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Problem 1 Let || - ||; and || - |2 be norms on a vector space V.
a) Show that ||z| = ||x]|1 + ||=]|2 is also a norm. Assume that {z,} is a Cauchy
sequence in (V, || -||) and prove that {x,} is a Cauchy sequence in (V|| - ||1).
b) Give an example of a vector space V', two norms || - ||; and || || on V', and a
sequence {x,} such that {z,} is a Cauchy sequence in (V.|| - ||1) but not in
(Vo - 1l), where || - || was defined in a). Prove that the dimension of V' has

to be infinite for such an example.

Problem 2 Let
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a) Find an LU-decomposition of A and solve the linear system Az = b.
b) Rewrite the system Az = b in the form z = Bx+csuch that B : R* — R¥isa
contraction in the norm ||z||o = max{|zy|, |z2|, |x3]}, * = (21,79, 73) € R3.

Show how the new system may be solved by iteration starting from any
Ty € R3.

Problem 3
a) Let C([0,2] x [0,2],R) be an inner-product space with

(o) = [ [ $gte v)dedy

Find an orthogonal basis for span{l,z,y} in this space.

2 2
b) Find a,b,c € R such that / / lzy — a — bx — cy|*dzdy is minimal.
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Problem 4

a) Let M be a closed subspace of a Hilbert space H. For each x € H denote
by Py(z) the orthogonal projection of x onto M. Prove that P} = Py,

b) Let H be a Hilbert space and P : H — H be a bounded linear transformation

that satisfy P = P* and P? = P. Prove that P is the orthogonal projection
on some closed subspace M of H.

Problem 5 Let X,Y be Banach spaces and T': X — Y be a bounded linear
transformation.

a) Prove that the kernel of T is a closed subspace of X.

b) Give an example of two Banach spaces X and Y and a bounded linear trans-
formation 1" for which the range of T" is not closed.

Problem 6 Let
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a) Show that A has two eigenvalues \; = 2 and Ay = 3 and find the Jordan
normal form of A, determine both the matrix J and the change-of-basis
matrix T in A = TJT L.

b) Solve the initial-value problem & = Az, x(0) = x.





