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Problem 1 For each of the following, state whether it is true or false (no proof
required).

1. The triangle inequality holds in any Banach space.

2. An orthogonal family of vectors is linearly independent.

3. The characteristic polynomial of a diagonalisable matrix has no repeated

roots.

4. The Hilbert spaces £* and Lo (0, 1) are isometrically isomorphic.

5. Every convergent sequence is Cauchy.

6. (Q,d(p,q) = |p — q|) is a complete metric space.

7. There is a 2 x 2-matrix P such that P [é ﬂ Pt = [(1) ﬂ

8. The linear transformation T': C?> — C? with matrix [12 ;] is unitary.

9. The function f(z) = /z + 1 is a contraction on [0, 2].

10. A Lipschitz function from one metric space to another takes Cauchy se-

quences to Cauchy sequences.

Problem 2 In this question, R and R? are equipped with their standard Eu-
clidean metrics; BC((0,1),R) with the metric do(f, g) = sup|f(t) — g(t)|; and ¢
with its natural metric.

1.

Let (x,) and (y,) be sequences in R converging to z and y respectively. Show
that the sequence (x,,¥,) in R? converges to (z,y).

Let (M, d) be a metric space and f: M — R? a function. Let my, mo: R? - R
be the projections onto the two coordinates. Show that f is continuous if
and only if both of m; o f and my o f are continuous as functions M — R.

Fither find a sequence (f,,) in C'((0,1),R) such that for each ¢ then (f,(t)) —
0 but (f,,) does not converge or find a sequence (z") in £% such that for each
k then (z}), — 0 but (™) does not converge.
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Problem 3 Let

1 1 0
-1 2 -2
A=19 5
1 -1 1

1. Compute the (Q R—decomposition of A.

2. Let W =Im A C R* Find the matrix of the orthogonal projection R* — W.

3. Let ¢ = . Find the nearest point in W to ¢.

NN =

12 -1 0

21 0 —-1{. 1
Problem 4 Express 10 -1 ol Jordan normal form JT'J~".

01 2 -1

Problem 5
1. For f,g € C'([0,1],R) define:

(f.9), = F(0)g(0) + / 7))t

Show that (-,-), defines an inner product on C*([0,1],R).

Let ||-||3 denote the corresponding norm.

2. Let tp € [0,1]. Show that the function C*([0,1],R) — R given by g — g(to)
is continuous with respect to ||-|5.

3. Let H' denote the Hilbert completion of C([0,1], R) with respect to ||-||3.
Explain why there is some h € H' such that for each g € C*([0,1],R) then
{(g,h) = g(to). Is h in C*([0,1],R)? Is h in C([0,1],R)?



