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Contact during the exam:
Andrew Stacey, phone (735) 90154

TMA4145 Linear Methods: Continuation Exam

Saturday 15th August 2009
Time: 09:00–13:00

Examination Aids: D
No written and handwritten examination support materials are permitted.

Calculator: Citizen SR-270X or Hewlett Packard HP30S

Problem 1.

Give the definitions of any four of the following terms.

i. A convergent sequence in a metric space

ii. The adjoint of a linear transformation between inner product spaces

iii. A neighbourhood of a point in a metric space

iv. The image (column space) of a linear transformation

v. A complete metric space

vi. A normal linear transformation

vii. A basis in a vector space

(8 points)

Problem 2.

a. Let (X, ‖·‖) be a Banach space. Let T : X → X be a continuous linear transformation. Let
b ∈ X be a fixed vector.
Consider the map X → X, x 7→ Tx + b. Express as simply as you can the condition that is
needed for this to be a contraction. (3 points)

b. Recall that `∞ is the space of all bounded sequences of real numbers with the supremum
norm,

‖(ξn)‖∞ = sup{|ξn| : n ∈N}

Let I : `∞ → `∞ be the map

I(ξn) =
(1

n
ξn+1

)
.

For example,

I(1, 1, 1, 1, 1, . . . ) =
(
0, 1,

1
2
,

1
3
, . . .

)
.

Let b ∈ `∞ be the sequence (1, 0, 0, . . . ). Prove that the map x 7→ Ix+ b is not a contraction on
`∞ but that x 7→ I(Ix + b) + b is a contraction. What is the contraction constant?

(3 points)

c. Carry out the first five iterations (of x 7→ Ix+ b) starting from x0 = 0. Then carry out the first
five iterations starting from an arbitrary sequence x0 = (ξ1, ξ2, . . . ). What do you notice?

(2 points)
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Problem 3.

Let (X, ‖·‖) be a normed vector space.

a. Let (an) be a sequence of points in X with the property that the series
∑
‖an‖ converges inR.

Prove that the sequence (sn) in X, defined by

sn =

n∑
k=1

ak

is Cauchy. (3 points)

b. Prove that a normed vector space (X, ‖·‖) is complete if and only if whenever (an) is a
sequence in X with the property that

∑
‖an‖ converges then the sequence of partial sums

(sn) with sn =
∑n

k=1 ak converges in X.
You may assume that a Cauchy sequence (sn) in X has a subsequence (snm ) with the property
that

∥∥∥snm+1 − snm

∥∥∥ < 1
2m . (3 points)

c. Recall that `0 is the space of all sequences in R that are eventually zero. Let ‖·‖ be a norm
on `0. Prove that (`0, ‖·‖) is not a Banach space. (2 points)

Problem 4.

In this problem we equip R3 and R4 with their standard Euclidean norms:

‖x‖ =
√

x2
1 + · · · + x2

n (n = 3 or 4)

Let

A =


5 2 1
−1 −1 1
3 2 −1
−3 −1 −1

 , b =


−3
−3
3
3

 , c =


0
3

12
−9


a. Find an x ∈ R3 such that Ax = b. (3 points)

b. Find ker A, and hence find the point y ∈ R3 with the smallest norm such that Ay = b.
(2 points)

c. Find a z ∈ R3 such that Az is the nearest point to c. (3 points)

Problem 5.

Let C([0, 1],C) denote the space of continuous functions from [0, 1] to C. Let

(
f , g

)
=

∫ 1

0
f (t)g(t)dt

be the standard inner product on C([0, 1],C).

a. Let R : C([0, 1],C) → C([0, 1],C) be the linear transformation which sends f ∈ C([0, 1],C) to
the function R f given by (R f )(t) = f (1 − t). Show that R is self-adjoint; that is, that(

R f , g
)
=

(
f ,Rg

)
for all f , g ∈ C([0, 1],C). (2 points)

b. For f ∈ C([0, 1],C) prove that there are f+ and f− in C([0, 1],C) with f = f+ + f−, R f± = ± f ,
and

(
f+, f−

)
= 0. (3 points)

c. Find a, b, c such that ∫ 1

0

∣∣∣4t2
− 4t − a sin(2πt) − b cos(πt) − c

∣∣∣2dt

is minimal. (3 points)


