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Problem 1

(i) True

(ii) False; Let T be the multiplication operator Tx = (xn/n) on ¸Œ. Then T is
a bounded operator, but the range of T is not closed: The sequence

xn = (1,
Ô

2,
Ô

3, . . . ,
Ô

n, 0, 0, . . .) œ ¸Œ

is mapped to the sequence

yn =
A

1,
1Ô
2

,
1Ô
3

, . . . ,
1Ô
n

, 0, 0, . . .

B

.

Hence yn œ T (¸Œ) for every n. It is easily verified that yn æ y, where

y =
A

1,
1Ô
2

,
1Ô
3

, . . . ,
1Ô
n

, . . .

B

œ ¸Œ.

However, y /œ ran(T ). The only sequence x which can possibly satisfy Tx = y
is

x = (1,
Ô

2,
Ô

3, . . . ,
Ô

n, . . .),

but this is not an element of ¸Œ. Hence ran(T ) is not closed.

(iii) True

(iv) True

Problem 2 Let (xk)kœN be a sequence in a normed space (X, Î·Î).

a) We want to prove that if (xk)kœN is a Cauchy sequence, then (xk)kœN is
bounded (note that this was an exercise in Problem set 6). Since (xk)kœN is
Cauchy, there exists an N œ N such that

d(xn, xm) = Îxn ≠ xmÎ < 1 for all n, m Ø N.

In particular, putting m = N , we have

d(xn, xN) = Îxn ≠ xNÎ < 1 for all n Ø N. (1)
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We want to show that (xk)kœN is bounded, meaning we can find a radius
r > 0 and a point x œ X such that (xk)kœN µ Br(x). So let

r := max {1, d(x1, xN), . . . , d(xN≠1, xN)}
= max {1, Îx1 ≠ xNÎ, . . . ÎxN≠1 ≠ xNÎ} .

We claim that Br+1(xN) contains every element of the sequence (xk)kœN, or
equivalently d(xk, xN) < r + 1 for every k œ N:

• If k < N , then our definition of r ensures that r Ø d(xk, xN), and thus
d(xk, xN) Æ r < r + 1.

• If k Ø N , then d(xk, xN) < 1 by (1), and since r + 1 Ø 2 we again have
d(xk, xN) Æ r + 1.

This shows that (xk)kœN µ Br+1(xN), and thus the sequence is bounded.

b) Let Î·Îa and Î·Îb be equivalent norms on X, and let x œ X. We want to show
that (xk)kœN converges to x in (X, Î·Îa) if and only if (xk)kœN converges to x
in (X, Î·Îb). Note that this problem is very similar to exercise 6 in Problem
set 11.
Since Î·Îa and Î·Îb are equivalent, there exist constants C1, C2 > 0 such that

C1ÎxÎb Æ ÎxÎa Æ C2ÎxÎb for all x œ X. (2)

Suppose first that xk æ x in (X, Î·Îa). Then for every Á > 0 there exists
N œ N such that

Îxk ≠ xÎa < C1Á for all k > N.

Using the left hand side inequality in (2), it follows that

Îxk ≠ xÎb Æ 1
C1

Îxk ≠ xÎa < Á for all k > N.

This shows that xk æ x also in (X, Î·Îb).
Now suppose that xk æ x in (X, Î·Îb). Then for every Á > 0 there exists
N œ N such that

Îxk ≠ xÎb <
Á

C2
for all k > N.

Using the right hand side inequality in (2), it follows that

Îxk ≠ xÎa Æ C2Îxk ≠ xÎb < Á for all k > N,

so xk æ x also in (X, Î·Îa).
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Problem 3 Let (¸2, È·, ·Í) be the inner product space of complex-valued se-
quences x = (xk)kœN equipped with the standard inner product

Èx, yÍ =
Œÿ

k=1
xkyk, x, y œ ¸2,

and let T : ¸2 æ ¸2 be the multiplication operator given by

Tx =
A

ikxk

k

B

kœN
,

where i =
Ô

≠1.

a) Showing T is linear:

Let –, — œ C and x, y œ ¸2. We then have

T (–x + —y) =
A

ik(–xk + —yk)
k

B

kœN

=
A

ik–xk

k
+ ik—yk

k

B

kœN

= –

A
ikxk

k

B

kœN
+ —

A
ikyk

k

B

kœN
= –Tx + —Ty.

Showing T is bounded:

We have that

ÎTxÎ2
2 =

Œÿ

k=1

-----
ikxk

k

-----

2

=
Œÿ

k=1

|xk|2

k2 Æ
Œÿ

k=1
|xk|2 = ÎxÎ2

2.

Thus, we have ÎTxÎ2 Æ ÎxÎ2, and this shows T is bounded.

Determining the operator norm:

The norm of T is defined as

ÎTÎ = sup
x ”=0

ÎTxÎ2
ÎxÎ2

.

We have already seen that ÎTxÎ2 Æ ÎxÎ2, so we immediately get

ÎTÎ Æ 1.
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On the other hand, if we let y = (1, 0, 0, . . .) œ ¸2, then Ty = (i, 0, 0, . . .) and

ÎyÎ2 = ÎTyÎ2 = 1.

It follows that
ÎTÎ = sup

x ”=0

ÎTxÎ2
ÎxÎ2

Ø ÎTyÎ2
ÎyÎ2

= 1.

We thus have ÎTÎ = 1.

b) Determining the adjoint operator T ú
:

The adjoint T ú is the bounded linear operator satisfying

ÈTx, yÍ = Èx, T úyÍ.

We have that

ÈTx, yÍ =
Œÿ

k=1

ikxk

k
yk =

Œÿ

k=1
xk

(≠i)kyk

k
= Èx, T úyÍ,

where
T úy =

A
(≠i)kyk

k

B

kœN
.

Determining if T is normal:

An operator is normal if T úT = TT ú. In our case, we have that

T úTx =
3

xk

k2

4

kœN
= TT úx,

so T is normal.

c) Showing that the range of T is dense in ¸2
:

We have several possible approaches. One is to recall from the curriculum
that the range of an operator T : X æ X, where X is a Hilbert space, is
dense in X if and only if ker(T ú) = {0}. Here we have X = ¸2, which is
a Hilbert space. Moreover, it is clear from the definition of T ú in b) that
T úx = 0 if and only if x = 0. Thus ker(T ú) = {0}, and it follows that ran(T )
is dense in ¸2.
Another approach is to show that for any x œ ¸2 there exists a sequence
(xn)nœN µ ran(T ) converging to x. For fixed x = (x1, x2, . . .) œ ¸2 we let xn

be the truncated sequence

xn = (x1, x2, . . . , xn, 0, 0, . . .).
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Then xn œ ran(T ), because the sequence

yn = (≠ix1, 2x2, ≠3ix3, . . . , n(≠i)nxn, 0, 0, . . .)

belongs to ¸2 and satisfies Tyn = xn. On the other hand, it is clear that
xn æ x, as

Îx ≠ xnÎ2
2 =

Œÿ

k=n+1
|xk|2 æ 0 as n æ Œ (since x œ ¸2).

This proves that ran(T ) is dense in ¸2.

Problem 4 Let

A =

S

WU
2 2
2 2

≠1 ≠1

T

XV .

a) Note that there are many possible singular value decompositions A = U�V ú
.

Only the matrix � is uniquely defined. All correct SVDs are of course equally

good answers.

Seeking a singular value decomposition of A, we first find

AúA =
C
9 9
9 9

D

.

This matrix has one positive eigenvalue ‡2
1 = 18, and one eigenvalue ‡2

2 = 0.
The eigenvectors corresponding to these eigenvalues are v1 and v2 satisfying

AúAv1 = 18v1 ∆ v1 =
A 1Ô

2
1Ô
2

B

and
AúAv2 = 0 ∆ v2 =

A 1Ô
2

≠ 1Ô
2

B

,

where both eigenvectors are normalized to length one. We thus have

� =

S

WU
3
Ô

2 0
0 0
0 0

T

XV and V =
C 1Ô

2
1Ô
2

1Ô
2 ≠ 1Ô

2

D

. (3)

Finally, we find the matrix U . Its first column is u1 given by

u1 = 1
‡1

Av1 = 1
3
Ô

2

Q

ca
2
Ô

2
2
Ô

2
≠

Ô
2

R

db =

Q

ca

2
32
3

≠1
3

R

db .
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We can now complete the matrix U by choosing any two orthonormal vectors
orthogonal to u1. For w œ C3, we have that

Èu1, wÍ = 0 ∆ w =

Q

ca
≠s + t

s
2t

R

db , s, t œ C.

We see that by choosing (for example) (s = 1, t = 0) and (s = 1, t = 2), we
find the orthogonal vectors

ũ2 =

Q

ca
≠1
1
0

R

db and ũ3 =

Q

ca
1
1
4

R

db .

Letting u2 = ũ2/Îũ2Î and u3 = ũ3/Îũ3Î, we finally get

U =

S

WWU

2
3 ≠ 1Ô

2
1

3
Ô

2
2
3

1Ô
2

1
3
Ô

2
≠1

3 0 4
3
Ô

2

T

XXV . (4)

We thus have the singular value decomposition A = U�V ú, with U given in
(4) and � and V given in (3) (note that only � is unique).

b) The pseudoinverse A+ of A is given by A+ = V �+Uú, where

�+ =
C 1

3
Ô

2 0 0
0 0 0

D

.

We get

A+ =
C 1Ô

2
1Ô
2

1Ô
2 ≠ 1Ô

2

D C 1
3
Ô

2 0 0
0 0 0

D
S

WWU

2
3

2
3 ≠1

3
≠ 1Ô

2
1Ô
2 0

1
3
Ô

2
1

3
Ô

2
4

3
Ô

2

T

XXV = 1
18

C
2 2 ≠1
2 2 ≠1

D

The best approximation to a solution of the inconsistent system

2x1 + 2x2 = 3
2x1 + 2x2 = 4
≠x1 ≠ x2 = ≠4

is thus given by

z = A+

Q

ca
3
4

≠4

R

db = 1
18

C
2 2 ≠1
2 2 ≠1

D Q

ca
3
4

≠4

R

db =
A

1
1

B

.
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Problem 5 Let f1(t) = sin t and f2(t) = sin 2t. We have that

Èf1, f2Í =
⁄ 2fi

0
sin t sin 2t dt = 2

⁄ 2fi

0
sin2 t cos t dt =

52
3 sin3 t

62fi

0
= 0,

so f1 and f2 are orthogonal in L2[0, 2fi]. Moreover, we have that

Îf1Î2
2 =

⁄ 2fi

0
sin2 t dt = 1

2

⁄ 2fi

0
(1 ≠ cos 2t) dt = fi

and
Îf2Î2

2 =
⁄ 2fi

0
sin2 2t dt = 1

2

⁄ 2fi

0
(1 ≠ cos 4t) dt = fi,

so
e1 := 1Ô

fi
f1 and e2 := 1Ô

fi
f2

are orthonormal elements of L2[0, 2fi]. Now observe that
⁄ 2fi

0
|t ≠ a sin t ≠ b sin 2t|2 dt = Ît ≠ af1 ≠ bf2Î2

2 = Ît ≠ a
Ô

fie1 ≠ b
Ô

fie2Î2
2. (5)

For a finite orthonormal system {e1, e2} in L2[0, 2fi] we have a unique closest point
property, meaning that the right hand side of (5) is minimal if

a
Ô

fi = Èt, e1Í = 1Ô
fi

⁄ 2fi

0
t sin t dt = ≠2

Ô
fi

and
b
Ô

fi = Èt, e2Í = 1Ô
fi

⁄ 2fi

0
t sin 2t dt = ≠

Ô
fi.

Thus (5) is minimal if a = ≠2 and b = ≠1.

Problem 6

a) Let X ”= ÿ be a complete metric space, and suppose T : X æ X is a
mapping such that T k : X æ X is a contraction for some natural number
k > 1. Then by Banach’s fixed point theorem there exists a unique point
xú œ X such that T kxú = xú.
The point xú

is also a fixed point of T : Applying T to both sides of the
equation T kxú = xú, we get

T (T kxú) = T k(Txú) = Txú.
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This shows that Txú is a fixed point of T k. Since xú is the unique fixed point
of T k, this implies

Txú = xú,

so xú is a fixed point of T .
The fixed point xú

is unique also for T : Let x be any fixed point of T , i.e.
any point satisfying Tx = x. We have that

T kx = T k≠1(Tx) = T k≠1x = T k≠2(Tx) = T k≠2x = · · · = Tx = x,

so any fixed point of T is also a fixed point of T k. But the fixed point of T k

is known to be unique, so this implies that x = xú.

b) We have that

|Tf(t) ≠ Tg(t)| =
----
⁄ t

0
f(s) ≠ g(s) ds

----

Æ
⁄ t

0
|f(s) ≠ g(s)| ds

Æ Îf ≠ gÎŒ

⁄ t

0
ds = tÎf ≠ gÎŒ,

and since 0 Æ t Æ 1, we cannot conclude from the above that T is a contrac-
tion. However, we observe that

|T 2f(t) ≠ T 2g(t)| =
----
⁄ t

0
Tf(s) ≠ Tg(s) ds

----

Æ
⁄ t

0
|Tf(s) ≠ Tg(s)| ds Æ

⁄ t

0
sÎf ≠ gÎŒ ds

= Îf ≠ gÎŒ

⁄ t

0
s ds = 1

2t2Îf ≠ gÎŒ Æ 1
2Îf ≠ gÎŒ.

It follows that
ÎT 2f ≠ T 2gÎŒ Æ 1

2Îf ≠ gÎŒ,

so T 2 is a contraction on the complete normed space (C[0, 1], Î·ÎŒ), and
from the result in a) we conclude that T has a unique fixed point.
Let us now find this fixed point by iteration, starting with f0(t) = 1. We get

f1(t) = 1 ≠
⁄ t

0
ds = 1 ≠ t

f2(t) = 1 ≠
⁄ t

0
(1 ≠ s) ds = 1 ≠ t + 1

2t2

...

fn(t) =
nÿ

k=0

(≠t)k

k!
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and when n æ Œ we see that

fn(t) æ
Œÿ

k=0

(≠t)k

k! = e≠t.

Thus, the unique fixed point of T is f(t) = e≠t (and it is easily checked that
Tf = f).


