
TMA4165: Exercise 9 (2019 week 11)

Problem 1. Investigate the stability of the zero solution for each system, deter-
mining if it is stable, asymptotically stable, or unstable:

{
̇𝑥 = −𝑥3 + 𝑦4

̇𝑦 = −𝑦3 + 𝑦4
(1)

{
̇𝑥 = 𝑥3 + 𝑥2𝑦
̇𝑦 = 𝑥3 − 𝑥𝑦2

(2)

⎧

⎨
⎩

̇𝑥 = 2𝑦(𝑧 − 1)
̇𝑦 = −𝑥(𝑧 − 1)
̇𝑧 = 𝑥𝑦

(3)

{
̇𝑥 = 3𝑥 + 2𝑦 + 𝑥6𝑦3

̇𝑦 = −2𝑥 − 2𝑦 − 𝑥10𝑦8
(4)

Hint : For (3), look at one or more of 𝑑𝑦/𝑑𝑥, 𝑑𝑧/𝑑𝑥, 𝑑𝑧/𝑑𝑦.

Problem 2. Given a system

{
̇𝑥 = 𝑋(𝑥, 𝑦),
̇𝑦 = 𝑌 (𝑥, 𝑦),

an 𝑥-nullcline is a curve on which 𝑋(𝑥, 𝑦) = 0. Similarly, a 𝑦-nullcline is a curve
on which 𝑌(𝑥, 𝑦) = 0. In a typical situation, which you have seen often, the set
𝑁𝑥 = { (𝑥, 𝑦) ∣ 𝑋 (𝑥, 𝑦) = 0 } is the union of a finite number of curves (𝑥-nullclines),
the same goes for 𝑁𝑦 = { (𝑥, 𝑦) ∣ 𝑌 (𝑥, 𝑦) = 0 }, while the two sets meet only in a
finite number of points (the equilibrium points).

An 𝑥-nullcline containing no equilibrium points except possibly at the ends, can
be classified as up (↑) if 𝑌 > 0 along the curve, or down (↓) if 𝑌 < 0 along the
curve.

Similarly, a 𝑦-nullcline is classified as left (←, 𝑋 < 0) or right (→, 𝑋 > 0).

Now suppose that 𝒙0 is an isolated fixed point, i.e., with no other fixed point in
the disk 𝐵𝑟(𝒙0) = { 𝒙 ∣ |𝒙 − 𝒙0| ≤ 𝑟 }. Further assume there are a finite number
of 𝑥- and 𝑦-nullclines inside 𝐵𝑟(𝒙0) with one end at 𝒙0 and the other at the circle
∂𝐵𝑟(𝒙0) = { 𝒙 ∣ |𝒙 − 𝒙0| = 𝑟 }. Label each nullcline in order, as you go around the
circle, with its corresponding arrow symbol as above, repeating the first one at the
end. For example, the result might look like this: ↑→↓→→↓←↑ – eight arrows
for the seven nullclines.

Note that up and down arrows cannot be neighbours in this notation; i.e., ↑↓ and
↓↑ are impossible neighbours, and so are ←→ and →←. Explain why! (Bonus
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question: The configuration of three neighbours →↓→, as in the above example,
is somewhat unusual, but not impossible. Why?)

For any pair of arrows, let the letter 𝑛 indexed by the arrow pair denote the number
of times that pair of arrows appear, in that order, as neighbours in the sequence.
In the above example, 𝑛↓→ = 1, 𝑛→↓ = 2, 𝑛↑← = 0.

Show that the index of the vector field around 𝒙0 is 𝐼𝒙0 = 𝑛→↑ − 𝑛↑→. There are
three more formulas of the same type. What are they?

Problem 3. What is the index at the origin of the following system?

{
̇𝑥 = 2𝑥𝑦
̇𝑦 = 3𝑥2 − 𝑦2

Draw a phase diagram. Is the zero solution stable?
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