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Department of Mathematics

Contact during the exam:
Andrew Stacey, phone (735) 90154

English version

TMAA4145 Linear Methods: Final Exam

Wednesday 21st December 2011
Time: 09:00-13:00
Examination Aids: D

No written or handwritten examination support materials are permitted.

Calculator: Citizen SR-270X or Hewlett Packard HP30S

Problem 1.

Answer any four of the following.

i

ii.

iii.

iv.

Vi.

Vii.

viii.

Give the definition of a Cauchy sequence in a metric space.

Given an example of a complete metric space and of a metric space
that is not complete.

Give one definition of what it means for a function between metric
spaces to be continuous at a point.

State Banach’s Fixed Point Theorem.

State one of the factorisations of matrices, explaining the properties
of each of the factors.

Give the definition of a norm on a vector space.
State the Cauchy-Schwarz inequality.

What is the key property possessed by the adjoint of a continuous
linear map on a Hilbert space?
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Problem 2.
Define a function g: R X R — R by:

-x ify>x
g(x,y)={y Y

1 otherwise

1. As g is not symmetric it cannot define a metric on IR. Show that it
satisfies the other conditions for a metric.
Note: as g is not symmetric then it is important that the triangle
inequality is expressed as:

d(x,z) < d(x, y) +d(y, 2).

2. Although g does not define a metric on IR, we can say that a sequence
(xy) in R is g—convergent if it satisfies the following condition: there
is some x € R (called the g-limit) such that for all € > 0 there is some
N € N with the property that if n > N then g(x, x,) <e.

Show that (1/x) is g—convergent and find its g-limit. Is (-/») a g—
convergent sequence?

3. Give a characterisation of those sequences which are g—convergent.
If you cannot find a complete characterisation, look for a statement of
the form “If (x,) has a certain property then it is g—convergent.”
You do not have to prove that your characterisation is correct but
you should give an outline of the proof, being sure to highlight the
key steps.

Problem 3.

Let T: R* > R*bealinear transformation. Suppose that there area,b € R
such that T has the following matrix:

11 3 a
02 -1 -1
00 3 1
00 0 b

1. Find the eigenvalues and eigenvectors of T in terms of a2 and b.

2. For which values of a and b does IR* have a basis of eigenvectors of
T?

3. Are there choices for a and b so that R* has an orthonormal basis of
eigenvectors of T?
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Problem 4.

Let Poly, be the space of polynomials with real coefficients of degree at
most 3 with the inner product:

1
) = f e

Let W C Poly, be the subset of those polynomials p(t) which satisfy all of
the following conditions:

1 1
3 f (P + Hp(t)dt = f (1 +582)p(t)dt
D -
f (—6t> + 5t)p(t)dt = f (=2 + 3t)p(t)dt
-1 -1

1 1
f (=3 + 6t)p(t)dt = f (=9 + 108 )p(t)dt
-1 -1

Find the closest point in W to p(t) = 3> — 5¢3.

Problem 5.

In this question we work in C([0, 1], C) with its standard inner product:

1
h= [ sosma
0
We shall write ||-|| for the associated norm.

1. Lete € (0,1]and & € R. Definea linear function ¢¢ ,: C([0,1],C) — C
by:

1
veal) = [ st
€
Prove that ¢, , is continuous and find the value of:
supl[iyea(f)| : [|f]] = 11

2. For f € C([0,1], C) consider the sequence ({1, «(f)). For which values
of a does this always have a limit?

3. Explain why for those values of « there is an element g, € L*(0,1)
with the property that for f € C([0, 1], C):

1
(g =tim [ S,

Is g € C([0,1],C)?



