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Problem 1.

Answer any four of the following.

i State the definition of a Cauchy sequence in a metric space.

ii State what it means for a linear transformation from one vector space to
another to be an isomorphism.

iii State the definition of an eigenvector and eigenvalue of a linear transforma-
tion.

iv State the definition of a norm on a vector space.

v State the result linking the notions of convergent sequence and Cauchy sequence
in an arbitrary metric space.

vi Let V be an inner product space and C C V a subset. What conditions on C
guarantee that every point in V has a closest point in C?

vii State one of the factorisation theorems for matrices.

viii State the Cauchy—Schwarz inequality.
Problem 2.
1. Consider the function T: [0,1/2] — [0,1/2], T(x) = x3. Using the identity
a® —b® = (a - b)@® + ab + b?)

or otherwise, show that thisis a contraction. Whatis the contraction constant?

2. Using the estimate from Banach’s Fixed Point Theorem, how many iterations
are needed to guarantee being within 0.01 of the fixed point starting from xq =
1/2? How many iterations are actually needed to get within this accuracy?

(Be sure to justify your answers.)
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3. Using the above identity or otherwise, show that in the inequality
IT(T(x)) = T(x)] < BIT(x) - x|

then there is a better value for § than the contraction constant. Using this
in the estimate from Banach’s Fixed Point Theorem, how many iterations
are needed to guarantee being within 0.01 of the fixed point starting from

X0 = 1/2?
Problem 3.
A matrix A has LU-factorisation with:
1 0 00 2 0 3 -1 4
11 100 010 2 -1
L=l1 010 YSlooo 1 -1
1111 000 0 O
1. What are Rank(A) and dim ker(A)?
2. Which of the following vectors is in im A?
1 1 2
2 0 1
@ |; ®) |, ©|,
3 1 0
3. Find the QR—factorisation of L and write down the QR—factorisation of A.
Problem 4.
Let:
2 -3 -3 3 2
4 -3 -3 3 4 v— w—x+ y+ z=0
W=So|[-1|+w|O0|+x|[1|+y|-1{+z[0]: x—2y—-2z=0;,and b=
-1 2 1 -1 -2 2v-2w-x =0
0 0 1 0 0

Find the closest point to b in W+.
Problem 5.

This question concerns the space C([0, 1], R) with the norms:

I£ll.. = supl|f®)| : t € 10,11},

Il = [ lrofa:

1. For t € [0,1], let e;: C([0, 1], R) — R be “evaluation at t”: e;(f) = f(t). Show
that ¢ is continuous when C([0, 1], R) is given the metric from ||-[|.

2. Forn € N, let f,: [0,1] — R be the function f,(f) = t". For each t € [0,1]
show that the sequence (¢:(f,)) converges in IR and identify its limit. Explain
how you can conclude that the sequence (f,,) does not converge in C([0, 1], R)
when it is given the metric from ||-||.

3. Show that (f,) does converge when C([0, 1], R) is given the metric from |||
and identify its limit.
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