x, y) sin(ϑ)

(cos(ϑ)q(x, y)− sin(ϑ)p(x, y))/r̃

≤ M

b/2
.

This shows that rk are equicontinuous. And thus is our theorem proven.
�
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13. Lecture XIII: Critical Points of Planar Systems II

We shall now be looking into some dynamics around critical points that are not even qualitatively
similar to any dynamics that can be observed around critical points of linear systems. From the
Hartman–Grobman theorem, we know that this means we cannot be working at hyperbolic critical
points. We shall be looking at some further dynamics on the centre manifold that are neither centres
nor foci.

To circumscribe our discussion, we shall consider only autonomous analytic systems around iso-
lated critical points. From Thm. 12.3 and Dulac’s Theorem (Thm. 11.3), we know that we are
not considering critical points for which the linearized system exhibits a centre. We are also not
interested in critical points of systems for which the linearization exhibits nodes, foci, or saddles,
as analytic systems are immediately C2. Since we are working on real planar systems, this leaves
us with critical points with zero eigenvalues in the linearization.

13.1. Degenerate linear planar systems. We know that critical points of degenerate linear
systems are never isolated. Herein is the crux of the matter. In considering higher powers beyond
the first order approximation, we can “unfold” a degenerate linearized system into exhibiting a wide
variety of different behaviours.

First we take another look at degenerate linear planar systems, which we have only done in obiter.
There are three ways that a linear planar system can be degenerate. By the Jordan Normal

Form Theorem (Thm. 4.1), we can assume that the linear system has been put into Jordan normal
form. We can have systems governed by matrices with one zero eigenvalue, two zero eigenvalues
but with geometric multiplicity one, or two zero eigenvalues with a geometric multiplicity of two,
respectively: (

0 0
0 λ

)
,

(
0 1
0 0

)
,

(
0 0
0 0

)
,

for λ ∈ R\{0}.
As we have mentioned, the final case is immediate — the entire R2 are fixed points. The general

solution to systems governed by the first matrix is(
x

y

)
(t) = C1

(
1

0

)
+ C2e

λt

(
0

1

)
.

The general solution to systems governed by the second matrix is not too much more difficult to
write down, recallling the Jordan chain procedure:(

x

y

)
(t) = (C1 + C2t)

(
1

0

)
+ C2

(
0

1

)
.

As we have already mentioned in Lecture IX, these rather tame behaviours are much more readily
perturbed by higher order terms than when the governing matrix is not degenerate.

13.2. Nonhyperbolic critical points of planar systems. Next we are obliged to first consider
a theorem about analytic first order systems:

Theorem 13.1. Consider the autonomous analytic planar system given by

ẋ = P (x, y), ẏ = Q(x, y).

Let Pm(x, y) and Qm(x, y) be the m-th degree polynomials in the Taylor expansions of P and Q
about an isolated fixed point at the origin. Any trajectory that approaches the origin as t → ∞
either spirals towards 0 (i.e., argument tends to infinity) or approaches it along a definite direction
θ0 as t→∞.

If one trajectory spirals towards 0, then in a deleted neighbourhood Bδ(0)\{0}, all trajectories
spiral towards 0.
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If there is a definite direction of approach, then either

∀m ≥ 1, xQm(x, y)− yPm(x, y) ≡ 0,

or along any direction θ0 of approach,

∀m ≥ 1, cos(θ0)Qm(cos(θ0), sin(θ0))− sin(θ0)Pm(cos(θ0), sin(θ0)) = 0.

We have already looked at centres and foci, and mentioned that centre-foci cannot appear for
analytic planar systems.

The expressions in the theorem statements come from the angular velocity in polar coordinates:

ϑ̇ =
xẏ − yẋ
x2 + y2

=
xP − yQ

r2
;

they are also two-dimensional versions of the cross product,

(x, y)> ∧ (Pm(x, y), Qm(x, y))>.

It is a result of calculus that vector fields can be decomposed into divergence-free and curl-free parts.
Another way of saying this is that for any fixed vector in Rd, the subspace of vectors orthogonal
to it and the subspace of vectors that has zero wedge/cross product with it are othodgonal and
decompose Rd. The result above says that unless there is a spiral, any vector field along which an
approaching trajectoy approaches must be radial to arbitrary degree — that is, purely “divergence”,
and and any non-radial component of the approach come from the constant terms of the Taylor
expansion.

It is then clear that the first non-spiral approaching possibility allowed by the theorem statement
are nodes, whilst two of the the separatrices of a saddle fall under the second non-spiral approaching
possibility allowed by the theorem statement as t→∞, and the remaining two are included in the
same provision as t→ −∞.
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But the Thm. 13.1 also allows for more diverse behaviours under its second non-spiralling provi-
sion. It is in fact possible, as shall be demonstrated in computable examples later, that the plane
gets divided into sectors separated much like saddles by separatrices that approach the critical point
along definite directions as t → ∞ or as t → −∞. We denominate three possible types of sectors
as being hyperbolic, parabolic, elliptic according as there is a small enough neighbourhood
about the critical point such that each trajectory in the sector not including the separatrices

(i) leaves the neighbourhood as t→ ±∞, or
(ii) leaves the neighbourhood as t → ∞ and approaches the critical point as t → −∞, or vice

versa, or
(iii) approaches the critical point as t→ ±∞.

The saddle is then seen to be a critical point with four separatrices and four hyperbolic sectors,
and a node is a critical point with one single parabolic sector.

As mentioned at the beginning of this lecture, from the Hartman–Grobman Theorem, or more
directly, from Thm.12.2, we know that other sectoring behaviours are not exhibited at hyperbolic
fixed points. We also have considered behaviours around critical points for which the linearized
system exhibits centres, and Thm. 12.3 ensures that in the analytic case, the full dynamics about
these critical points are centres or foci. This leaves critical points with one or two eigenvalues that
are zero.

13.2.1. One zero eigenvalue.

We first consider systems with one eigenvalue set to nought. Again, from the theorem on Jordan
normal forms (Thm. 4.1), we know that the linearized system is governed by

Df =

(
0 0
λ 0

)
.

By scaling, we may take λ = 1, without loss of generality. If we desire that λ correspond to a stable
subspace, we simply consider the system backwards in time. This compels us to consider systems
of the type:

ẋ = P (x, y)

ẏ = y +Q(x, y),

where P and Q vanish to second order around the isolated fixed point (x0, y0)> = 0.
From the implicit function theorem (Thm.8.4), there is a function φ such that y = φ(x) solves

y +Q(x, y) = 0 in a neighbourhood of 0. This is, locally, graph of the nullcline. We can write φ(x)
as

φ(x) = φ(0) + φ′(0)x+ · · · ,
as we are in an analytic setting. Furthermore, since P is analytic and vanishes to second order in
a neighbourhood of 0, we can write

ψ(x) = P (x, φ(x)) =
∑
m≥2

amx
m.

It turns out that the lowest order term of ψ — P evaluated on the other nullcline — gives us
further information beyond the linearization that can already classify the behaviour of the system
in a neighbourhood of the critical point.

First we need to look at some classes of behaviours:

(i) a critical point is a critical point with an elliptic domain if it has four separatrices,
one elliptic sector, one hyperbolic sector, and two parabolic sectors;

(ii) a critical point is a saddle-node if it has three separatrices, two hyperbolic sectors, and
one parabolic sector; and

(iii) a critical point is a cusp if it has two separatrices and two hyperbolic sectors.



57

And we have the following theorem:

Theorem 13.2. Let ψ(x) = P (x, φ(x)) =
∑

m≥2 amx
m be defined as before in a neighbourhood of

the origin for the planar system governed by P (x, y) and Q(x, y), also previously defined. Let ` be
the smallest integer for which a` 6= 0.

(i) If ` ≡ 1 (mod.2) and a` > 0, then 0 is an unstable node,
(ii) if ` ≡ 1 (mod.2) and a` < 0, then 0 is a (topological) saddle, and
(iii) if ` ≡ 0 (mod.2), then 0 is an saddle-node.

13.2.2. Two zero eigenvalues with unit geometric multiplicity.

The corresponding theorem becomes considerably more complicated when both eigenvalues are
zero, but the dimension of ker(Df) is only one. We mention this for completeness.

In this case, it turns out that there is always a change-of co-ordinates that leaves the system in
the following normal form:

ẋ = y

ẏ = akx
k + bnx

ny +O(xk+1 + xn+1y + y2)

where the higher order terms are dominated by the first two terms in a neighbourhood of the fixed
point 0.

We define two further parameters:

m := [k/2], λ := b2n + (2k + 2)ak.

The behaviours exhibited at the fixed point obey the following schematic:

Figure 2. behaviours at critical points
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The schematic above must also be supplemented by the following tables:
For λ < 0,

bn 6= 0, λ < 0 n < m n = m n > m
n even node focus/centre focus/centre
n odd elliptic domain focus/centre focus/centre

and for λ ≥ 0,

bn 6= 0, λ ≥ 0 n < m n = m n > m
n even node node focus/centre
n odd elliptic domain elliptic domain focus/centre

.

[There is no expectation that this schematic and its associated tables be committed to memory.]

13.2.3. Two zero eigenvalues with geometric multiplicity of two.

In this case, there are very few general theorems, and the behaviour on the centre manifold can
be very complicated. In particular, if P and Q both vanish to order m around 0, then the plane is
locally split into (2m+ 1) sectors. We shall look at this case in greater detail in our discussion on
index theory.

13.3. Examples.

Example 13.1. The system
ẋ = x2, ẏ = y,

has a linearization governed by

Df(0, 0) =

(
0 0
0 1

)
,

and so has only one zero eigenvalue. It falls into case (iii) of Thm. 13.2. Therefore we expect a
saddle-node.

Example 13.2. The system
ẋ = y, ẏ = −x3 + 4xy,

has a linearization governed by

Df(0, 0) =

(
0 1
0 0

)
,

and so has two zero eigenvalue, and dim ker(Df) = 1. We find that k = 3, m = 1, n = 1, a3 = −1,
b1 = 4 6= 0, and λ = b21 − (2k + 2)ak = 24 > 0. Consulting the schematic, we expect a critical point
with an elliptic domain.



59

14. Lecture XIV: Centre Manifold Theory

14.1. The Local Centre Manifold Theorem. In this halfway lecture, we shall discuss a land-
mark structure theorem in our understanding of the local theory of first order autonomous systems,
a culmination of our work so far. We shall turn our attention back to the problem in Rd. We
begin as before by noting that our first-order approach was based on the observation that around
an isolated fixed point at the origin, we can decompose a general C1-first-order autonomous system
into

ẋ = Cx + F (x,y, z)

ẏ = Py +G(x,y, z)

ż = Qz +H(x,y, z)

, (25)

with x, y, and z taking values in Rc, Rs, and Ru, respectively, where c+ s+ u = d, and C ∈ Cc×c
has c eigenvalues with zero real parts, P ∈ Cs×s has s eigenvalues with negative real parts, and
Q ∈ Cu×u has u eigenvalues with positive real parts. All eigenvalues are counted with multiplicities,
and complex eigenvalues come in conjugate pairs. Finally, F (0) = G(0) = H(0) = 0.

Recall (Lecture IX) that two systems in Rd with flows φt and ψt and fixed points x0 and y0 are
topologically conjugate if there exist neighbourhoods U of 0 and V of 0, and a homeomor-
phism h : U → V for which h(0) = 0 and

ψt ◦ h = h ◦ φt.

The stable manifold theorem (Thm.9.1) and the Hartman–Grobman theorem (Thm.9.3) ensure
us that in a neighbourhood of a hyperbolic fixed point, a C1-first order autonomous system is
topologically conjugate to its linearization. The centre manifold theorem (Thm.9.2) established the
existence of a local centre manifold in addition to the stable and unstable manifolds described by
the stable manifold theorem. All three local manifolds are invariant manifolds under the flow of the
dynamical system. For planar systems, we have also established some very specific results regarding
nonhyperbolic fixed points. We shall now put these together in the the following:

Theorem 14.1 (Local Centre Manifold Theorem). On a neighbourhood U ⊆ Rd about the origin,
there exist δ, δ′ > 0, and C1 functions h1 : Bδ(0) ⊆ Rc → Bδ′(0) ⊆ Rs and h2 : Bδ(0) ⊆ Rc →
Bδ′(0) ⊆ Ru, such that the system (25) is topologically conjugate to

ẋ = Cx + F (x, h1(x), h2(x))

ẏ = Py

ż = Qz

,

in a neighbourhood of 0. Moreover h1 and h2 satisfy:

Dh1(w)(Cw + F (w, h1(w), h2(w))) = Ph1(w) +G(w, h1(w), h2(w)),

Dh2(w)(Cw + F (w, h1(w), h2(w))) = Qh2(w) +H(w, h1(w), h2(w)),
(26)

for all w ∈ Bδ(0) ⊆ Rc. If F,G,H ∈ Cr(U), then h1 and h2 can be chosen to be r-times continuously
differentiable.

This result, sometimes instead of Thm.9.2, and sometimes in conjunction with it, is often known
simply as the “Centre Manifold Theorem”.

The functions h1 and h2 are locally the equations that determine the centre manifold via:

W c(0) = {(x,y, z) ∈ Rd : y = h1(x), z = h2(x)}.

The equations (26) then come from the dynamics on the centre manifold given by

Py +G(x, h1(x), h2(x)) = ẏ = Dh1(x)ẋ

Qy +H(x, h1(x), h2(x)) = ż = Dh2(x)ẋ,
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which gives us the evolution of y and z restricted to the centre manifold, and possibly reminescent
of (23). The theorem above says that on the hyperbolic “parts” of the system, we can approximate
the full dynamics relatively well by their linearization, but on the centre “part” we cannot simply
consider the subspace/first-order approximation. It neverthelss allows us to describe dynamics in
Rd very precisely, given what we already know about planar dynamics, if the centre manifold is of
dimension two.

The equations (26) can be impossible to solve exactly for h1 and h2, being a nonlinear, coupled
system of partial differential equations. Nevertheless if r is sufficiently large, we can approximate h1

and h2 by power series to a high degree of accuracy, allowing us to make higher-order approximations
to the dynamical system.

14.2. Examples. Let us consider two examples with centre dimensions one and two. These will
perhaps be reminescent of our calculations of stable manifolds.

Example 14.1. Let us first consider the following simple example:

ẋ = x2y − x5 = F (x, y), ẏ = −y + x2 = −y +G(x, y).

Moreoever, we have C = [0] and P = [−1]. There is no unstable manifold. Using first order analysis,
the stable subspace (tangent to the stable manifold at the critical point) is the span of (0, 1); the
centre subspace (tangent to the centre manifold at the critical point) is the span of (1, 0).

From last lecture, we can characterise this system. Reversing the direction of time, we have the
time-reversed system:

ẇ = −w2z + w5 = P (w, z), ż = z − w2 = z +Q(w, z).

On the z-nullcline, z = w2. Inserting this into the w-nullcline, we have the analytic function
P (w,w2) = −w4 + w4. From Thm.13.2, the lowest non-zero coefficient power of P (w,w2) is 4,
which is even, giving us a saddle node at the critical point. We can now shed some light as to how
Thm.13.2 arises, using (26).

Since there is no unstable manifold, the second equation of (26) is irrelevant. We substitute the
ansatz

y = h(x) = ax2 + bx3 + cx4 +O(x5)

into the first equation of (26) (with C = [0] and P = [−1]). This ansatz is appropriate as it vanishes
to second order but assumes nothing further.

This gives us

(2ax+ 3bx2 + 4cx3 +O(x4))(x2(ax2 + bx3 + cx4 +O(x5))− x5) = −(ax2 + bx3 + cx4 +O(x5)) + x2.

Matching the coefficients of like powers, we arrive at a− 1 = 0, b = 0, and c = 0. Therefore

h(x) = x2 +O(x5),

and on the centre manifold,

ẋ = x4 +O(x5).

Quite trivially, near the neighbourhood, also, the stable manifold is simply the span of (0, 1).
[Draw a picture.]
Just using the linear approximation, we find that on the centre subspace, the dynamics is

ẋ = −x5,

which gives us a rather different picture than the actual one.
[Draw a picture.]
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Example 14.2. Let us consider another dynamical system in a neighbourhood of an isolated fixed
point for which the centre manifold is locally planar:

ẋ1 = x1y − x1x
2
2 = F1(x1, x2, y)

ẋ2 = x2y − x2
1x2 = F2(x1, x2, y)

ẏ = −y + x2
1 + x2

2 = −y +G(x1, x2, y).

Here, c = 2 and s = 1, C is the 2 × 2 zero matrix, and P is the 1 × 1 matrix −1. The
centre subspace at the fixed point 0 is Ec = {(x1, x2, y) : y = 0}, and the stable subspace at 0 is
Es = {(x1, x2, y) : x1 = x2 = 0}.

Since u = 0, there is no h2 to compute. Since the first order approximation is the zero matrix,
h1 vanishes to second order, and considering the highest powers in the nonlinear terms, we see that
we shall not be needing terms higher than second order, either, so we have an ansatz of the form

h1(x1, x2) = ax2
1 + bx1x2 + cx2

2 +O(|x|3).

From this we have

Dh1(x1, x2) =

(
2ax1 + bx2

bx1 + 2cx2

)
+O(|x|2).

Putting this into the first equation of (26), we have that

0 = Dh1(x1, x2) · F (x1, x2, h1(x2, x2))− (−1)h1(x1, x2)−G(x1, x2)

=

(
2ax1 + bx2

bx1 + 2cx2

)
·
(
x1y − x1x

2
2

x2y − x2
1x2

)∣∣∣∣
y=h1(x1,x2)

+ ax2
1 + bx1x2 + cx2

2 − (x2
1 + x2

2) +O(|x|3).

For x sufficiently small, collecting like terms, we find

a = 1, b = 0, c = 1.

This means
h1(x1, x2) = x2

1 + x2
2 +O(|x|3),

and by the local centre manifold theorem, the flow on the centre manifold is determined by

ẋ1 = F1(x1, x2, h1(x1, x2)) = x1(x2
1 + x2

2)− x1x
2
2 +O(|x|4) = x3

1 +O(|x|4)

ẋ2 = F2(x1, x2, h1(x1, x2)) = x2(x2
1 + x2

2)− x2
1x2 +O(|x|4) = x3

2 +O(|x|4).

This is a planar system with two zero eigenvalues and geometric multiplicity of two. Turning to
polar coordinates,

rṙ = x4
1 + x4

2 +O(r5) > 0

for sufficiently small r. Therefore the origin is unstable.
This contrasts with an analysis we would have done if we only took the stable subspace approx-

imation and set y = 0, resulting in

ẋ1 = −x1x
2
2ẋ2 = −x2

1x2,

from which we would have incorrectly concluded that the origin is stable, again by considering polar
coordinates.
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16. Lecture XVI: Limit Sets

16.1. α and ω-limit sets. In departing from discussion restricted to limit points, or fixed points,
of a dynamical system, and dynamics in a neighbourhood of one such, we are taking a step away
from the local theory to consider more global structures of systems. To this end, we shall need to
begin with some language.

First, we should like to take a more abstract view of “trajectories”. So far we have been using
this term loosely to refer both, to a particular solution curve x : t 7→ φt(x0) of a system with flow
φ, starting at an initial point x0, i.e., as a function of t, as well as to the set of points

Γx0 = {y ∈ Rd : ∃t ∈ R (φt(x0) = y)}.
We shall maintain this dual usage of the word “trajectory”, and point out that for autonomous
systems, the latter notion can be thought of as an equivalence class of solution curves modulo a
time shift, as autonomous systems have trajectories that are either disjoint or coincident.

Recall that we have defined also the forward and backward orbit of a point x0, which we denote
a little differently here:

Γ+
x0

= {y ∈ Rd : y = φt(x0), t ≥ 0}

Γ−x0
= {y ∈ Rd : y = φt(x0), t ≤ 0)}.

Clearly we have

Γx0 = Γ+
x0
∪ Γ−x0

.

As we have seen, it is not unusual for trajectories to tend towards fixed points as t → ±∞. We
shall define two sets of limit points. The ω-limit points of Γ(x0) are points p ∈ Rd for which there
is a sequence tn ≥ 0 of times tending to ∞ for which

lim
n→∞

φtn(x0) = p.

Similarly, the α-limit points of Γ(x0) consist of points p ∈ Rd for which there is a sequence tn ≤ 0
of times tending to −∞ for which

lim
n→∞

φtn(x0) = p.

We denote these two sets of limit points by ω(Γ(x0)) and α(Γ(x0)), respectively. A time-reversal of
the system interchanges ω and α. Often, the dependence on x0 is implicit and suppressed.

Notice that these sets α(Γ) and ω(Γ) are invariant with respect to φt. That is,

Lemma 16.1. Let p ∈ Rd be an ω (resp. α)-limit point of Γ. Then Γp ∈ ω(Γ) (resp. ∈ α(Γ)).

This statement is pretty much obvious from the definition of an ω-limit point of Γ. We describe
the main idea:

Let x0 ∈ Γ. Since the system is autonomous, we can take Γ to be Γx0 . There is then a sequence
of times {tn} diverging to infinity such that φtn(x0)→ p as n→∞. Using the semigroup property
of the flow of an autonomous system, if q = φT (p) ∈ Γp, then φT ◦ φtn(x0) = φtn+T (x0) → q.
Therefore q ∈ ω(Γ) also.

The proof for α(Γ) is analogous.
If p is a point in α(Γ) or ω(Γ), then a trajectory through p is konwn as a limit orbit of Γ.
Recall that open sets on Rd are by definition the very sets that can be written as a union of open

balls. A set is closed if it is the complement of an open set. Also by definition, ∅ is both open and
closed. We say that a subset E of a closed set F is dense if the smallest closed set containing it is
F itself, for example Q is dense in R. We say that F is the closure of E. If E is dense in F , then
for any x ∈ F and ε > 0, Bε(x) ∩ E is non-empty. Otherwise F\Bε(x) is another closed set that
contains E, strictly smaller than F . If an orbit φt(x0) were dense in a cloesd set E, then it comes
arbitrarily close to any point in E.

In particular, closed sets contain their limit points.
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Having in mind the definition of α and ω limit sets, it should be no surprise that α(Γ) and ω(Γ)
are closed sets, which if bounded, are then also compact. We state a theorem to this effect:

Theorem 16.2. Let Γ be a trajectory of a C1-first order autonomous system. The limit sets α(Γ)
and ω(Γ) are closed sets, and if Γ is contained in a compact subset of Rd, then α(Γ) and ω(Γ) are
also compact.

This follows from the definition of α(Γ) (resp. ω(Γ)) in pretty much the same way as the Lemma
previously. We again sketch the general idea:

Suppose ω(Γ) were not closed, then there is a sequence {xn} ⊆ ω(Γ) such that xn → x ∈ Rd\ω(Γ).
For each n, there is a sequence {tnk} of times diverging to infinity such that φtnk (y0) → xn, where

y0 ∈ Γ. But then the diagonal sequence φtnn(y0) also converges and its limit must be in ω(Γ) by
definition. This limit has to be x — a contradiction.

The point of stating the foregoing theorem is that we can define two new notions:
A closed invariant set A is an attracting set if there is a neighbourhood U of A for which

p ∈ U =⇒ (∀t ≥ 0, φt(p) ∈ U) ∧ (φt(p)→ A as t→∞).

An attractor is an attracting set that contains a dense orbit. This essentially makes attractors
smallest possible/minimal attracting sets.

By definition, every attracting set is an ω-limit set of every trajectory in a neighbourhood around
it, but the converse does not hold. A simple counterexample to the converse is the fixed point of a
saddle, which is an ω-limit set for three trajectories (two separatrices and the fixed point) but not
any other trajectory in a small enough neighbourhood.

It is also possible for a limit set simultaneously to to be the α-limit set of some trajectories and the
ω-limit set of other trajectories. It is evident that a saddle point also has this characteristic. If they
are only the former, they are unstable, if only the latter, stable, and if both, then semistable.

16.2. Examples.

Example 16.1. Consider the system

ẋ = −y + x(1− x2 + y2)

ẏ = x+ y(1− x2 − y2).

First order analysis tells us that there is a fixed point at (0, 0), and that the linearized system
exhibits an unstable focus. The Hartman–Grobman theorem for C2-systems (or Thm. 12.2) suggests
that this implies an unstable focus in a neighbourhood of (0, 0) for the full system.

In polar coordinates, we can see more:

ṙ = r(1− r2)

ϑ̇ = 1.

As expected, ϑ̇ > 0, and ṙ > 0 for r < 1, indicating an unstable focus near (0, 0), but we see that
if we start at r = 1, we remain on the unit circle, and outside this unit circle, ṙ < 0. Therefore, the
unit circle is a limit cycle that we would not have seen from just a local analysis of the system.

Example 16.2. Let us identify R2 with C, and consider the discrete system constructed by the
flow of

ż = 2παiz.

at integral times. Suppose α ∈ R\Q.
This equation can be easily integrated:

z(t) = e2πiαtz0.

Observe that because α is irrational, z(n) is dense on |z0|T, where T = {ζ : |ζ| = 1}. This is a
result of a theorem from diophantine analysis known as Hurwitz’s Theorem:
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Theorem 16.3 (Hurwitz’s Theorem). Let α ∈ R\Q. For any Q ∈ N there exists q ≤ Q and p ∈ Z
such that ∣∣∣∣α− p

q

∣∣∣∣ < 1√
5qQ

.

This theorem is actually due to Dirichlet, but Hurwitz proved the best constant 1/
√

5. Liouville
extended this theorem to different orders of approximations of algebraic numbers according to their
degree over Q. Disregarding the best constant, which comes from approximating the golden ratio,
it is not difficult to see why this theorem is true.

Proof. Let [x] denote the largest integer smaller than of x ∈ R and set {x} = x − [x]. Given Q,
since α is irrational, {qα} is never of the form n/Q. Imagine the interval [0, 1] being divided up into
Q subintervals of equal length. By the pigeonhole principle, as q ranges over 0, 1, 2, . . . , Q, at least
two of the numbers q1α and q2α have non-integer parts that fall into the same subinterval. This
means |{q1α} − {q2α}| < 1/Q. Putting the integers back in, there is an integer p such that

|(q1 − q2)α− p| < 1/Q.

Setting q = q1 − q2 yields the desired approximation. �

For any ε > 0, we can find Q ∈ Z such that 1/Q < ε. and for any Q, we can find n and p ∈ Z
such that

|nα− p| < 1/Q < ε.

So for any point with argument θ, we know that 2πmα we can get within ε of θ by taking m to be
an integer multiple of n above. This proves that z(n) can get arbitrarily close to any point in |z0|T,
and hence is is dense over the circle.

By choosing a sequence of integral times tk = nk, we see that for any z0 ∈ T, φtn(z0) can converge
to any point on T, and so ω(Γx0) = T. Notice that this is patently false for α ∈ Q.

This is an important example because this observation that such a flow controlled by an irrational
number gives a dense, and indeed, uniformly distributed φn(z0) is the fountainhead of much research
in number theory, ergodic theory, and discrepancy theory.
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Example 16.3. The system

ẋ = −y + x(1− x2 − y2), ẏ = x+ y(1− x2 + y2), , ż = α

has an attracting set {x2 + y2 = 1}. We can see this by using the polar coordinates r2 = x2 + y2

even though this is a three-dimensional system because the equations are decoupled, the first two
from the final.

Example 16.4. The Lorenz system was originally suggested as a model for atmospheric convection
in 1963.

We briefly mention the Lorenz system, which has appeared in an exercise some weeks before:

ẋ = σ(y − x)

ẏ = ρx− y − xz
ż = xy − βz,

where σ, ρ, β > 0.
Where α =

√
(ρ− 1)β, we have seen that the fixed points of this system are at

p1 = (0, 0, 0)>, p2 = (α, α, ρ− 1)>, p3 = (−α,−α, ρ− 1)>.

.
We know that the centre manifold of two dimensional analytic systems can be characterized more

or less completely, even if behaviours can differ from linear systems substantially. For appropriate
values of σ, ρ and β, (say, (σ, ρ, β) = (10, 24.5, 8/3) the Lorenz system has a curiously complicated
attractor that two dimensions cannot support. This is the case even though one of the equations
of the system is linear, and the remaining are also analytic.

The attractor A of this system is made of an infinite number of banched surfaces each of which
intersect. Trajectories, being of an autonomous system, do not intersect as they move along A,
but there are nevertheless periodic trajectories of arbitrarily large period, uncountably many non-
periodic trajectories, and also trajectories that are dense in A. We refer to these attractors as
“strange attractors”.

17. Lecture XVII: Limit Sets II

17.1. Limit Cycles. Now we turn to a fuller discussion of limit cycles but confine ourselves to the
plane.

Cycles, or periodic orbits are closed-curve solutions that are not equilibria, a definition
exactly in line with our previous usage of the term. Since our systems are autonomous, if the
trajectory Γ is a cycle, there is a minimal T independent of x0 ∈ Γ for which φt+T (x0) = φt(x0).
This minimum T we call the period of the Γ. For centres of linear systems, the period is constant
over a family of periodic orbits. This is not so in general. We shall be spending the next few lectures
looking at the behaviour of periodic solutions and limit cycles, especially in two dimensions.

A cycle can be itself unstable, stable, and asmptotically stable. To discuss these notions anal-
ogously to the way we did for fixed points, we digress briefly to mention that the distance from a
point x to a set E is defined as

d(x, E) := inf
y∈E
|x− y|Rd .

Then we say that a cycle Γ is stable if for every ε > 0, there is a neighbourhood U of Γ (an open
set U containing Γ) for which x ∈ U implies

d(φt(x),Γ) < ε.

The cycle Γ is unstable if it is not stable. And analogous to asymptotic stability previously
defined, Γ is asymptotically stable if it contains the ω-limit set of every trajectory within a



66

certain neighbourhood U of itself. That is, Γ is stable, and there exists a neighbourhood U of Γ
such that x ∈ U implies

lim
t→∞

d(φt(x),Γ) = 0.

Closed curves that are equilibria of sorts (not an equilibrium in the sense that they sit at the
intersection of nullclines!) constitute an important class of limit sets known as limit cycles, which
we have encountered in the specific context of centre-foci. These are cycles that are the α or ω set of
some trajectories. And if the entire cycle is a limit set, then there is also the notion of semistability
that can be defined. If there exists a neighbourhood U of Γ for which Γ is the ω-limit set (resp.
α-limit set) for every trajectory in/passing through U , then Γ is an ω-limit cycle, or a stable
limit cycle (resp. α-limit cycle, or a unstable limit cycle). If Γ is an α-limit set for one
trajectory and an ω-limit set for another trajectory, then we say that it is a semistable limit
cycle.

Example 17.1. The system

ẋ = −y + x(1− z2 − x2 − y2), ẏ = x+ y(1− z2 − x2 − y2), ż = 0

has an attracting set that is S2 ∪ {(0, 0, z) : |z| > 1}. To see this, use polar coordinates — taking
x = r cos(θ) sin(ϕ), y = r sin(θ) sin(ϕ) and z = r cos(ϕ), so that r2 = x2 + y2 + z2, we find

ṙ2 = 2xẋ+ 2yẏ + 2zż = −2xy + 2x2(1− r2) + 2xy + 2y2(1− r2) = 2(x2 + y2)(1− r2).

On {r < 1}, we see that ṙ > 0, whereas on {r > 1}, ṙ < 0 but ż = 0.
The ω-limit set is a stable limit cycle — consider the azimuthal angular frequency:

θ̇ =
d

dt
arctan(

x

y
)

=
xẏ − yẋ
x2 + y2

=
1

r

(
x2 + xy(1− z2 − r2) + y2 − xy(1− z2 − y2)

)
= 1.

On {r = 1}, θ̇ = 1.

Cycles, like points, have stable and unstable manifolds. For a cycle Γ, and U a neighbourhood
thereof, we define the local stable and unstable manifolds as

Ms(Γ) := {x ∈ U : d(φt(x),Γ)
t→∞→ 0, ∀t ≥ 0, φt(x) ∈ U},

and

Mu(Γ) := {x ∈ U : d(φt(x),Γ)
t→−∞→ 0, ∀t ≤ 0, φt(x) ∈ U},

respectively. The global stable and unstable manifolds of a cycle are then

W s(Γ) =
⋃
t≤0

φt(Ms(Γ))

W u(Γ) =
⋃
t≥0

φt(Mu(Γ)).

This definition makes the global stable and unstable manifolds invariant under φt. We shall see that
in many ways, we can treat a periodic orbit as a critical point, even though there are important
ways that we cannot so do.
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17.2. Some results in R2. In R2, there is a fundamental result about simple closed curves (i.e.,
closed curves γ : [0, 1] → R2 such that γ(t) = γ(T ) implies T = 1 and t = 0, or vice versa), known
as the Jordan curve theorem:

Theorem 17.1 (Jordan curve theorem). Let γ : [0, 1] → R2 be a simple cloesd curve. Then
R2\{γ(t) : t ∈ [0, 1]} is a disjoint union of two open sets.

In fact, simple closed curves are also known as Jordan curves. This might seem like a trivial
result, but its proof is not easy. A hint of its depth is that we can characterize the topological
dimension of a space by removing objects. One of the fundamental properties distinguishing R from
Rd, d > 2, is that by removing a point from R, it becomes disconnected — it is the disjoint union
of two open sets.

We call these two disjoint parts the “interior” and the “exterior”.
It turns out that a limit cycle has to be approached maximally tangentially. We can think of a

approach to a limit cycle as simliar to an approach to a point that sits at the centre of a focus, and
we have the following theorem that is analogous to the second part of Thm.13.1 [(in an analytic
planar system, if one trajectory spirals, then all do)]:

Theorem 17.2. If one trajectory in the exterior of a limit cycle Γ of a planar C1-system has Γ as
its ω-limit set (resp. α-limit set), then every trajectory in some exterior neighbourhood of Γ does so
also. Moreover any such trajectory spirals towards Γ as t→∞ (resp. t→ −∞) in the sense that it
intersects any line segment normal to Γ at a point on a sequence of times {tn} diverging to infinity
(resp. negative infinity).

In polar terms, from any y in the interior of Γ, the trajectory φt(x0) satisfies

d(φt(x0),Γ)↘ 0, arg(φt(x0)− y)→∞,
as t→∞.

Example 17.2. Recall from Dulac’s theorem (Thm. 11.3) that analytic planar systems can have
at most finitely many limit cycles. We shall look at a non-analytic planar system that exhibits a
centre-focus:

ẋ = −y + x(x2 + y2) sin(
1√

x2 + y2
)

ẏ = x+ y(x2 + y2) sin(
1√

x2 + y2
).

In polar coordinates this becomes:

ṙ = r3 sin(1/r), ϑ̇ = 1.

As we can see, at r = 1/(nπ), for every n ∈ N, there is a limit cycle, and between each limit cycle
are alternating stable and unstable spirals that turn in the same sense.

Example 17.3. Consider next the Hamiltonian system

ẋ = y, ẏ = x+ x2.

This is a planar Hamiltonian system with H(x, y) = y2/2−x2/2−x3/3. That is, the solution curves
are given by y2/2− x2/2− x3/3 = C. For C = 0, we find the folium of Descartes, and a trajectory
that starts and ends at the origin, where locally the system has a saddle critical point. There is a
centre at (−3/2, 0) (which we have tools to verify is in fact a centre). The α- and ω- limit sets of
this trajectory are both {0}. This is an example of a homoclinic orbit, which is also a separatrix
cycle.

Hamiltonian systems often have cyclic behaviour as energy passes from one mode to another
and then back again, being conserved throughout the cycle. Recalling Example 11.1, we call the
separatrices of the saddles heteroclinic as they “bend towards” different limit sets.
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18. Lecture XVIII: Poincaré Map and Stability I

We shall have a slight respite from the confinement to the plane in this lecture and consider again
periodic orbits of autonomous systems in Rd.

18.1. The Poincaré Map. A basic construction in the study of periodic orbits is the Poincaré
map. Suppose Γ is a periodic orbit of a C1-first order autonomous system in a neighbourhood
U ⊆ Rd. The Poincaré map is the map Π : U → U defined thus: Let x0 be a point on Γ. Let
Σ be the hyperplane perpendicular to Γ at x0. That is, if Γ is defined by γ : [0, 1] → Rd so that
γ(0) = x0, then

Σ = {y ∈ Ũ : (y − x0) · γ′(0) = 0},
where Ũ is a small neighbourhood around x0 (not the entire Γ).

As Γ is a trajectory, we know that γ′(0) = x′(0) = f(x0), where f is the function defining our
dynamics ẋ = f(x).

If x is a point in a small neighbourhood of x0, and x ∈ Σ, then we expect φt(x) to intersect
Σ again after some time τ(x) at φτ(x)(x). We define Π : Σ → Σ as the map Π : x → φτ(x)(x).
The map Π is not defined on U but on a codimension one subset Σ. We can also allow Σ to be a
smooth, curved codimension one surface transverse to Γ at x0.

The fact that this time τ(x) and the point φτ(x)(x) is well-defined in a neighbourhood U ∩ Σ of
x0 is a direct consequence of the implicit function theorem for the map F : R≥0 × Σ→ Σ given by

F (t,x) = (φt(x)− x0) · f(x0).

The level set F (t,x) = 0 gives us the points x in the neighbourhood of x0 on Σ and their first
return times, τ(x).

If |∇Π(x)| < 1 , then we have stability. In R2, we have the following theorem:

Theorem 18.1. Let γ be a periodic solution of period T for the C1- planar system ẋ = f(x). The
derivative of the Poincaré map Π along a straight line normal to γ′(0) is given by

DΠ(γ(0)) = exp
(ˆ T

0
(∇ · f)(γ(t)) dt

)
.

Recall that Π is defined on a codimension one subset, so that Π and DΠ both take values with
one degree of freedom only.

The reason this is result true is slightly complicated, and depends on Floquet’s theorem, which
we shall discuss later. But since ∇ · f = tr(Df), if we can write

(Df)(γ(t)) =
d

dt
log(M), (27)

for some invertible-matrix-valued M, we can use Jacobi’s formula

d

dt
(log(det(M))) = tr(

d

dt
log(M))

to get that

exp

( ˆ T

0
tr(

d

dt
log(M)) dt

)
=

det(M(T ))

det(M(0))
= det(M(T )).

Notice from (27), by normalizing Df(γ(0)),

M(t) = exp

( ˆ t

0
Df(γ(s)) ds

)
. (28)

This can be compared to (29) below.
From the above, we see that the periodic solution is a stable or unstable limit cycle according asˆ T

0
(∇ · f)(γ(t)) dt
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is negative or positive. If this quantity is zero, then γ belongs to a continuous band of cycles all
with the same period.

We shall see that the derivative of the Poincaré map, DΠ(x0), for x0 such that Γx0 is periodic,
serves very much “near” a periodic orbit, as the linearization Df does around a critical point. This
shall be the basis for a stable manifold theorem for periodic orbits.

18.2. Stable Manifold Theorem for Periodic Orbits. In order to achieve higer-dimensional
results analogous to the one above in which the stability of a limit cycle is seen to depend on DΠ,
with a Poincaré map Π defined along some codimension one subset Σ transverse to the limit cycle
at a point x0, we shall attempt to recreate a first-order analysis similar to our first-order analysis
about critical points.

The linearization about a periodic orbit Γ = {γ(t) : t ∈ [0, T ]} of the system

d

dt
x(t) = f(x(t))

is defined as the nonautonomous system

d

dt
x(t) = Df(γ(t))x(t).

The fundamental matrix solutions for the linearized nonautonomous system is a matrix valued
C1 function Φ satisfying

d

dt
Φ = Df(γ(t))Φ,

completely analogous to the definition in (13) of Lecture III. And for the same reason, as there are
no non-homogeneous terms, we can write

x(t) = Φ(t)Φ−1(0)x0.

Arguing especially heuristically, using integrating factors, by normalizing Df(γ(0)), we might
expect that

x(t) = exp

(ˆ t

0
Df(γ(s)) ds

)
x0. (29)

We can compare this with (28) above and see that the eigenvalues of M(T ) tells us exactly how the
Poincaré map acts in a small enough neighbourhood of γ(0) if the cycle is “hyperbolic”.

Recall that for autonomous linear systems, we can choose Φ(t) = exp(At), the flow. This is in
fact problematic when A is t-dependent because of non-commutativity —

d

dt
exp

( ˆ t

0
Df(γ(s)) ds

)
6= Df(γ(t)) exp

(ˆ t

0
Df(γ(s)) ds

)
. (30)

To see this, suppose M(t) =
´ t

0 A(s) ds. The exponential exp(M(t)) can be expressed as a power
series. Consider the difference exp(M(t + h)) − exp(M(t)), and evaluate the derivative from first
principles. By homogeneity/scaling, we can look at this term-by-term in the Taylor expansion.
Beyond first order, we run into the problem that we do not get

Mn(t+ h)−Mn(t) = nMn−1(t)M′(t)h+ o(h)

as in the linear case, which would give us (30). The problem is commutativity, for n = 2:

M2(t+ h)−M2(t) = (M(t+ h)−M(t))M(t+ h) + M(t)(M(t+ h)−M(t))

= M′(t)M(t+ h)h+ M(t)M′(t)h+ o(h),

and this is not necessarily 2M(t)M′(t)h + o(h). Remember that Lemma 1.1(iv) only works for
commuting matrices. Therefore we really need to understand what we can write Φ as.

Floquet’s theorem gives us a way to write Φ in (29) in a similar way in the nonautonomous case:
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Theorem 18.2 (Floquet’s Theorem). Suppose Df(γ(t)) is a continuous, matrix-valued, periodic
function with period T . Then for all t ∈ R, we can write the fundamental matrix solution defined
above in the form

Φ(t) = Q(t) exp(Bt), (31)

where Q(t) is a non-singular, matrix-valued, T -periodic function and B is a constant matrix.

The proof of this theorem turns on the simple observation that if a matrix C is non-singular, then
we can define its logarithm — that is, find a possibly complex matrix B such that C = exp(BT ).
The matrix C in this case comes directly from the representation of the solution by the fundamental
matrix solution, C := Φ−1(0)Φ(T ). Then it holds that the remaining factor Q(t) must be

Q(t) := Φ(t) exp(−Bt) = Φ(t)Φ−1(T )Φ(0).

It may be checked readily that Q is periodic with period T , to see that it is non-singular one has
but to notice that if Φ takes the form (28), Q is an exponentiation.

Written out thus, Floquet’s theorem seems like a mere technical result, but the consequences
of this representation (31) is far-reaching. Using the change-of-variables y = Q−1(t)x, a direct
calculation shows that the nonautonomous linearized system can be written as the autonomous
system

d

dt
y = By.

Now we can bring the full suite of linear methods developed thus far to bear.
We know that Q is non-singular and periodic (and if everything is smooth, also bounded), there-

fore the stability of the cycle Γ is determined by the eigenvalues of B — these eigenvalues are
called the characteristic exponents of γ(t), and are determined modulo 2πi. Trajectories for
which the characteristic exponents (save one) all have non-zero real parts are known as hyperbolic
periodic orbits.

The eigenvalues of exp(BT ) are known as the characteristic multipliers — these determine
how far x moves every time it comes around to the surface Σ again, i.e., the magnitude of Π(x)−x,
or DΠ. We shall not write this out as a theorem, but from our deductions foregoing, it may be
guessed that the characteristic multipliers are the eigenvalues of DΠ (if one considered Π as a map
Σ ⊆ U → U instead of Σ→ Σ.

Of course, B has to be singular and have one zero eigenvalue because Π(x) does not move x in
the direction of γ′(0), so the multiplier in that direction must be 1, whose logarithm is 0.

These observations leads us right to the main theorem of this lecture:

Theorem 18.3 (Stable Manifold Theorem for Periodic Orbits). Let Γ = {x ∈ Rd : x = γ(t)}
be a periodic orbit with period T , of a C1 first order autonomous system with flow φt. Suppose
γ(t) = φt(x0). If k characteristic exponent of γ(t) have negative real parts, and d − k − 1 have
positive real parts, then there is a δ > 0 such that the stable manifold,

Ms(Γ) = {x ∈ Bδ(Γ) : d(φt(x),Γ)→ 0 as t→∞, ∀t ≥ 0 (φt(x) ∈ Bδ(Γ))},
is a (k + 1)-dimensional differentiable manifold which is positively φt-invariant, and the unstable
manifold,

Mu(Γ) = {x ∈ Bδ(Γ) : d(φt(x),Γ)→ 0 as t→ −∞, ∀t ≥ 0 (φt(x) ∈ Bδ(Γ))},
is a (d− k − 1) dimensional differentiable manifold which is negatively φt-invariant. Furthermore,
the stable and unstable manifolds intersect transversally.

Subanifolds M ⊆ X and N ⊆ X intersect transversely (or transversally) if at every point
p of their intersection , TpM ⊕ TpN = TpX. This transversality condition is analogous to the
condition of tangency to invariant subspaces in the stable manifold theorem for critical points.
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19. Lecture XIX: Poincaré Map and Stability II

19.1. Characteristic multipliers, and the Poincaré map. Last time, after decomposing the
fundamental matrix solution Φ of the linearised, non-autonomous system, (which is given by the
similar equation

d

dt
Φ(t) = Df |γ(t)Φ(t), )

into Φ(t) = Q(t) exp(Bt), where Q is invertible and B is constant, we said that “ it may be
guessed that the characteristic multipliers are the eigenvalues of DΠ (if one considered Π as a map
Σ ⊆ U → U instead of Σ→ Σ)”. We shall now unpack, derive, and confirm this speculation.

Let φ(t,x) be the flow of the full system. The periodic orbit γ with period T containing x0Σ
satisfies γ(t) = φ(t,x0). Recall that using the first return time τ(x) for x ∈ Σ near x0, we defined
the Poincaré map by

Π(x) := φ(τ(x),x).

We can Taylor expand φ(τ(x),x) around (T,x0) to find

φ(τ(x),x) = φ(T,x0) + ∂tφ(T,x0)(τ(x)− T ) +Dφ(T,x0) · (x− x0) +O(|x− x0|2)

= φ(T,x0) + f(x0)Dτ(x0) · (x− x0) +Dφ(T,x0) · (x− x0) +O(|x− x0|2).

Therefore the derivative of the Poincaré map at x0 is

DΠ|x0 = Dφ(T,x0) = f(x0) ·Dτ(x0) +Dφ(T,x0).

But f(x0) = γ̇(0), and in this direction, τ(x0) does not change. Therefore, DΠ|x0 = Dφ(T,x0)

(or, defining the Poincaré map to be on the (d−1)-dimensional hypersurface, D̃Π|x0 = (Dφ(T,x0))d−1
i,j,=1).

Since φt(t,x) is the flow, the matrix Dφ(t,x) satisfies the fundamental matrix solution at x = x0,
and is a solution with Φ(0) = Id. By Floquet’s theorem, we can decompose this into

Dφ(t,x0) = Q(t)eBt.

Since H(0,x0) = Id, we find Q(0) = Id. Since Q is T -periodic,

Dφ(T,x0) = eBT .

In each of the directions where the eigenvalue of exp(BT ) has modulus λ, a point is mapped by
that multiple in that direction when it returns, so if λ > 1, it is mapped further away from x0 each
time it returns, and if λ < 1 it is mapped closer to x0 — and hence the orbit draws asymptotically
close to the periodic orbit in this (stable) direction. This is the stable manifold theorem for periodic
orbits.

In fact, we can say a little more. For hyperbolic orbits:

Theorem 19.1. Under the hypotheses of the previous theorem, the magnitude of the real parts of
the characteristic exponents of the T -periodic orbit Γ are all lower-bounded by α > 0. There exists
a K > 0 such that for each x ∈Ms(Γ), there exists an asymptotic phase t0 such that for all t ≥ 0,

|φt(x)− γ(t− t0)| ≤ Ke−αt/T ,
and for each x ∈Mu(Γ), there exists an asymptotic phase t0 such that for all t ≥ 0,

|φt(x)− γ(t− t0)| ≤ Keαt/T .

That is, not only do orbits approach a limit cycle Γ, they also become phase-locked with Γ,
exponentially quickly. In a way this is not too surprising, because the flux f governing the dynamics
is C1. These are essentially Gronwall-type estimates.

As with the stable manifold theorem for critical points, there is an associated (weak) centre
manifold theorem, asserting the existence of a centre manifold of dimension equal to one less than
the number of characteristic exponents with zero real parts. But we should like to revisit the
condition of Thm. 18.1,which chararcterised stability with a calculable quantity. This can be
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generalized to higher dimsions for reasons we have already touched upon in our deductions leading
up to the stable manifold theorem for periodic orbits.

19.2. The fundamental matrix solution. The point of Floquet’s theorem was to resolve for us
the problem of dealing with a periodic non-autonomous system. Let us take a closer look at the
fundamental matrix solution here.

Theorem 19.2 (Liouville’s theorem). Let γ be a T -periodic orbit of a C1-first order autonomous
system with flux f . Let Φ be the fundamental matrix solution about γ. A necessary but not generally
sufficient condition for the orbit γ to be asymptotically stable is that

log(det Φ(t)) =

ˆ T

0
(∇ · f)(γ(t)) dt ≤ 0.

This theorem implies Thm. 18.1. This follows directly from Jacobi’s formula that we mentioned
in the last lecture:

d

dt
(log(det(Φ))) = tr(

d

dt
log(Φ)),

putting in the formula for the fundamental matrix solution into the temporal derivative.
For linear equations, the Wronskian is a fundamental matrix solution, and this follows from Abel’s

theorem.
The non-sufficiency comes from the fact that we need the eigenvalues of

´ T
0 Df(γ(t)) dt all to

be negative except the 0 eigenvalue arising from the fact that the Poincaré map maps onto a
codimension one surface, whereas the condition stated in the theorem is merely the trace of this
quantity. This would have been enough in dimension d = 2, where only one eigenvalue is unspecified
apart from the 0.
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19.3. An example.

Example 19.1. The system

ẋ = x− y − x3 − xy2, ẏ = x+ y − x2y − y3,

has a circular orbit γ(t) = (cos(t), sin(t)), with period T = 2π.
The linearised system is governed by

Df(x, y) =

(
1− 3x2 − y2 −1− 2xy

1− 2xy 1− x2 − 3y2

)
.

Putting in γ(t), we find the linearisation given by

d

dt

(
x

y

)
= Df(γ(t))

(
x

y

)
=

(
−2 cos2(t) −1− 2 sin(t) cos(t)

1− 2 sin(t) cos(t) −2 sin2(t)

)(
x

y

)
.

The fundamental matrix solution in this case is

Φ =

(
e−2t cos(t) − sin(t)
e−2t sin(t) cos(t)

)
.

remark: notice that this is not
´ t

0 ∇f |γds, but satisfies the equation Φ̇ = ∇f |γΦ.
We can verify Floquet’s theorem by writing

Φ =

(
cos(t) − sin(t)
sin(t) cos(t)

)(
e−2t 0

0 1

)
,

and (
e−2t 0

0 1

)
= ediag(−2,0)t.

Reverting to analysis by polar coordinates, we find

rṙ = 2xẋ+ 2yẏ = x2 + y2 − x4 − y4 − 2x2y2 = r2 − r4 = r2(1− r2),

giving us a stable limit cycle at r = 1.
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20. Lecture XX: Poincaré–Bendixson Theorem

We have seen that the ω-limit set of a trajectory can be critical point, a limit cycle, or even
strange attractors, which are branched surfaces. We have mentioned that two dimensions is not big
enough to support ω-limit sets like strange attractors. We shall see today, as we restrict ourselves
again to R2, that limit sets on R2 can be easily characterised — for (relatively prime) analytic
systems in R2, ω-limit sets are either critical points or limit cycles or a finite union of separatrix
cycles .

We shall call a separatrix cycle of a dynamical system ẋ = f(x) a continuous image of a circle
which is a finite union of critical points and compatibly oriented separatrices connecting them. That
is, a union of points xi and separatrices Γi such that α(Γi) = xi, and ω(Γi) = xi+1, for i = 1, . . . ,m,
and xm+1 = x1. A graphic is a finite union of compatibly oriented separatrix cycles.

In this lecture we return to the plane and our goal is singular — the proof of the following
theorem:

Theorem 20.1 (Poincaré–Bendixson Theorem). Suppose the forward orbit Γ+ of a trajectory Γ of
a C1-planar system is contained in a compact subset F ⊂ R2. Either ω(Γ) is a periodic orbit or it
contains a critical point.

Proof. [presented in lecture — consult book] �

Having attained our goal it also bears remarking on a simple observation as to when periodic
orbits can be excluded, again named after Dulac:

Theorem 20.2 (Dulac’s Theorem). Let

d

dt
x = f(x)

be a C1 planar system on the open set U ⊆ R2. If there exists a C1 function V : U → R such that
∇ · (V f) ≥ 0 and not identically zero on U , then there are no periodic orbits lying entirely within
U .

This is a result of the divergence theorem:

Proof. Suppose that Γ ⊆ U is a periodic orbit enclosing the set E. By Green’s/Stoke’s/divergence
theorem, ˆ

E
∇ · (V f) dx =

ˆ
Γ
V f · ds,

where s is aligned to the outer normal of E. Since f is tangent to the orbit all along Γ, the
integral on the right is nought. Therefore V f cannot be non-negative (or non-positive) without
being identically zero.

�

Similarly we have

Theorem 20.3 (Dulac’s negative criterion). Consider a dynamical system ẋ = f(x) on Rd and a
non negative scalar function V : Rd → R, so that ∇· (V f) < 0 (or > 0) everywhere in some domain
E ⊆ Rd. There are no invariant sets of finite volume lying wholly within E.



75

21. Lecture XXI: Index Theory I

21.1. Notion and Properties of the Index. Index theory in dynamical systems is another
manifestation of a phenomenon you may have encountered before in, say, residue theory/winding
number/monodromy in complex analysis, or Euler–Poincaré indices of compact 2-D (or higher
dimensional) manifolds or graphs, or degree theory of differentiable maps, or indeed, index theory
of linear maps in Fourier analysis (Toeplitz operators).

The basic idea is that it is often possible to assign an integer invariant to maps, motivated by
algebraic, geometric, or topological considerations, that proves remarkably useful, for example, in
distinguishing one type of (nonlinear) dynamics from another.

Let us begin with some definitions. The index of a Jordan curve C ⊆ R2 on a vector field
f : R2 → R2 given by f(x, y) = (P (x, y), Q(x, y))>, with no critical point on C is defined as

If (C) :=
∆Θ

2π
,

where ∆Θ is the aggregate change in angle that f makes with respect to any fixed subspace as
one traverses C in the counter-clockwise sense — If (C) is the number of full turns — the winding
number of f .

[Draw some examples]
We can write this as an integral:

If (C) :=
1

2π

˛
C

dΘ =
1

2π

˛
C

d
(

arctan(
dy

dx
)
)

=
1

2π

˛
C

d
(

arctan(
Q(x, y)

P (x, y)
)
)

=
1

2π

˛
1

1 + (Q/P )2 d
Q

P
(x, y) =

1

2π

˛
C

PdQ−QdP

P 2 +Q2
,

the second equality following from L’Hospital’s rule. This is the averaged curl around the curve C,
the amount of circulation picked up along C, reminiscent of Green’s theorem as well as of Thm.13.1.
Since f is continuous, with none of its critical points on the continuous closed curve C, on the curve
C defined by γ : [0, 1]→ R2, f ◦γ is continuous and periodic. Therefore, f ◦γ turns a whole number
of turns as t varies over [0, 1], and If (C) is necessarily an integer.

Consider the integral in the calculation involving the Lorentzian. The integral integrates over
a Lorentzian from left to right when Q/P increases from −∞ to ∞, and from right to left when
Q/P decreases from ∞ to −∞. Q/P → −∞ when sgn(QP ) = −1, and P → 0 (the nullcline
of the ẋ equation), and Q/P is ∞ when sgn(QP ) = 1, and P → 0. As long as P and Q are
not simultaneously 0 on C, this change happens between two nullclines of ẋ and happens when Q
changes sign whilst P is non-zero. Since Q is continuous, this sign change happens at the nullclines
of ẏ. This gives us a way of calculating the index using equations alone, without drawing phase
portraits.

[Draw an example]
We say that a(n oriented) Jordan curve C is the sum of two (oriented) Jordan curves C1 and C2,

written as C = C1 + C2, if C1 and C2 (are compatibly oriented) and share a line segment, and C
is the union of C1 and C2 less the line segment. In a theorem reminscent of the Cauchy–Goursat
integral theorem,

Theorem 21.1. 1. Let a Jordan curve C be the sum of Jordan curves C1 and C2. With respect
to any C1 vector field f with no critical point on C1 or C2,

If (C) = If (C1) + If (C2).

2. If neither C nor its interior contain a critical point of f , then If (C) = 0.
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Proof. 1.

This is a direct consequence of the linearity of integrals.

2.

Suppose P 2 +Q2 > σ > 0 is bounded away from nought on an open set E by the lack of critical
points of the system/vector field f on E. Then for any ε > 0, a piecewise-C1 Jordan curve C
entirely within E of length δ may be chosen so that the quantity

If (C) =

∣∣∣∣ 1

2π

˛
C

PdQ−QdP

P 2 +Q2

∣∣∣∣ < δ

2πσ
sup
x∈E

∣∣∣∣P dQ

dr
−QdP

dr

∣∣∣∣, (32)

where d/dr is the directional derivative along C in the counter-clockwise direction, is bounded by
ε by taking δ to be sufficiently small. This is because P,Q ∈ (C1(R2))2.

Since the integral If (C) is an integer, with ε < 1, we can conclude that If (C) = 0.
Suppose now that C ⊆ E is a bounded Jordan curve of any finite length. Denote its interior by

U . We can divide C ∪ U by a finite grid of side length δ/4 and apply the estimate (32) to every

square lying entirely within U . Part 1. of this theorem then suggests that for the curve C̃, the sum
of the perimeter of these squares, If (C̃) = 0.

Each of the remaining squares contain a portion C. Since C is of finite length we can subdivide
these squares into smaller and smaller squares only finitely many times until either a square is
inside U entirely or a square S contains a portion of C shorter than δ. Then the reduced square
S\(C ∪U)c has a boundary that is piecewise C1 and of length 2δ. By choosing ε < 1/2, we can still
use (32) to conlude that the remaining fintely many squares and reduced squares have index zero.

�

Corollary 21.2. Let C1 and C2 be Jordan curves for which C2 lies in the interior of C1 and there
exists only one critical point of the C1-vector field f on the union of C1 and its interior, which also
lies in C2. The index over the two curves are equal: If (C1) = If (C2).

Proof. Let p1, p2 be distinct points on C1 and q1 and q2 be distinct points on C2. Let the counter
clockwise arcs on C1 and C2 be defined:

A1 =
_
p1p2, A2 =

_
p2p1, B1 =

_
q1q2, B2 =

_
q2q1.

Let M1 = p1q1 and M2 = p2q2 be two line segments that do not intersect one another or the interior
of C2.

The corollary statement is immediate as we can consider the sum of three Jordan curves whose
enclosed areas do not intersect:

Γ1 = A1M2B̄1M̄1, Γ2 = A2M1B̄2M̄2,

and C2, defined counter clockwise. Here we use the over bar to denote the same arc in the reverse
sense. We see that Γ1 + C2 + Γ2 = C1.

The theorem then tells us that

If (Γ1) + If (C2) + If (Γ2) = If (C1),

and since Γ1 does not enclose or include a critical point of f , If (Γ1) = 0. Likewise, If (Γ2) = 0. �

This implies that any Jordan curve enclosing a unique critical point x0 of a vector field f ∈
(C1(R2))2 has the same index. Therefore it makes sense to define

If (x0) := If (C),

where C is a C1-Jordan curve enclosing the unique critical point x0.
Using a similar construction to the above, we also have
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Corollary 21.3. Let C be a Jordan curve enclosing n isolated critical points {xi}ni=1 of f ∈
(C1(R2))2 and only these critical points. The index over the curve C is

If (C) =
n∑
i=1

If (xi).

One simply considers C in place of C1 above and a collection {Ji}ni=1 of n mutually disjoint
Jordan curves, each enclosed in C with Ji enclosing xi, so that If (Ci) = If (xi), in place of C2

above.

21.2. Applications of the Index. Till now we have yet to apply the index to describe actual
systems.

Since the previous results suggest that there is some robustness to the value of the index, it is no
surprise that

Theorem 21.4. If a C1-first order planar system is governed by

f(x) = Df |x0 + g(x− x0),

where x0 is an isolated critical point, and |g(x)| = o(|x|) as |x| → 0, then

If (x0) = Iv(x0),

where v is the vector field given by the linearisation, v(y) = Df |x0y for y ∈ R2.

Next we look at some results on calculation of indices and what the values of indices imply about
the (local) vector fields they are defined over.

Theorem 21.5. Let f ∈ (C1(E))2 be a vector field on an open subset E ⊆ R2. Let Γ be a periodic
orbit of the system ẋ = f(x) lying entirely in E. The index over the periodic solution is If (Γ) = 1.

Proof. This is a very simple calculation in polar coordinates. Let Γ be parameterized by (r, ϑ), and
have period T :

If (Γ) =
1

2π

˛
Γ

d
(

arctan(
dy

dx
)
)

=
1

2π

ˆ T

0

xẏ − yẋ
x2 + y2

dt

=
1

2π

ˆ 2π

0

r cos(θ)d
(
r sin(θ)

)
− r sin(θ)d

(
r cos(θ)

)
r2

=
1

2π

ˆ 2π

0
cos(θ)d sin(θ) +

1

r
cos(θ) sin(θ)dr − sin(θ)d cos(θ)− 1

r
sin(θ)d cos(θ)

=
1

2π

ˆ 2π

0
(cos2(θ) + sin2(θ))dθ

= 1.

�

The theorem above, along with part 2 of Thm.21.1 clearly implies

Corollary 21.6. Let f ∈ (C1(E))2 be a vector field on an open subset E ⊆ R2. Let Γ be a periodic
orbit of the system ẋ = f(x) lying entirely in E. Then there is at least one critical point of f in the
interior of Γ.
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22. Lecture XXII: Index Theory II

22.1. Bendixson’s index formula. Recall that in Lecture XIII, we discussed planar systems for
which Df |x0 at an isolated critical point x0 was degenerate. It either had one zero eigenvalue, two
zero eigenvalues but a geometric multiplicity of one, or two zero eigenvalues with full geometric
multiplicity. Whilst we characterized behaviours in the first two cases, we left the final case open.
In the final case, it is possible for there to be many (compatibly oriented) hyperbolic, elliptic, and
parabolic sectors at an isolated critical point. We shall address some aspects of the final case now.

Theorem 22.1 (Bendixson’s Index Formula). Let e be the number of elliptic sectors and h be the
number of hyperbolic sectors at an isolated critical point x0 of a dynamical system governed by the
analytic vector field f .

If (x0) = 1 +
1

2
(e− h).

At an elliptic sector, it must be that where trajectors “turn back”, Q/P changes sign from positive
to negative, where P or Q becomes nought, along a curve traversing that sector in the counter-
clockwise sense. At parabolic sectors there are no changes of signs. In order to reason similarly for
hyperbolic sectors, however, one must take into account compatibility between neighbouring sectors
because one cannoth have arbitrary hyperbolic sectors next to one another at an isolated critical
point.

What Bendixson’s index theorem does suggest is that it is possible to calculate an index by
inspecting the phase portrait, and this lemma foregoing allows us to do so algebraically from the
equations.

[Draw some examples]

Remark 22.1. Assuming the hypotheses of the lemma, let M and N respectively be the number of
times that Q(x, y)/P (x, y) changes sign along C at a zero of Q from negative to positive, and from
positive to negative. Then

I(P,Q)>(x0) =
1

2
(M −N).

�

Remark 22.2. Recall that the winding number of a curve γ on C about a point is defined as

W (γ, z0) :=
1

2πi

ˆ
γ

1

z − z0
dz =

1

2π

ˆ
γ

d arg(z − z0).

If there is a map g that takes γ continuously into a simple closed curve C, then this map also
acts on the vector field f(z) = z, so that

1

2π

ˆ
γ

d arg(z − z0) =
1

2π

ˆ
C

d arg(g−1(z)− z0).

�

In this lecture we shall calculate some examples where we apply Bendixson’s Index Theorem, or
the attendent lemma. Next we shall look at another way to technique by which to analyse planar
systems globally, much like we used the polar coordinates transformation to analyse them locally.

22.2. Inversion of the plane. One way to get a look at behaviours far out is to invert the plane
about the unit circle.

Let us define the inverted coordinates of the xy-plane by

X =
x

x2 + y2
, Y =

−y
x2 + y2

.
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The point of an inversion is that (X2 +Y 2) · (x2 + y2) = 1 with a reflection. So in polar coordinates
(r, ϑ), an inversion is given by

R =
1

r
, Θ = −ϑ.

(See Coxeter’s Introduction to Geometry.)The inverted system in polar coordinates is simply

Ṙ =
−ṙ
r2
, Θ̇ = −ϑ̇.

This is familar as the inversion from complex analysis if we set z = x+ iy, Z = X + iY , then an
inversion is

Z =
1

z
,

which accounts for the prima facie superfluous reflection.
Writing f = (P,Q)>, set g = P + iQ, where we abuse notation so that P (x, y) = P (z), and

mutatis mutandis for Q, f and g. If we invert g by

G =
( P

P 2 +Q2
,
−Q

P 2 +Q2

)>
,

we can readily see from the linearity of the derivative that the inverted system to

ż = P (z) + iQ(z)

is

Ż = G1(1/Z) + iG2(1/Z) = − 1

z2
ż = −Z2ż,

where, of course, G = G1 + iG2.
We define the index at infinity, denoted by If (∞), as the index of the origin in the inverted

system.
[some examples]

Theorem 22.2. Let f be a C1-vector field for which the planar system ẋ = f(x) has m critical
points, with indices at these critical points given by {Ii}mi=1.

If (∞) +
∑
i

Ii = 2.

Proof. Let us work on the complex plane again.
Let γ be a Jordan curve enclosing all finite critical points of the system. In the inverted system,

γ is mapped to some curve Γ enclosing only the critical point at ∞ (if it exists).
Set G1 + iG2 =: |G|eiψ, and P + iQ = ρeiφ. By definition, If (∞) = ∆Γψ/(2π), where we denote

by the aggregate change in angle over the inverted curve Γ.
Now notice that

ż = |G|eiψ = −Z2ż = −|Z|2ρei(φ+2arg(Z)+π),

so

If (∞) =
1

2π
∆Γ (φ+ 2arg(Z) + π)

=
1

2π
(∆Γφ+ 2∆Γarg(Z) + ∆Γπ)

=
1

2π
(−∆γφ+ 2 · 2π + 0)

= 2−
∑
i

Ii.

�
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22.3. The Poincaré index theorem. The Poincaré index theorem equates the index of a system
on a two-dimensional surface and the Euler–Poincaré characteristic of that surface. A two dimen-
sional surface is a two dimensional, compact, C2-manifold, defined in a manner described in Lecture
VIII. Alternatively, for us, it is the surface of a doughnut with a finite number of holes, although we
make the caveat that this alternative excludes a number of interesting two dimensional surfaces not
smoothly embeddable in R3, in particular, to non-orientable surfaces, to which the theorem still in
fact applies. It goes beyond the scope of this module to discuss what precisely orientability means.
But we point out that smooth orientable 2-dimensional surfaces are all smoothly embeddable in R3.

On every neighbourhood of such a surface M , we can locally parameterize the surface by coordi-
nates (x, y), as a two dimensional manifold “looks locally like R2”. And it makes sense to discuss
a two-dimensional dynamical system on this surface, just as we had done for a system on a plane.
The vector field f(p) will be in a separate vector space, the tangent space TpM . Suppose now that
this vector field has finitely many critical points {pi}mi=1 ⊆M .

We then define the index of the surface M relative to the vector field f as

If (M) :=
∑
i

If (pi).

The startling fact is that not only is If (pi) curve independent, but If (M) is in fact vector field
independent. This number only depends on M , and is equal to the Euler–Poincaré charac-
teristic of M , χ(M). This number χ(M) is calculated in the following way:

Any smooth two dimensional surface can be tessellated by finitely many curvilinear triangles.
These curvilinear triangles may be found by first tessellating a local patch Vi = ϕi(Ui) ⊆ R2

by actual triangles in R2, which defines the triangle on Ui ⊆ M . We need to ensure that these
tessellations match up properly. Given a triangulation ∆ of a surface, we can calculate an integer

χ∆(M) = F − E + V,

where F is the number of faces, E the number of edges, and V the number of vertices.
A triangulation is not unique. However, by varying any given triangulation, say, by removing

edges and vertices, it can be shown that any triangulation returns the same number χ∆(M) (it
doesn’t even need to be triangles), so in fact χ∆(M) is independent of the triangulation ∆, and we
can call it χ(M). χ(M) only depends on topological properties of M . We call such a number a
topological invariant.

Having defined both If (M) and χ(M), we can state the following theorem:

Theorem 22.3 (Poincaré Index Theorem). Let M be a smooth two-dimensional surface, and f a
C1-vector field defined on it, with at most finitely many critical points.

If (M) = χ(M).

Refer to Perko, pp.307 – 310 for a sketch of a proof. The idea for orientable surfaces is to show
it for a sphere by reasoning about curves on spheres and the resulting index, and then proceed to
add “handles” to the sphere, where each “handle” is itself homeomorphic to a sphere.

Now we have almost proven this for the sphere since we know that the sphere has index 2, and we
know that we can compactify C by adding a point at infinity (using stereographic projection). We
only need to show that compactifying the plane and counting the critical points on the Riemann
sphere is the same as counting the critical points within γ and inverting the plane and counting the
critical points inside the inverted curve Γ.
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23. Lecture XXIII: One-Dimensional Local Bifurcations I

23.1. Dimension one/Codimension one bifurcations. With this lecture we move on to the
final part of the module, where we shall concern ourselves with bifurcations of systems with param-
eters. We have seen systems with parameters before, both fixed and vanishing. It happens that at
times, the qualitative behaviour of systems change drastically and suddenly as the parameters on
which the depend vary continuously. We call these phenomena bifurcations. Recall in Example
7.5, the activator-inhibitor model

ẋ = σ
x2

1 + y
− x

ẏ = ρ(x2 − y).

has one critical point at the origin for any σ, but only at σ > 2 does it suddenly have two further
critical points at (r±, r

2
±), where

r± =
σ ±
√
σ2 − 4

2
.

We say that a bifurcation occurs at σ = 2 for this system.
We shall be looking systematically at simple bifurcations in the remaining lectures in this module.

First we shall consider one-parameter systems, so we shall be looking at systems of the form

ẋ = f(x, µ), (33)

where µ varies over R, and specifically, is not the temporal variable. For each fixed µ, we have a
C1-autonomous, first order system of long familiarity. We may think of this as a system over Rd+1

by augmenting it with the equation µ̇ = 0.
By the centre manifold theorem applied to the (d + 1) dimensional system, we know that there

is a two dimensional manifold W c((x0, µ0)) ⊆ Rd+1 tangent to the centre subspace at (x0, µ0). Re-
stricting the system to the surface W c((x0, µ0)), we can “foliate” W c((x0, µ0)) by (one dimensional)
curves indexed by a parameter µ close to µ0. (That is, we can think of W c((x0, µ0)) as being made
up entirely of curves γµ as µ varies, which do not intersect.) Geometrically we will be looking at
how these curves vary through µ.

Suppose now that the system (33) has a critical point at (x0, µ0) at which Df(x0, µ0) (is an d×d
matrix which) has a single zero eigenvalue. We know that hyperbolic critical points are quite stable
already. Let us focus on the “centre” component of the (d-dimensional) system (33) given by the
scalar equation

ẏ = g(x, µ),

where g : Rd+1 → R is the “centre” component of f : Rd+1 → Rd, and y is the “centre” variable
that is not µ. The centre equations of the (d+ 1)-dimensional system are

ẏ = g, µ̇ = 0.

The zero-eigenvalue condition gives us:

∂g

∂y

∣∣∣∣
(x0,µ0)

= 0, (34)

We shall now see that by increasing the “degeneracy” of this centre manifold dynamics, we
naturally arrive at different types of bifurcating behaviour, in which the system changes abruptly
in different ways as µ varies continuously.



82

1. Saddle-node bifurcation

We can stem the degeneracy on the centre manifold of the (d+1)-dimensional system by requiring

∂g

∂µ

∣∣∣∣
(x0,µ0)

6= 0,
∂2g

∂y2

∣∣∣∣
(x0,µ0)

6= 0. (35)

This is a sort of transversality condition, because we know that this means whilst the curves γµ
with µ close enough to µ0 all reach an optimum in the y direction on W c((x0, µ)) (this is (34)), at
least they do not vanish to second order in both the y and the µ direction.

Integrating the equations (34) and (35) leads us directly to the equation for centre variable of
the form:

ẏ = (µ− µ0)− (y − y0)2 +O((µ− µ0)(y − y0), (µ− µ0)2, (y − y0)3),

where we have normalized over all constants that could be multiplied to (µ−µ0) or (y− y0)2. Here
y0 is the “centre” component of x0. The minus sign is an arbitrary convention, as we shall see.

Neglecting the higher order terms, and assuming x0 = 0, µ0 = 0, there are critical points along
the nullcline y2 = µ. As µ varies over R, we see that there are no critical points for the system
where µ < 0. For µ > 0, there are two, y = ±√µ. This would be reversed if the minus sign were
a plus sign. At µ = 0, of course, there is one single critical point, about which we had applied the
centre manifold theorem to begin with.

We can ask about the stability of these two critical points where they exist. Looking again at
the centre variable equation with x0 = 0 and µ0 = 0, we find that at the linearization:

∂

∂y

∣∣∣∣
±√µ

(µ− y2) = 2y
∣∣
±√µ = ∓2

√
µ.

That means that y = −√µ is an unstable fixed point and y =
√
µ is a stable fixed point. We do not

have to worry about the non-centre variables because their characteristics are stable with respect
to small perturbations around (0, 0).

We can record this graphically in what is known as a bifurcation diagram:

The red lines indicate the locations of the fixed points as µ varies away from 0. The dashed line
indicates an unstable fixed point and a solid line indicates a stable fixed point. We call this type
of bifurcation a saddle-node bifurcation. The statement that these transversality conditions
guarantee a saddle-node bifurcation is known as Sotomayor’s Theorem (see Perko, pg. 338).

2. Transcritical bifurcation

By allowing one higher order of degeneracy, we arrive at the transversality/non-degeneracy con-
dition:

∂2g

∂µ ∂y

∣∣∣∣
(x0,µ0)

6= 0. (36)
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Integrating the equations (34) and (36) leads us now to the following equation for the centre
variable:

ẏ = µy − y2 +O(µ2, y3),

where again, we have taken x0 = 0 and µ0 = 0.
Sufficiently close to (x0, µ0), there are critical points at y2 − µy = 0. That is, at y = 0 and at

y = µ. There are always two critical points as µ varies over R, except at µ = 0.
We can again analyse the stability of the critical points as µ varies away from 0 over R. The

linearized system is governed by
∂

∂y
(µy − y2) = µ− 2y.

This derivative is positive or negative according as µ is positive or negative along y = 0. This means
the fixed point y = 0 is unstable when µ > 0, and stable when µ < 0.

This derivative is negative or positive according as µ is positive or negative along y = µ. This
means that the fixed point y = µ is stable when µ > 0, and unstable when µ < 0.

We can again record this type of bifurcation graphically:

The red lines indicate the locations of the fixed points as µ varies away from 0. The dashed line
indicates an unstable fixed point and a solid line indicates a stable fixed point. We call this type of
bifurcation a transcritical bifurcation.

3. Pitchfork bifurcation

Let us continue allowing one higher order of degeneracy. We allow

∂2g

∂y2

∣∣∣∣
(0,0)

= 0,

in addition to (34) but require

∂3g

∂y3

∣∣∣∣
(0,0)

6= 0. (37)

These conditions then lead us as before to:

ẏ = µy − y3 +O(µ2, y4).

Sufficiently close to (0, 0) there are critical points at y3 − µy = 0. That is, at y = 0, and at
y2 − µ = 0. When µ < 0, there is only one critical point. At µ > 0, there are three.

The stability of y = 0 as µ varies away from 0 depends on

∂

∂y

∣∣∣∣
y=0

(µy − y3) = µ,

which implies stability when µ < 0 and instability when µ > 0.
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At y = ±√µ, we find
∂

∂y

∣∣∣∣
y=±√µ

(µy − y3) = µ− 3µ = −2µ.

That is, both these critical points are stable where they exist, which is only over µ > 0.
This this type of bifurcation is known as the pitchfork bifurcation, and its bifurcation

diagram is:

The naturality with which these bifurcations have arisen and their simplicity suggest that they
arise often and in many simplified/approximate models. This is indeed the case and we shall look
at some examples next time.
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24. Lecture XXIV: One-Dimensional Local Bifurcations II

24.1. Hopf Bifurcation. We continue with our discussion on transversality/non-degeneracy as the
origin of one dimensional/codimension one bifurcations.

4. Hopf bifurcation

We can think of relaxing non-degeneracy conditions as introducing symmetries. A symmetry of
a system, roughly speaking,is a transformation of underlying variables that leaves the dynamics
exactly unchanged. For example, R2, augmented with the usual Euclidean distance by which it is
measured, is symmetric under rotation, reflections, and translations. If σ : R2 → R2 is any of the
three types of operations aforementioned, and ρ(x,y) the distance between two points x,y ∈ R2,
then

ρ(σ(x), σ(y)) = ρ(x,y).

If a function V : (x, y, z) ∈ R3 7→ V (x, y, z) is symmetric with respect to translation in y, this can
be expressed as

∂V

∂y
= 0;

that is, V is left unchanged under translation in y. If this condition were restricted to a particu-
lar point — a local optimum — we can think of this condition as an infinitesimal symmetry in a
vanishingly small neighbourhood of that point. Symmetry can have the effect of collapsing higher
dimensional problems into lower-dimensional ones. For example, a problem with rotational symme-
try in d dimensions is essentially a one-dimensional problem because the angular coordinates are
all symmetrical and only dynamics along the radial coordinates matter.

This brings us to the symmetry condition that we shall use to obtain another type of bifurcation:
Instead of requiring that Df(x0, µ0) from (33) in Lecture XXII have only one zero eigenvalue, let

us suppose that Df has one and only pair of purely imaginary eigenvalues. Recall that D refers to
derivative in the spatial coordinates only, and not in µ, so Df is a (d× d)-matrix. We must in turn
require that these eigenvalues be conjugates if f is real. Let λ+ = λ+(µ0) and λ− = λ̄+. We shall
restrict this symmetry with the non-degeneracy condition:

d

dµ

∣∣∣∣
µ=0

R(λ) 6= 0, (38)

where we take the critical point to be at µ0 = 0. This condition replaces (34).
Putting the “centre” part of the (d× d)-system ẋ = f(x, µ) in a normal form, we know that two

conjugate imaginary eigenvalues mean that the centre variables x and y satisfy

d

dt

(
x

y

)
=

(
µ −ω
ω µ

)(
x

y

)
+O(x2, y2, xy, µ2)

(If we append to this system the equation µ̇ = 0 for the parameter µ as well, we have a three-
dimensional centre manifold for the (d+1)-dimensional system.) The eigenvalues of the linearization
are λ±(µ) = ±iω + µ, which reduce to λ±(0) = ±iω at µ = 0.

It turns out that for systems of dimension d > 2 with two conjugate purely imaginary eigenvalues
at µ = 0, with the non-degeneracy condition (38), more can be shown about higher-order terms:

(i) at the critical point (0, 0), the centre manifold to the (d×d)-system is two dimensional, and
the system on the centre manifold can be put into the normal form:

ẋ = −y + ax(x2 + y2)− by(x2 + y2) +O(|x|4)

ẏ = x+ bx(x2 + y2) + ay(x2 + y2) +O(|x|4),

and
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(ii) any sufficiently smooth system ẋ = g(x,ν) with ν ∈ Rm being a vector-valued parameter
(or, are m independent scalar parameters) for which ẋ = g(x,0) is topologically equivalent
to ẋ = f(x, 0) takes the following form on the local centre manifold:

ẋ = µx− y + ax(x2 + y2)− by(x2 + y2)

ẏ = x+ µy + bx(x2 + y2) + ay(x2 + y2).
(39)

Take a moment to appreciate what this means — this means that any system that looks like
ẋ = f(x, 0) at the origin/critical point has the same centre manifold behaviour, as long as this
system governed by f satisfies the non-degeneracy condition (38) for its only two purely imaginary
eigenvalues.

A system ẋ = g(x,ν) for which ẋ = g(x,0) is topologically equivalent to ẋ = f(x, 0) is known as
an unfolding of the system ẋ = f(x, 0). We think of the role of the parameters ν as unpacking
all possible degenerate behaviour that can be hidden in ẋ = f(x, 0), or otherwise that the system
ẋ = f(x, 0) sits in the intersection of all its possible unfoldings. Now there are some systems with
the fascinating property that it takes only finitely many parameters to characterise all possible
unfoldings.

For systems with only two eigenvalues with zero real parts, and a non-degeneracy condition given
by (38), for example, we see that all unfoldings look locally alike, and one parameter is enough to
describe them. We call this fullest possible unfolding of ẋ = f(x, 0) its universal unfolding.

Let us take a closer look at the centre manifold dynamics of the universal unfolding. In polar
coordinates, (39) becomes:

ṙ = µr − ar3 (40)

ϑ̇ = −1− br3. (41)

We can normalize the radial equation to

ṙ = µr − r3.

This of course exhibits a pitchfork-like bifurcation if a 6= 0. But the interpretation of this variable
as a radial variable yields visually very different phase portrait changes as µ passes through 0, and
this bifurcation is known as the Hopf bifurcation. In particular, we require r > 0. There is no
trajectory with r < 0. This bifurcation is the sudden appearance of a periodic orbit from a focus.

We in fact have the following situation: If a > 0, then the bifurcation exists for µ > 0, the periodic
solutions are stable, and the bifurcation is said to be supercritical. If a < 0, then solutions exist
for µ < 0, and the periodic solutions are unstable, and the bifurcation is said to be subcritical.

The situation for d = 2 can be made clearer [picture].

24.2. Examples of codimension one bifurcations.

Example 24.1 (Augmented Lotka-Volterra model). Recall the augmented Lotka-Volterra model
of Lecture VII (Example 7.4) for predator-prey dynamics:

ẋ = x

(
x− ε
x+ ε

)(
1− x

K

)
− xy

ẏ = ρ(xy − y).

Recall that x(t) modelled the prey population and y(t) the predator population, that K is the
carrying capacity, ρ the death rate for predators, and ε the self-sustaining population parameter,
which is < 1. For simplicity, let us take ε = 0.

Recall also that the equilibria are at (0, 0) — the extinction equilibrium, at (K, 0) — the prey
only equilibirum, and at (1, 1− 1/K), the coexistence equilibrium.
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Taking K to be the bifurcation parameter, we find that the the coexistence equilibrium and the
extinction equilibrium coincides as K varies through 1, and bifurcates from it on either side of
K = 1. On inspection of the first equation

ẋ = x(1− x/K)− xy,
we can readily see that this is a transcritical bifurcation.

There is also a Hopf bifurcation at φ′(1) = 0.

Example 24.2 (Activator-Inhibitor system). Recall that in Example 7.5, we considered activator-
inhibitor systems modelling the concentration of two reacting species of chemicals. We also consid-
ered this system at the beginning of Lecture XXII.

The activator-inhibitor system is given by the equations:

ẋ = σ
x2

1 + y
− x

ẏ = ρ(x2 − y).

The parameters σ and ρ are positive.
The fixed points are:

(x, y) ∈ {(0, 0), (r+, r
2
+), (r−, r

2
−)},

where

y = σx− 1, y = x2 =⇒ r± =
σ ±
√
σ2 − 4

2
.

Therefore the fixed points not at zero only exist in the phase space when σ > 2.
Discounting the trivial equilibrium in which there are no chemicals of either species at all, as σ

decreases to σ = 2, the system undergoes a saddle-node bifurcation.
When σ > 2, the equilibrium (r−, r

2
−) is always a saddle.

When σ > 2, the equilibrium (r+, r
2
+) is always a node. It is a source or a sink according as ρ < 1

or ρ > 1. If ρ < 1, then there is in fact little change in behaviour through the bifurcation point —
essentially all solutions decay to nought. But if ρ > 1, we see that that (r+, r

2
+) is an attracting

fixed point — a chemical equilibrium between two reacting species that suddenly fails to become a
chemical equilibrium at σ = 2.

What we have seen is in fact a higher dimensional bifurcation with respect to the parameter ρ at
ρ = 1, but we shall not pursue this discussion now.

Example 24.3. This is not so much an example as an interpretation of a pitchfork bifurcation.
Recall that a pitchfork bifurcation is given in normal form by

ẋ = µx− x3.

In fact pitchfork bifurcations, like their close cousins the Hopf bifurcation, also exhibit criticality
behaviour. In the equation above, as we have seen, as µ increases through µ = 0, a stable fixed point
bifurcates into three — an unstable fixed point at x = 0, and two stable fixed points at x = ±√µ.
This can be found in physical systems where an energy potential well changes into two potential
wells:
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This sort of bifurcation is known as a supercritical, forward, or safe pitchfork bifurcation.
Alternatively, if the sign in front of x3 were plus instead of minus, we see that as µ decreases

through µ = 0, an unstable fixed point bifurcates into three — a stable fixed point at x = 0, and
two unstable fixed points at x = ±

√
−µ. This corresponds to a reflection of the potential wells

above about a horizontal.
This sort of bifurcation is known as a subcritical, backwards, inverted, or unsafe pitchfork

bifurcation.
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25. Lecture XXIV: One-Dimensional Global Bifurcations I

25.1. Limit cycles of systems dependent on a parameter. Just as we discussed linearizations
about periodic orbits after analogous discussions about linearizations about critical points, we shall
now discuss bifurcations at periodic orbits.

Recall that when there is a periodic orbit, one eigenvalue of DΠ(x0) is always equal to 1, for x0

a point on that periodic orbit. With reference to the stable manifold theorem for periodic orbits
(Thm. 18.3) periodic orbit Γ is nonhyperbolic when there is at least another eigenvalue on the
complex unit circle.

There are three ways this can occur. Either DΠ(x0) has another eigenvalue of 1, or it has −1 for
an eigenvalue, or it has a complex conjugate pair e±iϑ of eigenvalues.

Let us consider again the system

ẋ = f(x, µ)

on Rd, and suppose that at µ = 0, this system has a periodic orbit given by γ0(t) = φt(x0, 0). Let
Σ be a hyperplane through x0 perpendicular to γ′0(0). To each µ in a small neighbourhood of µ,
and x ∈ Σ in a small enough neighbourhood of x0, we can define a first return time τ(x, µ). This
is sufficient to define a Poincaré map

Π : (x, µ) 7→ φτ(x,µ)(x, µ).

In this lecture we shall be considering bifurcations about non-hyperbolic periodic orbits. This
means that we require that at the bifurcation point µ0,

Π(x0, µ0) = x0, DΠ(x0, µ0) = 1,

already, analogous to the conditions presented by the centre manifold theorem in (34).
Recall from Thm.18.1 that along a periodic orbit γµ(t) of a planar C1-system of period Tµ, the

Poincare map is given by

DΠ(γµ(0)) = exp
(ˆ Tµ

0
(∇ · f)(γµ(t), µ) dt

)
.

We shall compute DΠ for simple examples and see how it characterizes bifurcations. Similar
calculations can be made to find the sign on a in (39) in our discussion on Hopf bifurcation in
Lecture XXIII.

Another way to test for stability, in polar coordinates, is see if ṙ has a definite sign for r slightly
beyond the limit cycle, and for r slightly below the limit cycle. This technique is slightly more
ad-hoc, and works best for limit cycles that are circles. Even if the system were written in polar
coordinates, we can test the stability of limit cycles by looking at the Poincaré map using the polar
coordinate transformations (

∂/∂x

∂/∂y

)
=

(
cos(ϑ) − sin(ϑ)
− sin(ϑ) cos(ϑ)/r

)(
∂/∂r

∂/∂ϑ

)
,

and

ẋ = ṙ cos(ϑ)− r sin(ϑ)ϑ̇, ẏ = ṙ sin(ϑ) + r cos(ϑ)ϑ̇,

so that

(∇ · f)((r, ϑ), µ) =
∂ṙ

∂r
+
∂ϑ̇

∂ϑ
+
ṙ

r
.

The following examples are taken directly from section 4.5 of Perko and Cap. 9 of Cain and
Shaeffer.
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25.2. Examples of simple bifurcations about nonhyperbolic periodic orbits.

1. Saddle-node bifurcation

Example 25.1. Consider the system

ṙ = (r − 1)2 + µ

ϑ̇ = 1.

We find limit cycles at

r±(µ) = 1±
√
−µ

for −1 < µ < 0. At µ ≥ 0, there is only one limit cycle, and at µ < −1, there is again only one
limit cycle because r is a non-negative quantity.

We can test the stability of the limit cycles in the range −1 < µ < 0. At r±(µ) + ε, we find that

ṙ = (r±(µ) + ε− 1)2 + µ = (ε±
√
−µ)2 + µ = ε2 ± 2ε

√
−µ.

Choosing ε small enough so that 0 < ε <
√
−µ, we find that ṙ is positive at r+(µ) + ε and negative

at r−(µ) + ε. Choosing ε small enough (in magnitude) so that −
√
−µ < ε < 0, we find that ṙ is

negative at r+(µ) + ε and positive at r−(µ) + ε.
This means that the limit cycle at r+(µ) is unstable and the limit cycle at r−(µ) is stable.

Therefore the bifurcation at µ = 0 is a saddle-node bifurcation. Moreover, at µ = −1, we see a
“reflected” Hopf-like bifurcation.

Example 25.2. Next look at the system

ẋ = −y − x
(
µ− (r2 − 1)2

)
ẏ = x− y

(
µ− (r2 − 1)2

)
This is transformed into

ṙ = −r
(
µ− (r2 − 1)2

)
, ϑ̇ = 1.

From this it is clear that there are limit cycles at

r±(µ) =

√
1± µ1/2.

for 0 < µ < 1.
Let us test for stability with the Poincaré map this time. We can find the Poincaré map derivative

using

(∇ · f)((r±(µ), ϑ), µ) =
∂ṙ

∂r
+
∂ϑ̇

∂ϑ
+
ṙ

r
= 4(1± µ1/2)(±µ1/2).

Therefore

DΠ((r±(µ), 0), µ) = exp
(
± 8π(1± µ1/2)µ1/2

)
,

For 0 < µ < 1, we find that

DΠ((r+(µ), 0), µ) > 1, DΠ((r−(µ), 0), µ) < 1.

Therefore the larger limit cycle is unstable and the smaller one is stable. At µ = 0, we have
DΠ((1, 0), 0) = 1, and so we see that a saddle-node bifurcation happens at the non-hyperbolic
periodic orbit of the system at µ = 0.

What we see here is that in fact, we have a nondegeneracy given by

∂

∂µ
Π(x0, 0) 6= 0,

as a generator of this saddle-node bifurcation, for x0 on the periodic orbit at µ = 0.
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Both the saddle-node bifurcations above can be summed up graphically using bifurcation dia-
grams where µ is plotted against r.

2. Transcritical bifurcation

We shall see that we can likewise derive a transcritical bifurcation with a nondegeneracy condition
on Π analogous to the one we had on the “centre equation” in Lecture XXII in (36).

Example 25.3. Let us inspect this time the system

ẋ = −y − x(1− r2)(1 + µ− r2)

ẏ = x− y(1− r2)(1 + µ− r2).

In polar coordinates, we find

ṙ = −r(1− r2)(1 + µ− r2), ϑ̇ = 1.

Again, it is clear that we have limit cycles at

r+(µ) = 1, r−(µ) =
√

1 + µ.

for all values of µ > −1.
The divergence of the flux is

(∇ · f)((r±(µ), ϑ), µ) =
∂ṙ

∂r
+
∂ϑ̇

∂ϑ
+
ṙ

r
=

{
2µ r = r+(µ)

−2µ(1 + µ) r = r−(µ)
.

So as µ increases through 0, the orbit at r+ changes from being stable to being unstable, and the
orbit at r−(µ) changes from being stable to being unstable. This is characteristically a transcritical
bifurcation.

Calculating the actual derivative of the Poincaré map, we find

DΠ((r±(µ), 0), µ) =

{
e4πµ r = r+(µ)

e−4πµ(1+µ) r = r−(µ)
.

And we see that the non-degeneracy condition that would have induced this bifurcation is

∂

∂µ
DΠ(x0, 0) 6= 0, (42)

for x0 on the periodic orbit of the system at µ = 0.
Again, it is possible to represent this bifurcation graphically by plotting µ against r.

3. Pitchfork bifurcation

Example 25.4. Finally let us look at the following system:

ẋ = −y + x(1− r2)
(
µ− (r2 − 1)2

)
ẏ = x+ y(1− r2)

(
µ− (r2 − 1)2

)
.

In polar coordinates, this becomes

ṙ = r(1− r2)
(
µ− (r2 − 1)2

)
ϑ̇ = 1.

Again limit cycles are circles, and of radii

r0(µ) = 1, r±(µ) =

√
1± µ1/2.



92

There are three limit cycles where 0 < µ < 1. As before, we can compute the derivative of the
Poincaré map to test for stability, and we find that

DΠ((r0(µ), 0), µ) = e−4πµ, DΠ((r±(µ), 0), µ) = e4πµ
(

1±µ1/2
)
.

This is a (reflected) subcritical pitchfork bifurcation.

25.3. Degeneracy conditions for bifurcations. We can sum up and fill in the various degeneracy
conditions for simple bifurcations about a nonhyperbolic periodic orbit in a theorem:

Theorem 25.1. Let Γ be a nonhyperbolic periodic orbit of a C2-planar system at µ = µ0 containing
the point x0. Let Π be the Poincaré map defined in a neighbourhood of (x0, µ0) for the orbit Γ0.

The non-degeneracy conditions

D2Π(x0, µ0) 6= 0,
∂

∂µ
Π(x0, µ0) 6= 0

induces a saddle-node bifurcation about Γ0 at µ = µ0.
The relaxed non-degeneracy conditions

∂

∂µ
Π(x0, µ0) = 0,

∂

∂µ
DΠ(x0, µ0) 6= 0, D2Π(x0, µ0) 6= 0

induces a transcritical bifurcation about Γ0 at µ = µ0.
The further relaxed non-degeneracy conditions

∂

∂µ
Π(x0, µ0) = 0, D2Π(x0, µ0) = 0,

∂

∂µ
DΠ(x0, µ0) 6= 0, D3Π(x0, µ0) 6= 0

induces a pitchfork bifurcation about Γ0 at µ = µ0.
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26. Lecture XXV: One-Dimensional Global Bifurcations II

Last lecture, we established that there are three ways that a periodic orbit Γµ0 can be nonhyper-
bolic. For a point x0 ∈ Γµ0 , since Γµ0 is periodic, there is always an eigenvalue of the derivative of
its Poincaré map, DΠ(x0, µ0), that takes the value 1. Nonhyperbolicity then requires that either
DΠ(x0, µ0) has another eigenvalue of 1, or it has a complex conjugate pair e±iϑ of eigenvalues, or
it has the eigenvalue −1. We had only considered the first case last time. In this lecture we shall
take a closer look at the remaining two cases.

26.1. Neimark–Sacker bifurcation. In this subsection we shall consider bifurcations about a
periodic orbit where DΠ(x0, µ0) has a pair of conjugate eigenvalues e±iϑ in addition to the eigenvalue
1. In order to have three eigenvalues, the dynamics must take place in at least three spatial
dimensions. Therefore, this sort of bifurcation does not occur on the plane. We shall see that with
the correct non-degeneracy conditions, this sort of spectral (eigenvalues) behaviour leads to the
periodic orbit analogue of the Hopf bifurcation (which occurs about a critical point). It is again
simplest to look at an example:

Example 26.1. Consider the system:

ṙ = µ(r − 1)− ωz − (r − 1)
(
(r − 1)2 + z2

)
ż = ω(r − 1) + µz − z

(
(r − 1)2 + z2

)
ϑ̇ = 1.

For any µ, we have the periodic orbit

r(t) = 1, z(t) = 0, ϑ(t) = t,

where the angular variable ϑ really only needs to be defined up to multiples of 2π. It is evident that
ṙ = d(r − 1)/dt. We use r instead of r − 1 as a variable here in order to interpret this stationary
solution as a periodic orbit in R3, where the xy-plane is written in polar coordinates, instead of as
a critical point. The final argument of the cylindrical coordinate system is z, the height from the
the xy-plane.

Let x0 be a point on the orbit. The Poincaré map is the first return map taken at a particular
angular slice, and hence ignores the angular ϑ coordinate. The linearization about the periodic
orbit gives

DΠ(x0, µ) = exp(2πCµ), Cµ :=

(
µ −ω
ω µ

)
This gives us eigenvalues of

e2πµ±2πiω,

with a bifurcation at µ0 = 0.
To see the sort of dynamics occuring, we see from the eigenvalues that for µ < 0, any nearby

solutions decay to (r, z) = (1, 0).
For µ > 0, the periodic orbit is no longer stable. However, there is an invariant manifold in the

form of a torus, of major raidus 1 and minor radius
√
µ to which solutions starting near the periodic

orbit converges. That is, we see that for any arbitrary phase φ depending on initial conditions, we
have the limit cycles

r(t) = 1 +
√
µ cos(ωt+ φ), z(t) =

√
µ sin(ωt+ φ), ϑ = t,

and these limit cycles fill up the the surface of a torus of the dimensions described.
If we collapse the angular variable ϑ, which we can do without danger of trajectories crossing

paths because the remaining two equations are still an autonomous system, we find a Hopf-like
bifurcation for the planar system with variables

x = r − 1, y = z.
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Indeed, using the substitution on the first two equations of the system, we find

ẋ = µx− ωy− x
√

x2 + y2

ẏ = ωx + µy− y
√

x2 + y2.

Now using R2 = x2 + y2 on the xy-plane, we find

Ṙ = µR−R3,

which looks like a slightly scaled transcritical bifurcation (cf. Lecture XXII.1.2), but interpreted as
a radial variable on a plane (i.e., R ≥ 0), has a bifurcation diagram that coincides with the Hopf
bifurcation. (When the lower half-plane is ignored, as in the radial case, a pitchfork bifurcation and
a transcritical bifurcation looks the same.)

26.2. Period-doubling bifurcation. On the plane, we have not seen an eigenvalue of DΠ(x0, µ0)
taking the value −1, either. It is, in fact, again, impossible. Let us briefly explore what an eigenvalue
of −1 signifies.

Recall that DΠ(x0, µ0) always has one eigenvalue that takes the value 1 because that is the
multiplier associated with the direction normal to the hyperplane Σ on which Π is defined. An
eigenvalue of −1 therefore means that along some direction inside/along the hyperplane, each return
of a trajectory to Σ occurs in an opposite sense from the previous one. In particular, there are
trajectories Γµ close to our nonhyperbolic periodic orbit, which intersect Σ, say, at xµ, returns at
yµ ∈ Σ (along the same direction transverse to Σ) and then returns again to complete itself as a
periodic orbit, intersecting Σ the second time at xµ. The direction associated with the eigenvalue
−1 is then xµ − yµ, which lies on Σ, because the next time it returns, i.e., on a second application
of the Poincaré map, the point is mapped along this vector in the opposite direction at the same
magnitude — thereby taking yµ back to xµ in the second return, and closing up a periodic orbit
with approximately twice the period — that is,

Π ◦Π(xµ, µ) = xµ :

.

This cannot happen for plane autonomous systems because a trajectory will have to cross itself
in order for a period doubling phenomenon to occur. One way to see this is, supposing such a
trajectory existed on the plane, arbitrarily pick a centre O of the period doubling trajectory. Either
|xµ − O| < |yµ − O|, or vice versa. As we continue along the trajectory and make our way back
from yµ to xµ, arbitrarily close to xµ, the radius will have had to have decreased (resp. increased)
back to |xµ −O|, which inplies a crossing.

This sort of behaviour clearly depends on the existence of periodic orbits that bend very close
back on themselves at µ close to µ0, very much like in noodle dough that is folded and stretched
multiple times to make noodle. It is a behaviour closely associated with what is normally called
chaotic behaviour, and can become very complicated.
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Example 26.2. Let us consider a toy example of a system with DΠ having an eigenvalue of −1:

ṙ = −(r − 1)− 1

2
z + µ

(
cos2(ϑ/2)(r − 1) + sin(ϑ/2) cos(ϑ/2)z

)
− (r − 1)

√
(r − 1)2 + z2

ż =
1

2
(r − 1)− z + µ

(
sin2(ϑ/2)z + sin(ϑ/2) cos(ϑ/2)(r − 1)

)
− z
√

(r − 1)2 + z2

ϑ̇ = 1.

Since the first two equations depend on ϑ, we can no longer collapse the final equation as we did
for Example 26.1 and still retain an autonomous system. Substituting ϑ = t into the remaining two
equations, we can build a Poincaré map on the slice ϑ = 0.

The linearization of the non-autonomous system is

ṙ = −(r − 1)− 1

2
z + µ

(
cos2(t/2)(r − 1) + sin(t/2) cos(t/2)z

)
ż =

1

2
(r − 1)− z + µ

(
sin2(t/2)z + sin(t/2) cos(t/2)(r − 1)

)
.

Solutions are spanned by(
r(t)

z(t)

)
∈ span

{
e(µ−1)t

(
cos(t/2)

sin(t/2)

)
, e−t

(
− sin(t/2)

cos(t/2)

)}
.

On first return, we have Π(r(0), z(0);µ) = (r(2π), z(2π)). Therefore,

DΠ

(
r(0)

0

)
= −e2π(µ−1)

(
r(0)

0

)
, DΠ

(
0

z(0)

)
= −e−2π

(
0

z(0)

)
,

and the eigenvalue −e2π(µ−1) takes the value −1 at the bifurcation point µ = µ0 = 1.

This example is slighly artificial, however, and by inspection, it can be checked that it has
similar solutions for µ > 1 to Example 26.1. It often happens that period-doubling occur at a
sequence of values {µi}∞i=0 for the bifurcation parameter µ, so that trajectories are, to use the
noodle imagery, stretched and folded repeatedly, increasingly often at each successive bifurcation
value. This phenomenon is known as the period-doubling cascade and we shall inspect it presently.

26.3. Period doubling cascades. Most results within our reach concerning period doubling cas-
cades come from numerical experiments. In this subsection we shall describe two numerical examples
of period doubling cascades.

Example 26.3 (Rössler’s equation). A simplified Lorenz system already exhibits period doubling
cascades. The Rössler system is

ẋ = −y − z
ẏ = x+ ay

ż = b+ z(x− c).

We consider bifurcations of the system with fixed a = b = 1/5, as c varies.
It turns out that there are periodic solutions at c > 0.4. There is a first period-doubling bifur-

cation at c1 ≈ 2.832. The period of periodic orbits “doubles” again at c2 ≈ 3.837, and there is an
infinite number of bifurcation values {ck}∞k=1 which accumulate at c∞ ≈ 4.3, at each of which there
is a period-doubling bifurcation. (See Figure 9.15 of Cain and Shaeffer.)

Whilst we have been discussing dynamical systems defined by flows of ODEs, it is far simpler to
look at period doubling bifurcations in systems defined by maps. That is, we consider, for example,
only what happens on Σ, and not the entire trajectories themselves. Let there be a collection of
maps, indexed by µ ∈ R:

Ψ(·, µ) : Σ→ Σ.
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This is more general than systems defined by flows, because, for example, we can take Σ to be
an interval in R here, even though we have shown that if Σ is a codimension one (i.e., dimension
d − 1) surface defining a Poincaré map for a system with period doubling bifurcation, we cannot
have d− 1 = 1.

Example 26.4 (Logistic map). Consider the archetypal period-doubling discrete system:

xn+1 = µxn(1− xn).

Here µ ∈ (0, 4], and xn ∈ [0, 1]. This is a discrete time version of the logistic equation used in
population models.

For µ ∈ (0, 1), as expected xn → 0, since xn ≤ µn.
For µ ∈ (1, 2), xn → (µ− 1)/µ, which is easy to find simply by setting x∞ = µx∞(1− x∞).
For µ ∈ (2, 3), the same behaviour holds, but there is more oscillatory behaviour in the conver-

gence to (µ− 1)/µ.
At µ ∈ (3, 1 +

√
6), we see that almost all initial values lead to permanent oscillations between

two different values.
At µ ∈ (1 +

√
6,∼ 3.54409), there is another bifurcation into oscillations between four values for

almost all initial values.
As µ increases beyond µ3 ≈ 3.54409, we find that there are values µ4 at which xn oscillates

between eight values, then µ5 > µ4 at which xn oscillates between sixteen values, and so on.
At µ ≈ 3.56995, this period-doubling cascade stops.
We think of these as period-doubling bifurcations because in higher dimensions, the return map

of a trajectory to Σ is a discrete system.
It turns out that for all one-dimensional discrete systems xn = f(xn−1, µ) with period doubling

bifurcations, where f(x, µ) has one quadratic maximum for each value of µ, period-doubling cascades
occur at the same rate. Where the bifurcation points are at {µi}∞i=0, the limit

δ := lim
n→∞

µn − µn−1

µn+1 − µn
is universal, and is known as the first Feigenbaum constant. The approximate value of this
number is δ ≈ 4.669201.
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