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Problem 1 Let || - ||y and || - || be norms on a vector space V.

a) Show that ||z|| = ||z||1 +]|z||2 is also a norm and if {z, } is a Cauchy sequence
in (V]| - ||) then {z,} is a Cauchy sequence in (V|| - ||1).

b) Give an example of a vector space V', two norms || - ||; and || || on V', and a
sequence {x,} such that {z,} is a Cauchy sequence in (V.|| - ||1) but not in
(Vo - 1l), where || - || was defined in a). Prove that the dimension of V' has
to be infinite for such an example.

Solution

a) To show that || - || is a norm we should check that it (i) is non-negative and

is zero only for the zero vector, (ii) is positive homogeneous (iii) satisfies triangle

inequality.

(i) We have ||z| = ||z||1 + |[z2 > 0 since || - |[; and || - ||2 are norms. If ||z|| = 0

then ||z||; = 0 and then x = 0. Also if z = 0 then ||z||; = ||z2|| = 0 and therefore
]| = 0.

(ii) For z € V and A € R(C) we have ||Az|| = || x|l + || Az|l2 = [A|||z]|1 +|A]||z]|2 =
[ All]l-

() Forany 2,4 € V. ool = o+l ll < e+l =
x| + ||yl

Suppose now that {z,} is a Cauchy sequence in (V,| - ||). We want to check that
it is a Cauchy sequence in (V.|| - ||;. Note that ||z|; < ||z| for any x € V. For
any € > 0 there exists N such that ||z, — | < € for n,m > N (since {z,} is a
Cauchy sequence in (V|| - ||)). Then we have also ||z, — |1 < ||zn — zn|l < €
and thus {z,} is a Cauchy sequence in (V|| - ||1).

b) Let V' be the space of all polynomials,
V={p(t) =ao+ait + ...+ apt’ ai,..,a; € C}.
We consider [|p||; = max; |a;] and |[plls = ¥, |a;]. Now let p,(t) = X5, t//n. We

have
1

1
1P = Pl < llpalls + lpmlls < =+ —.
nom

Then ||pn — pmll1 < 2/N when n,m > N. Clearly, {p,} is a Cauchy sequence in
(V.|| - |l1). However for the norm || - || = || - [+ + || - |2 we have when n < m

1 1| m-n
n m m
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In particular ||p, — pan|| > 1. Thus {p,} is not a Cauchy sequence in (V|| - ||).

If the dimension of V' is finite and || - ||; and || - || are too norms on V' then
these norms are equivalent. It implies that there exists a constant C' such that
|lx—y|| < Cllz—y||;. Therefore any Cauchy sequence in (V|| ||1) is also a Cauchy
sequence in (V| - ||)-

Problem 2 Let

8 0 -1 2
A=|-2 5 0], b=13
0 -4 7 4

a) Find an LU-decomposition of A and solve the linear system Az = b.

b) Rewrite the system Ax = b in the form 2 = Bx+csuch that B: R® — R3isa
contraction in the norm ||zl = max{|zy|, |z2|, |x3|}, * = (1,79, 73) € R.
Show how the new system may be solved by iteration starting from any
To € R3.

Solution
a) We perform the Gauss elimination on A

g 0 -1 8 0 -1 8 0 -1
A=1-2 5 0| =10 5 =025 —= |0 5 —025|=U
0 —4 7 0 —4 7 0 0 68

The row operations we used were: (1) add 1/4th of the first row to the second and
(2) 4/5th of the second row to the third. Thus the L-matrix in LU decomposition

1S

1 0 0
L=1-025 1 O
0 -08 1

Now we can solve the system Ax = b by solving first Ly = b and then Uz = y.
We have

1 0 0 2 2
025 1 O0ly=1[3] = y=|[35
0.8 1 4 6.8

Finally,
-1 2 0.375

8 0
0 5 —025|x= 135 = x=|0.75
0 0 6.8 6.8 1
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b) We rewrite the system Az = b in the form

85(]1 — X3 = 2
—2131 + 51’2 =3
—4xo + Txs3 =14
It is equivalent to
ry =1/8x3+1/4
To = 2/51‘1 +3/5
xy =4/Try +4/7

The last system has the form © = Bx + ¢, where

0 0 1/8 1/4
B=12/5 0 0], c=|3/5
0 4/7 0 4)7

We have B(xy, 29, 23)T = (v3/8,221/5,425/7) and
[1Bx||oc < max{1/8,2/5,4/T}|x]lc = 4/7[|2 -

Therefore B : R — R3 is a contraction in the norm || - ||». Further z — Bz + ¢
is also a contraction since ||Bx 4+ ¢ — (By + ¢)|| = ||Bx — By|| < 4/7||Jx — y||. The
space R? with the norm || || is complete, thus by the Banach fixed point theorem
there exists a unique solution to the equation z = Bx + ¢. It could be found as
the limit of the sequence x,, where xy € R? is arbitrary and z,,, = Bz, + ¢ for
n > 0.

Problem 3

a) Let C([0,2] x [0,2],R) be an inner-product space with

o= [ [ $gte v)dedy

Find an orthogonal basis for span{1,z,y} in this space.

2 2
b) Find a,b,c € R such that / / |zy — a — br — cy|*dwdy is minimal.
0 Jo
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Solution
a) We apply the Gram-Schmidt algorithm to find an orthogonal basis for the
subspace W = span{1, z,y}. We have v; = 1,

2 2 2 2 2
<:1:,1>:/ / a:dxdyzQ/ vdz = 4, <1,1>:/ / ldwdy = 4.
0 JO 0 0 JO

Then vy = 2 — (z,1)((1,1)) 21 =2 — 1 and
U3 =Y — <y7 1>(<17 1>)_11 - <y,x - 1>(<I - 17'r - 1>)_1l’ —-1= Yy — L.
Therefore {1,z — 1,y — 1} is an orthogonal basis for span{1, z,y}.

b) We want to find the orthogonal projection of the function f(x,y) = xy onto
the subspace W generated by {1, x,y}. This orthogonal projection is of the form
a + bx + cy and provides the minimal to

2 2 , 1/2
If =a=be—cylo= ([ [ 1f9)—a—bo—cyPdody)

We have the orthogonal basis for W, {1, — 1,y — 1}. Then the orthogonal
projection satisfies

(xy,1>1+ <$y,:1:—1> (J,’

(1,1) (x—1,z—1) e (y — 1),

(y—1,y—1)

Pry (zy) = —1)+

Computing the intergals,

2 12 2 2
/ / rydzdy = / :L‘d:L‘/ ydy = 4,
0o Jo 0 0

2 2 2 2 2
/ / v dady = / / v drdy = 2/ ridr = 16/3,
0o Jo 0 Jo 0

2 2 2 2 2 2
/ / rydrdy = / / 2ydudy = / x2dx/ ydy = 16/3,
0 Jo 0 Jo 0 0

we obtain (zy, 1) =4, (zy,z—1) = (zy,y—1) = 16/3—4 =4/3 and (z—1,2—1) =
(y—1,y—1)=16/3 —8+4 =4/3. Finally,

Priy(zy) =1+ (z—-1)+(y—1)=2x+y—1.

The answer is a = —1,b = 1,¢ = 1. (It is easy to check that zy + 1 — z — y is
orthogonal to W.)
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Problem 4

a) Let M be a closed subspace of a Hilbert space H. For each x € H denote
by Py(z) the orthogonal projection of x onto M. Prove that P} = Py,

b) Let H be a Hilbert space and P : H — H be a bounded linear transformation
that satisfy P = P* and P? = P. Prove that P is the orthogonal projection
on some closed subspace M of H.

Solution

a) First, if v € M then v = v 4+ 0 and Py (v) = v by the projection theorem
(v € M, 0 € M‘). By the definition of the projection Py(z) = v € M, then
Py(v) = v and Py (Py(z)) = Puy(x).

For any z,y € H let v = Pyx +w and y = P,,y + w, where u,w € M*. Then
(Pyz,y) = (Puw, Pyy +w) = (Pyw, Pyy) = (Pyx +u, Pyy) = (z, Puy(.
Thus Py, = Py

By the Pythagoras theorem ||x||? = ||Py||? + ||z — Pyz||? since Pyx and x — Py
are orthogonal. Thus ||Pyz|| < ||z| and || Py < 1. If M # {0} then there exists
v € M, v # 0 such that Pyv = v and therefore ||Py|| = 1.

b) Suppose that P : H — H is bounded linear and P> = P. Let M = P(H) be
the image of P. Then M is a subspace of H, P(y) = y for any y € M. Further,
since P* = P, we have

1Pz]|* = (P(x), P()) = {z, P(P())) = (z, P(x)) < ||=[|| Pz|

by the Cauchy-Schwarz inequality. Thus ||Pz| < ||z|| and {y : P(y) = y} is a
closed subspace (y, — y and P(y,) = vy, implies P(y) = y).

Further for any y € M we have (Pz,y) = (z, Py) = (x,y). Thus P(x) — 2z € M=,
We get * = P(x) + (¢ — P(z)), P(z) € M and z — P(x) € M~*. Thus by the
orthogonal projection theorem P(x) = Py(z).

Problem 5 Let X,Y be Banach spaces and T': X — Y be a bounded linear
transformation.

a) Prove that the kernel of 7" is a closed subspace of X.
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b) Give an example of two Banach spaces X and Y and a bounded linear trans-
formation 7" for which the range of 7" is not closed.

Solution
a) Let W = ker(T) = {x € X: Tx = 0}. Then W is a subspace of X, if x,y € W
then T(ax + By) = oT(z) + fT(y) = O since T is linear. To show that W is
closed assume that z, € W and z,, — = in X. Since T is a bounded operator and
Tz, =0, we get

T[] = [Tz — Twn|| < || Tl[|lz — 2l

But ||z — x,]| tends to zero as n tends to infinity. Thus ||Tz|| = 0, the definition
of a norm implies that then Tz = 0 and = € ker(T). Thus W is a closed subspace
of X.

b) Consider X =Y = [, and define Tz(j) = 7 'z(j) when j = 1,2, ..., where z =
{2(4)}521 € loo- Then T is a linear operator from Iy t0 loo. A bounded sequence
is mapped to a bounded sequence and T is linear, T'(ax + Sy) = oT'(z) + ST (y).
Further, T'is bounded, ||Tz||s = sup; [ 2 (j)| < sup; [z(5)] = [|]|co-

We want to show that T(X) = ran(T) is not closed. Let zo(j) = j~Y2,j = 1,2, ....
Clearly 2o € lso, ||Zollc = 1 and xy & T(X) since the sequence {j'/2} is not
bounded. Further let z,(j) = ;72 if j < nand 2,(j) = 0if j >n, n = 1,2,....
Then x, — T in lo, we have ||z, — zg o = sup,s,, [77?| = (n+1)""/? = 0 when
n — oo. Also, x, = T(y,) where y,(j) = 7"/ if j < n and y,(j) = 0if j > n,
Yn € loo. We have constructed a sequence {x,} such that z, € T(X), z, — xg
and zo € T'(X). Thus T'(X) is not closed.

Problem 6 Let

w = O

Tog =

S O O N
— o N
w O OO
O O = =

—1

a) Show that A has two eigenvalues \; = 2 and A2 = 3 and find the Jordan
normal form of A, determine both the matrix J and the change-of-basis
matrix 7 in A =TJT "

b) Solve the initial-value problem & = Az, x(0) = xo.
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Solution
a) The characteristic polynomial of A is
R a1
pa(A) = det —(B=Ndet| 0 2-Xx 1
0 0 3—-X 0 0 0 31
0 1 -1 3-A
2—X 1
:(S—A)Qdet[ 0 2_A] =(3-)N)3*2- N>

Thus A has two eigenvalues A\; = 3 and Ay = 2 both of algebraic multiplicity two.

To find the Jordan normal form of A we first look at its eigenvectors.

1 1 0 0 1 1 00

0 -1 1 0 0 -1 10
A=3I=10"09 0 o/~lo o0 0o ol

0 1 -1 0 0 0 00

thus there are two linearly independent eigenvectors corresponding to A\; = 3, we
may choose

1 0
|1 10
U1 = 1| Vg = 0l
0 1
For the second eigenvalue \y = 2, we have
01 0 O 0100
00 1 0 0010
A=2L=15 0 1 o/ ~]o 0 0 1|"
01 -1 1 00 00
and there is only one eigenvector corresponding to Ag (all others are multiples of
this one),
1
e — 0
0
We already know that Jordan form of A is (up to the order of the blocks)
3000
0300
/= 00 21
00 0 2
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To find the change-of-basis matrix 7T it is enough to find a generalized eigenvector
corresponding to Ay = 2, we look for vy such that (A — 2I)vy = v3. Applying the
Gauss elimination, we get

01 0 01 01 00 1
00 1 00 0010 O
A=2Mwl =100 1 0 0o[~|0o00 1 —1]"
01 -1 10 0000 O
thus we may choose
0
|1
U4—0
-1

Now, using vy, vg, v3, v4 we see that Av; = 3vy, Avy = 3vg, Avs = 2v3 and Avy =
v3 + 2v4. It means that the matrix of A in the basis {vy, va,v3,v4} is J. Thus the
change-of-basis matrix is

—_ = =

0
1
0

_— o O O
S O O

0 -1

(Note that the answer here is not unique.)

b) We know that the solution to the initial-value problem & = Az, x(0) = z is
given by z(t) = exp(tA)(xg) and exp(tA) = Texp(tJ)T~'. Now, to find exp(tJ)
we write J = D + N, where D is the diagonal matrix with values 3, 3,2,2 on the
main diagonal and N is a nilpotent matrix,

=

I
co oo
coc oo
oo oo

0
0
Nk
0

A simple calculation shows that N? = 0, then exp(tN) = I +tN and since N and
D satisfy DN = ND we get

exp(tA) = exp(tD +tN) = exp(tD) exp(tN) =

e 0 0 071 00 0 e 0 0 0
0 ¢ 0 0|01 00 |0 € 0 0
0 0 e 0001 ¢ [0 0 e* te*
0 0 0 ¥ 0001 0 0 0 e*



TMA4145 Linear methods Page 9 of 9

Therefore
101 07T 0 0 o071[L 01 071"
(t)_1001 0 ¢ 0 0ffLoo0 1|
TW=11 00 0o|l]l0 0 e te[|1 00 0 0-
010 —1/l0o 0 0 et|lo1 0 -1

We have z(t) = Texp(tA)T~'. Now, if we solve the system T'c = x then we get
To = C1v1 + CoUy + 303 + vy, ie., T rg = (1 2 ¢3 ¢)t, and

credt

3t
o€ 3t 3t 2t 2t
z(t)=T o ot | = c1€701 + o€ vg + (c3 + teg)e® vs + cqe™ vy,
cze” 4 cyte

cie

We have ¢ = (0,1,1,1)" and x(t) = [(1 + t)e*, e*, 0,3 — ]



