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TMAA4145 Linear Methods: Final Exam
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Examination Aids: D

No written or handwritten examination support materials are permitted.

Calculator: Citizen SR-270X or Hewlett Packard HP30S

Problem 1.

Answer any four of the following.

i

ii.

iii.

iv.

Vi.

Vii.

viii.

Give the definition of a Cauchy sequence in a metric space.

Given an example of a complete metric space and of a metric space
that is not complete.

Give one definition of what it means for a function between metric
spaces to be continuous at a point.

State Banach’s Fixed Point Theorem.

State one of the factorisations of matrices, explaining the properties
of each of the factors.

Give the definition of a norm on a vector space.
State the Cauchy-Schwarz inequality.

What is the key property possessed by the adjoint of a continuous
linear map on a Hilbert space?
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Problem 2.
Define a function g: R X R — R by:

-x ify>x
g(x,y)={y Y

1 otherwise

1. As g is not symmetric it cannot define a metric on IR. Show that it
satisfies the other conditions for a metric.
Note: as g is not symmetric then it is important that the triangle
inequality is expressed as:

d(x,z) <d(x,y) +d(y, z).

Solution:

We need to show that g satisfies the following conditions, where
x,y,z€R:

(@) g(x,y) =0, with equality if and only if x = y,

(b) 8x,2) < glx, y) +&(v,2)

For the first, we start by noting that if y < x then g(x,y) = 1 which
is strictly bigger than 0. Then if y > x we have g(x, y) = y — x which
is bigger than 0 as y > x. So g(x,y) = 0 in all cases. For the case
Y = x, since x > x we use the first part of the definition of g(x, y) and
compute g(x,x) = x —x = 0. Conversely, if g(x,y) = O thenas 0 # 1
we must have y > x and so g(x,y) = y —x. Thus y —x = 0 and so
y = x. Hence g(x, y) = 0 if and only if y = x.

The triangle inequality similarly splits into cases. There are various
ways one can divide these up. We start by considering the case where
z < x, whence g(x,z) = 1. Now let us consider where we can place y
on the real line. No matter where we putit, oneof z < yor y < x must
be true (possibly both). This means that one of g(x, y) and g(y, z) is
1, and the other is positive. Hence g(x, y) + g(y,z) 2 1 = g(x, 2).
Next we consider the case where z > x, whence g(x,z) = z — x, and
consider where y may lie on the real line. We can divide the real
line into three regions: (—oo,x], (x,z), and [z,00). If y € (—o0,x]
then z > y and so g(y,z) = z—y. Sincey < x,z—-y > z-x,
whence g(x,y) + g(y,z) > z —x = g(x,z). Similarly, if y € [z, o0)
then y > xso g(x,y) = y—x. Since y > z, y — x > z — x, whence
g, y)+8(y,z) 2 z—x = g(x,z). Lastly, if y € (x,z) then g(x, y) =y —x
and g(y, z) = z— y, whence g(x, y) + g(y,2) =z — x = g(x, 2).

Thus the triangle inequality is satisfied.

2. Although g does not define a metric on IR, we can say that a sequence
(xy) in R is g—convergent if it satisfies the following condition: there
is some x € R (called the g-limit) such that for all € > 0 there is some
N € N with the property that if n > N then g(x, x,) <e.
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Show that (1/x) is g—convergent and find its g-limit. Is (-/x) a g—
convergent sequence?

Solution:

We guess that 0 is the g-limit of (}/x).

Let € > 0. Then there is N € N such that N > 1. Forn > N,
g(0,/n) =1/n (as /n = 0) and 1/» < 1/N < €. Hence (1/x) is g—convergent
with g-limit 0.

On the other hand, (-'/x) is not g—convergent. To show this, we need
to show that it does not g-converge to any point in R. Let us start
by considering a point x € [0,c0). Then for each n € IN, —1/n < x
so g(x,—1/x) = 1, whence (=1/z) cannot g—converge to x. Now let us
consider x € (—00,0). As x < 0, we can set € = —¥/,2 and know that
€ > 0. Let N € N. Then there is some n > N such that n > 1 and for
that n, g(x, =1/n) = =1/n —x > ¥/ — x = /2 = €. Hence (-!/s) does not
g—converge to x. As this covers all x € IR, (—/x) does not g—converge.

. Give a characterisation of those sequences which are g—convergent.
If you cannot find a complete characterisation, look for a statement of
the form “If (x,) has a certain property then it is g—convergent.”
You do not have to prove that your characterisation is correct but
you should give an outline of the proof, being sure to highlight the
key steps.

Solution:

A sequence (x,) in R is g—convergent with g-limit x if and only if it
fulfils the following two conditions:

(a) It converges to x in R with the usual metric,
(b) There is some N € IN such that forn > N, x,, > x.

The full proof is as follows.

Suppose that (x,) is g—convergent, with ¢g-limit x. Let € > 0. Then
min{e, 1} > 0, so there is some N € IN such that for n > N, g(x, x,,) <
min{e, 1}. For n > N, as g(x, x,,) < 1 then we must have x,, > x. Thus
[, — x| = x, —x = g(x,x,) and so |x, — x| < €. Hence for n > N,
|x, — x| < € and so (x,) converges to x in the standard metric on R.
Thus (x,,) satisfies the two conditions.

Now assume that (x,) satisfies the two conditions. Let € > 0. As
(x;) — x in the standard metric, there is some N € IN such that
forn > N, |x, — x| < €. Let N’ be such that for n > N/, x,, > x.
Then for n > max{N,N’} we have x, > x and |x, — x| < €. Since
Xy = x, §(x,x,) = x, — x = |x, — x|, whence g(x, x,) < €. Hence (x,) is
g—convergent to x.
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Problem 3.

Let T: R* — R*be alinear transformation. Suppose that there area, b € R
such that T has the following matrix:

11 3 a
0 2 -1 -1
00 3 1
00 0 b

1. Find the eigenvalues and eigenvectors of T in terms of 2 and b.
Solution:
As the matrix given is triangular, the eigenvalues of T are the entries
on the diagonal, which are 1,2,3,b. We can find the eigenvectors
either by inspection or by looking for ker(T—AI). We get the following
eigenvectors without much difficulty:

1 1 1

0 1 -1
/\—1,0,/\—2,0,/\—3, 1|

0 0 0

For the case A = b, we need to take more care as we will get different
answers depending on whether or not b is one of 1, 2, or 3.
If b is not one of these, we arrive at the following eigenvector:

2+a(b-3)

(b*3)(i7*1)

b#1,2,3,| &3
b-3
1

If b = 3, we get no more eigenvectors. Looking at the last two entries
in a candidate for an eigenvector, we have 3x3 + x4 = 3x3, whence
x4 = 0 and the resulting vector is a multiple of the one we already
have for eigenvalue 3.

If b = 2, we get the following eigenvector:

-2+a
1
-1
1
(other vectors are possible by adding a multiple of the eigenvector
that we already have for eigenvalue 2).

If b = 1 then we get an additional eigenvector if, and only if, a = 1.
In this case, the additional eigenvector is:

0
1/,
—1h|
1
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2. For which values of a and b does R* have a basis of eigenvectors of
T?
Solution:
We get a basis for R* of eigenvectors of T if and only if we have 4 lin-
early independent eigenvectors. When we found 4, in the previous
part, then they were clearly linearly independent. Thus we have a
basis of eigenvectors for b # 1,3 and any 4, and fora = b = 1.

3. Are there choices for a and b so that R* has an orthonormal basis of
eigenvectors of T?
Solution:
No, there aren't.
There are various ways to see this. The shortest (though it uses the
most “machinery”) is to observe that the matrix of T is not symmetric,
and the spectral theorem for real matrices says that a matrix provides
an orthonormal basis of eigenvectors if and only if it is symmetric.

This can also be seen a little more directly. If a linear transformation
provides an orthonormal basis of eigenvectors, then any eigenvec-
tors corresponding to different eigenvalues must be orthogonal (this
is not true for eigenvectors corresponding to the same eigenvalue).
Thus since there are eigenvectors for eigenvalues 1 and 2 which are
not orthogonal, there cannot be an orthonormal basis of eigenvectors
of T.

Even more simply, if we have a basis of eigenvalues of T then two of
them must be parallel to two of the the first three vectors found in the
first part of this question. If b # 1,2, 3 then those eigenvectors found
in the first part are, up to scale multiple, the only eigenvectors for
eigenvalues 1, 2, and 3 and hence (up to scale multiple) must be in the
basis. If b = 1 then this holds for the two eigenvectors corresponding
to 2 and 3, whilst if b = 2 then for 1 and 3. Scaling doesn’t change
orthogonality, and since no two of those vectors are orthogonal, there
cannot be an orthogonal basis (let alone orthonormal) of eigenvectors
of T.
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Problem 4.

Let Poly, be the space of polynomials with real coefficients of degree at
most 3 with the inner product:

1
) = f e

Let W C Poly, be the subset of those polynomials p(t) which satisfy all of
the following conditions:

1 1
2 _ 3
3 f 1(t + p(t)dt = f 1(1+5t p(b)dt
1 1
f (—6£2 + 52)p(t)dt = f (=2 + 3t)p(t)dt
-1 -1

1 1
f (=3 + 6h)p(t)dt = f (=982 + 10P)p(t)dt
-1 -1

Find the closest point in W to p(t) = 3> — 5¢°.
Solution:

There are two things to spot at the start which simplify this problem
considerably.

The first is that the three conditions are all in terms of the inner product
and so W can be written as the set of all polynomials p € Poly, such that:

{q1,p) =0,
<QZ/ P> = Or
(q3,p) =0,

where the g; are formed by rearranging the conditions to get all the terms
on the same side. Thus W is specified by giving a spanning set for its
orthogonal complement. One way to proceed would therefore be to use
Gram-Schmidt to reduce this to an orthonormal basis, use this to find the
projection of p onto W+, and hence by subtraction find the projection of p
onto W.

Before doing that, we notice one other fact about the problem. The integral
in the inner product is symmetric about the origin. This means that the
inner product of an odd function with an even function will be 0, so all
odd functions are orthogonal to all even functions. This suggests that
when trying to split things into orthogonal families, a first step would be
to split them into even and odd functions.

So let us do that with the spanning set for W+:
qi(t) = 3(t* +t) — (1 + 5¢°) = (3t = 1) + (3t - 5°)
ga(t) = (=6t* + 5°) — (=2 + 3¢t) = (=612 +2) + (5t> - 3t)
g3(t) = (=3 + 6t) — (=9#* + 10#°) = (=3 +9t%) + (6t — 10°)
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From this, we can see that we get an orthogonal (but not orthonormal)
basis by taking r1(t) = 3t — 1 and r»(t) = 5> — 3t.

Now p(t) = 3t*—5t3 s0, again using the even-odd property, (r1, p) = (r1,3t*)
and (ra, p) = (ra, —5t°). These are not difficult to work out:

' ! 18 8
(r,p) = f (3 = 1)(3t*)dt = f ot — 3t2dt = 5 -2=5
-1 _

1

1 1 50 8
(r,p) = f (5% — 3t)(5£°)dt = f 25t% — 15t4dt = = - 6= =
-1 —

1

We also need to work out the lengths of r; and 7. These are a little messier,
but not much.

! ! 18 8
(ri,r) = f (32 —1)(3t* — 1)dt = f 9t* — 612 + 1dt = 5 -2= =
-1 -1

! ! 4 on 50 8
(12, 12) = f (583 = 31)(5t° = 3t)dt = f 255 — 30t + 912 = = -12+6=7.
-1 -1

Substituting in to the formula for the closest point, we get

{p,r) . {p,r2)

1 r=ri+r =50 +3 -3t - 1.
(r1,11) (r2,72)

Then taking this away from p results in 3t + 1, which must therefore be
the closest point to pin W.

Problem 5.

In this question we work in C([0, 1], C) with its standard inner product:

1
o= [ sosma
0
We shall write ||-|| for the associated norm.

1. Lete € (0,1]and a € R. Define a linear function ¢, : C([0,1],C) — C
by:

1
¢Mﬁjfﬂwﬁ

Prove that ., is continuous and find the value of:

supl[ivea(f)] : [|f]] = 11

Solution:

Apart from the €, the integral looks very much like that resulting
from taking the inner product of f with the function t*. There are
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two ways to exploit this. One is to restrict functions from [0, 1]
to [¢,1] and work in the space C([e, 1], C) with the inner product

fe ! f (t)%dt. The other is to use a continuous function that agrees
with t* on [e, 1]. We will take the second approach.

Define h,: [0,1] — C by:

ha(t)z{t t>e€

e* t<e.

This is clearly continuous. Moreover for f € C([0, 1], C), we have the
following inequalities:
1
f f(ptdt
€

1

< f [F®] 1)t
1

= f £ 1hatt)l dt

|vea(f)] =

1
< fo £ (el dt

= (O] 1raD.
At this point, we use Cauchy-Schwarz to deduce that

[Wea(H| < [IIFIIl, Mhallz -

,» We can conclude from this that

[Yea(H| < ||l Malls -

Hence ¢, is (Lipschitz and thus) continuous.
This also shows that

sup{|ea(H| : [|f| = 1} < Ially

however this is not the best we can do. To find the best, we need
to examine the various inequalities in the above and see if we can
choose an f to make as many of them equal as possible. The first
inequality is an equality if f is positive. The last (Cauchy-Schwarz)
is an equality if f = h,. These suggest putting f = h, and seeing
what happens:

Since [IfIl, = ||/

1 1
¢e,a(l’la) = f ha(t)l’adt = f P20y — 2L(l _ €2a+1)

a+1

(if @ = 12 we get a logarithm). This is our best estimate for the
supremum.
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2. For f € C([0, 1], C) consider the sequence ({1, o(f)). For which values
of a does this always have a limit?
Solution:
Looking at the estimate above, if 5==(1 — €2**1) is bounded for all

2a+1
€ > 0 then the sequence (1,4(f)) will have a limit. For this to be

true, we need 2« + 1 > 0, whence a > —1/2.

3. Explain why for those values of « there is an element g, € L?(0,1)
with the property that for f € C([0, 1], C):

1
(g =tim [ s

Is g € C([0,1],C)?
Solution:
When a > —1/2 then the function ¢, : C([0,1], C) — C defined by

I;Da(f) = 38};’ lljl/n,a(f)

defines a continuous linear function. This extends to L?(0,1) and
so, by the Riesz Representation Lemma, there is some g, € 12(0,1)
which represents it. That is, so that for all f € L%(0, 1),

lpa(f) = <f/ga>

From the construction, we can expect that if g, were continuous then
it would be equal to t*. This only defines a continous function for
a > 0 and so we find that g, € C([0,1],C) if (and only if) & > 0. In
particular, for -2 < a < 0, then g, is not continuous but is in L2(0,1).



