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Problem 1 Let ‖ · ‖1 and ‖ · ‖2 be norms on a vector space V .

a) Show that ‖x‖ = ‖x‖1 +‖x‖2 is also a norm and if {xn} is a Cauchy sequence
in (V, ‖ · ‖) then {xn} is a Cauchy sequence in (V, ‖ · ‖1).

b) Give an example of a vector space V , two norms ‖ · ‖1 and ‖ · ‖2 on V , and a
sequence {xn} such that {xn} is a Cauchy sequence in (V, ‖ · ‖1) but not in
(V, ‖ · ‖), where ‖ · ‖ was defined in a). Prove that the dimension of V has
to be infinite for such an example.

Solution
a) To show that ‖ · ‖ is a norm we should check that it (i) is non-negative and
is zero only for the zero vector, (ii) is positive homogeneous (iii) satisfies triangle
inequality.
(i) We have ‖x‖ = ‖x‖1 + ‖x2 ≥ 0 since ‖ · ‖1 and ‖ · ‖2 are norms. If ‖x‖ = 0
then ‖x‖1 = 0 and then x = 0. Also if x = 0 then ‖x‖1 = ‖x2‖ = 0 and therefore
‖x‖ = 0.
(ii) For x ∈ V and λ ∈ R(C) we have ‖λx‖ = ‖λx‖1 +‖λx‖2 = |λ|‖x‖1 + |λ|‖x‖2 =
|λ‖x‖.
(iii) For any x, y ∈ V , ‖x+y‖ = ‖x+y‖1 +‖x+y‖2 ≤ ‖x‖1 +‖y‖1 +‖x‖2 +‖y‖2 =
‖x‖+ ‖y‖.

Suppose now that {xn} is a Cauchy sequence in (V, ‖ · ‖). We want to check that
it is a Cauchy sequence in (V, ‖ · ‖1. Note that ‖x‖1 ≤ ‖x‖ for any x ∈ V . For
any ε > 0 there exists N such that ‖xn − xm‖ < ε for n,m > N (since {xn} is a
Cauchy sequence in (V, ‖ · ‖)). Then we have also ‖xn − xm‖1 ≤ ‖xn − xm‖ < ε
and thus {xn} is a Cauchy sequence in (V, ‖ · ‖1).

b) Let V be the space of all polynomials,

V = {p(t) = a0 + a1t+ ...+ akt
k, a1, ..., ak ∈ C}.

We consider ‖p‖1 = maxj |aj| and ‖p‖2 = ∑
j |aj|. Now let pn(t) = ∑n

j=1 t
j/n. We

have
‖pn − pm‖1 ≤ ‖pn‖1 + ‖pm‖1 ≤

1
n

+ 1
m
.

Then ‖pn − pm‖1 ≤ 2/N when n,m > N . Clearly, {pn} is a Cauchy sequence in
(V, ‖ · ‖1). However for the norm ‖ · ‖ = ‖ · ‖1 + ‖ · ‖2 we have when n < m

‖pn − pm‖ ≥ ‖pn − pm‖2 = n

∣∣∣∣ 1n − 1
m

∣∣∣∣+ m− n
m

.
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In particular ‖pn − p2n‖ ≥ 1. Thus {pn} is not a Cauchy sequence in (V, ‖ · ‖).

If the dimension of V is finite and ‖ · ‖1 and ‖ · ‖ are too norms on V then
these norms are equivalent. It implies that there exists a constant C such that
‖x−y‖ ≤ C‖x−y‖1. Therefore any Cauchy sequence in (V, ‖·‖1) is also a Cauchy
sequence in (V, ‖ · ‖).

Problem 2 Let

A =

 8 0 −1
−2 5 0
0 −4 7

 , b =

2
3
4


a) Find an LU -decomposition of A and solve the linear system Ax = b.

b) Rewrite the system Ax = b in the form x = Bx+c such that B : R3 → R3 is a
contraction in the norm ‖x‖∞ = max{|x1|, |x2|, |x3|}, x = (x1, x2, x3) ∈ R3.
Show how the new system may be solved by iteration starting from any
x0 ∈ R3.

Solution
a) We perform the Gauss elimination on A

A =

 8 0 −1
−2 5 0
0 −4 7

→
8 0 −1
0 5 −0.25
0 −4 7

→
8 0 −1
0 5 −0.25
0 0 6.8

 = U

The row operations we used were: (1) add 1/4th of the first row to the second and
(2) 4/5th of the second row to the third. Thus the L-matrix in LU decomposition
is

L =

 1 0 0
−0.25 1 0

0 −0.8 1


Now we can solve the system Ax = b by solving first Ly = b and then Ux = y.
We have  1 0 0

−0.25 1 0
0 −0.8 1

 y =

2
3
4

 ⇒ y =

 2
3.5
6.8


Finally, 8 0 −1

0 5 −0.25
0 0 6.8

x =

 2
3.5
6.8

 ⇒ x =

0.375
0.75

1


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b) We rewrite the system Ax = b in the form

8x1 − x3 = 2
−2x1 + 5x2 = 3
−4x2 + 7x3 = 4

It is equivalent to

x1 = 1/8x3 + 1/4
x2 = 2/5x1 + 3/5
x3 = 4/7x2 + 4/7

The last system has the form x = Bx+ c, where

B =

 0 0 1/8
2/5 0 0
0 4/7 0

 , c =

1/4
3/5
4/7


We have B(x1, x2, x3)T = (x3/8, 2x1/5, 4x2/7) and

‖Bx‖∞ ≤ max{1/8, 2/5, 4/7}‖x‖∞ = 4/7‖x‖∞.

Therefore B : R3 → R3 is a contraction in the norm ‖ · ‖∞. Further x 7→ Bx + c
is also a contraction since ‖Bx+ c− (By + c)‖ = ‖Bx−By‖ ≤ 4/7‖x− y‖. The
space R3 with the norm ‖·‖∞ is complete, thus by the Banach fixed point theorem
there exists a unique solution to the equation x = Bx + c. It could be found as
the limit of the sequence xn, where x0 ∈ R3 is arbitrary and xn+1 = Bxn + c for
n ≥ 0.

Problem 3

a) Let C([0, 2]× [0, 2],R) be an inner-product space with

〈f, g〉 =
∫ 2

0

∫ 2

0
f(x, y)g(x, y)dxdy.

Find an orthogonal basis for span{1, x, y} in this space.

b) Find a, b, c ∈ R such that
∫ 2

0

∫ 2

0
|xy − a− bx− cy|2dxdy is minimal.
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Solution
a) We apply the Gram-Schmidt algorithm to find an orthogonal basis for the
subspace W = span{1, x, y}. We have v1 = 1,

〈x, 1〉 =
∫ 2

0

∫ 2

0
xdxdy = 2

∫ 2

0
xdx = 4, 〈1, 1〉 =

∫ 2

0

∫ 2

0
1dxdy = 4.

Then v2 = x− 〈x, 1〉(〈1, 1〉)−21 = x− 1 and

v3 = y − 〈y, 1〉(〈1, 1〉)−11− 〈y, x− 1〉(〈x− 1, x− 1〉)−1x− 1 = y − 1.

Therefore {1, x− 1, y − 1} is an orthogonal basis for span{1, x, y}.

b) We want to find the orthogonal projection of the function f(x, y) = xy onto
the subspace W generated by {1, x, y}. This orthogonal projection is of the form
a+ bx+ cy and provides the minimal to

‖f − a− bx− cy‖2 =
(∫ 2

0

∫ 2

0
|f(x, y)− a− bx− cy|2dxdy

)1/2
.

We have the orthogonal basis for W , {1, x − 1, y − 1}. Then the orthogonal
projection satisfies

PrW (xy) = 〈xy, 1〉
〈1, 1〉 1 + 〈xy, x− 1〉

〈x− 1, x− 1〉(x− 1) + 〈xy, y − 1〉
〈y − 1, y − 1〉(y − 1).

Computing the intergals,∫ 2

0

∫ 2

0
xydxdy =

∫ 2

0
xdx

∫ 2

0
ydy = 4,

∫ 2

0

∫ 2

0
y2dxdy =

∫ 2

0

∫ 2

0
x2dxdy = 2

∫ 2

0
x2dx = 16/3,∫ 2

0

∫ 2

0
xy2dxdy =

∫ 2

0

∫ 2

0
x2ydxdy =

∫ 2

0
x2dx

∫ 2

0
ydy = 16/3,

we obtain 〈xy, 1〉 = 4, 〈xy, x−1〉 = 〈xy, y−1〉 = 16/3−4 = 4/3 and 〈x−1, x−1〉 =
〈y − 1, y − 1〉 = 16/3− 8 + 4 = 4/3. Finally,

PrW (xy) = 1 + (x− 1) + (y − 1) = x+ y − 1.

The answer is a = −1, b = 1, c = 1. (It is easy to check that xy + 1 − x − y is
orthogonal to W .)
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Problem 4

a) Let M be a closed subspace of a Hilbert space H. For each x ∈ H denote
by PM(x) the orthogonal projection of x onto M . Prove that P 2

M = PM ,
P ∗M = PM and ‖PM‖ = 1.

b) LetH be a Hilbert space and P : H → H be a bounded linear transformation
that satisfy P = P ∗ and P 2 = P . Prove that P is the orthogonal projection
on some closed subspace M of H.

Solution
a) First, if v ∈ M then v = v + 0 and PM(v) = v by the projection theorem
(v ∈ M , 0 ∈ M⊥). By the definition of the projection PM(x) = v ∈ M , then
PM(v) = v and PM(PM(x)) = PM(x).

For any x, y ∈ H let x = PMx+ u and y = Pmy + w, where u,w ∈M⊥. Then

〈PMx, y〉 = 〈PMx, PMy + w〉 = 〈PMx, PMy〉 = 〈PMx+ u, PMy〉 = 〈x, PMy〈.

Thus P ∗M = PM .

By the Pythagoras theorem ‖x‖2 = ‖PMx‖2 +‖x−PMx‖2 since PMx and x−PMx
are orthogonal. Thus ‖PMx‖ ≤ ‖x‖ and ‖PM‖ ≤ 1. If M 6= {0} then there exists
v ∈M , v 6= 0 such that PMv = v and therefore ‖PM‖ = 1.

b) Suppose that P : H → H is bounded linear and P 2 = P . Let M = P (H) be
the image of P . Then M is a subspace of H, P (y) = y for any y ∈ M . Further,
since P ∗ = P , we have

‖Px‖2 = 〈P (x), P (x)〉 = 〈x, P (P (x))〉 = 〈x, P (x)〉 ≤ ‖x‖‖Px‖

by the Cauchy-Schwarz inequality. Thus ‖Px‖ ≤ ‖x‖ and {y : P (y) = y} is a
closed subspace (yn → y and P (yn) = yn implies P (y) = y).

Further for any y ∈M we have 〈Px, y〉 = 〈x, Py〉 = 〈x, y〉. Thus P (x)− x ∈M⊥.
We get x = P (x) + (x − P (x)), P (x) ∈ M and x − P (x) ∈ M⊥. Thus by the
orthogonal projection theorem P (x) = PM(x).

Problem 5 Let X, Y be Banach spaces and T : X → Y be a bounded linear
transformation.

a) Prove that the kernel of T is a closed subspace of X.
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b) Give an example of two Banach spaces X and Y and a bounded linear trans-
formation T for which the range of T is not closed.

Solution
a) Let W = ker(T) = {x ∈ X : Tx = 0}. Then W is a subspace of X, if x, y ∈ W
then T (αx + βy) = αT (x) + βT (y) = 0 since T is linear. To show that W is
closed assume that xn ∈ W and xn → x in X. Since T is a bounded operator and
Txn = 0, we get

‖Tx‖ = ‖Tx− Txn‖ ≤ ‖T‖‖x− xn‖.

But ‖x − xn‖ tends to zero as n tends to infinity. Thus ‖Tx‖ = 0, the definition
of a norm implies that then Tx = 0 and x ∈ ker(T). Thus W is a closed subspace
of X.

b) Consider X = Y = l∞ and define Tx(j) = j−1x(j) when j = 1, 2, ..., where x =
{x(j)}∞j=1 ∈ l∞. Then T is a linear operator from l∞ to l∞. A bounded sequence
is mapped to a bounded sequence and T is linear, T (αx+ βy) = αT (x) + βT (y).
Further, T is bounded, ‖Tx‖∞ = supj |j−1x(j)| ≤ supj |x(j)| = ‖x‖∞.

We want to show that T (X) = ran(T) is not closed. Let x0(j) = j−1/2, j = 1, 2, ....
Clearly x0 ∈ l∞, ‖x0‖∞ = 1 and x0 6∈ T (X) since the sequence {j1/2} is not
bounded. Further let xn(j) = j−1/2 if j ≤ n and xn(j) = 0 if j > n, n = 1, 2, ....
Then xn → x0 in l∞, we have ‖xn−x0‖∞ = supj>n |j−1/2| = (n+ 1)−1/2 → 0 when
n → ∞. Also, xn = T (yn) where yn(j) = j1/2 if j ≤ n and yn(j) = 0 if j > n,
yn ∈ l∞. We have constructed a sequence {xn} such that xn ∈ T (X), xn → x0
and x0 6∈ T (X). Thus T (X) is not closed.

Problem 6 Let

A =


2 1 0 0
0 2 1 0
0 0 3 0
0 1 −1 3

 , x0 =


1
1
0
0

 .

a) Show that A has two eigenvalues λ1 = 2 and λ2 = 3 and find the Jordan
normal form of A, determine both the matrix J and the change-of-basis
matrix T in A = TJT−1.

b) Solve the initial-value problem ẋ = Ax, x(0) = x0.
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Solution
a) The characteristic polynomial of A is

pA(λ) = det


2− λ 1 0 0

0 2− λ 1 0
0 0 3− λ 0
0 1 −1 3− λ

 = (3− λ) det

2− λ 1 0
0 2− λ 1
0 0 3− λ



= (3− λ)2 det
[
2− λ 1

0 2− λ

]
= (3− λ)2(2− λ)2.

Thus A has two eigenvalues λ1 = 3 and λ2 = 2 both of algebraic multiplicity two.

To find the Jordan normal form of A we first look at its eigenvectors.

A− 3I =


−1 1 0 0
0 −1 1 0
0 0 0 0
0 1 −1 0

 ∼

−1 1 0 0
0 −1 1 0
0 0 0 0
0 0 0 0

 ,
thus there are two linearly independent eigenvectors corresponding to λ1 = 3, we
may choose

v1 =


1
1
1
0

 , v2 =


0
0
0
1

 .
For the second eigenvalue λ2 = 2, we have

A− 2I =


0 1 0 0
0 0 1 0
0 0 1 0
0 1 −1 1

 ∼

0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

 ,
and there is only one eigenvector corresponding to λ2 (all others are multiples of
this one),

v3 =


1
0
0
0

 .
We already know that Jordan form of A is (up to the order of the blocks)

J =


3 0 0 0
0 3 0 0
0 0 2 1
0 0 0 2


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To find the change-of-basis matrix T it is enough to find a generalized eigenvector
corresponding to λ2 = 2, we look for v4 such that (A− 2I)v4 = v3. Applying the
Gauss elimination, we get

[A− 2I|v3] =


0 1 0 0 1
0 0 1 0 0
0 0 1 0 0
0 1 −1 1 0

 ∼

0 1 0 0 1
0 0 1 0 0
0 0 0 1 −1
0 0 0 0 0

 ,
thus we may choose

v4 =


0
1
0
−1

 .
Now, using v1, v2, v3, v4 we see that Av1 = 3v1, Av2 = 3v2, Av3 = 2v3 and Av4 =
v3 + 2v4. It means that the matrix of A in the basis {v1, v2, v3, v4} is J . Thus the
change-of-basis matrix is

T =


1 0 1 0
1 0 0 1
1 0 0 0
0 1 0 −1

 .
(Note that the answer here is not unique.)

b) We know that the solution to the initial-value problem ẋ = Ax, x(0) = x0 is
given by x(t) = exp(tA)(x0) and exp(tA) = T exp(tJ)T−1. Now, to find exp(tJ)
we write J = D + N , where D is the diagonal matrix with values 3, 3, 2, 2 on the
main diagonal and N is a nilpotent matrix,

N =


0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0

 .

A simple calculation shows that N2 = 0, then exp(tN) = I + tN and since N and
D satisfy DN = ND we get

exp(tA) = exp(tD + tN) = exp(tD) exp(tN) =
e3t 0 0 0
0 e3t 0 0
0 0 e2t 0
0 0 0 e2t



1 0 0 0
0 1 0 0
0 0 1 t
0 0 0 1

 =


e3t 0 0 0
0 e3t 0 0
0 0 e2t te2t

0 0 0 e2t


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Therefore

x(t) =


1 0 1 0
1 0 0 1
1 0 0 0
0 1 0 −1



e3t 0 0 0
0 e3t 0 0
0 0 e2t te2t

0 0 0 e2t



1 0 1 0
1 0 0 1
1 0 0 0
0 1 0 −1


−1

x0.

We have x(t) = T exp(tA)T−1. Now, if we solve the system Tc = x then we get
x0 = c1v1 + c2v2 + c3v3 + c4v4, i.e., T−1x0 = (c1 c2 c3 c4)t, and

x(t) = T


c1e

3t

c2e
3t

c3e
2t + c4te

2t

c4e
2t

 = c1e
3tv1 + c2e

3tv2 + (c3 + tc4)e2tv3 + c4e
2tv4.

We have c = (0, 1, 1, 1)t and x(t) = [(1 + t)e2t, e2t, 0, e3t − e2t]t.


