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TMA4145 Linear Methods: Final Exam

Monday 6th December 2010
Time: 09:00–13:00

Examination Aids: D
No written or handwritten examination support materials are permitted.

Calculator: Citizen SR-270X or Hewlett Packard HP30S

Problem 1.

Answer any four of the following.

i. Define a metric space (including the definition of a metric).

ii. State the definition of a convergent sequence in a metric space.

iii. Define a neighbourhood of a point in a metric space.

iv. Define a linear transformation from one vector space to another.

v. Give a definition of the dimension of a vector space.

vi. Define an orthogonal family in an inner product space.

vii. State the Riesz Representation Theorem.

viii. State the Cauchy–Schwarz inequality.

Problem 2.

1. Let (M, d) be a metric space. Let (xn) be a convergent sequence in (M, d), with
limit x ∈M. Prove that (xn) is a Cauchy sequence.

2. Recall that for θ, φ ∈ R:

(a) cos(θ − φ) − cos(θ + φ) = 2 sin(θ) sin(φ)
(b) |sin(θ)| ≤ |θ|

Show that cos : [0, 1]→ [0, 1] is a contraction.
(Note: cos and sin are defined using radians.)

3. Explain why there is some x0 ∈ [0, 1] with x0 = cos(x0) and describe a proce-
dure to approximate it.
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Problem 3.
For k ∈ N, let Polyk be the vector space of polynomials of degree at most k with
real coefficients. Let V B {p(t) ∈ Poly2 : p′(0) = 0} (note the 2).

1. Explain why V is a vector space and find an isomorphism Rn � V for some
n ∈N (which you should determine).

2. For a, b ∈ R, define Ta,b : V → R2 by Ta,b(p(t)) =
[ p(a)

p(b)

]
. For which pairs of

values (a, b) is ker Ta,b = {0}?
3. For a, b ∈ R, define Ra,b : V → Poly1 by sending p(t) ∈ V to the polynomial

q(t) ∈ Poly1 with q(0) = p(a) and q(1) = p(b). For which pairs of values (a, b) is
Ra,b an isomorphism?

Problem 4.
Define W ⊆ R4 as the subspace:

W B



w
x
y
z

 with

−4w + 4x + 3y + 5z = 0,
−6w + 6x + 3y + 9z = 0,
−2w + 2x + 4z = 0,
2w − 2x − 3y − z = 0


Find the closest point in W to the vector

7
−5
−1
−3

 .
Problem 5.

This question concerns C([0, 1],C) with its standard inner product:

〈 f , g〉 B
∫ 1

0
f (t)g(t)dt.

For this question, we choose a, b ∈ (0, 1) such that a < b.

1. Show that the linear function α : C([0, 1],C)→ C defined by

α( f ) B
∫ 1

0
f (t)dt

is continuous.
2. Define the linear function β : C([0, 1],C)→ C by

β( f ) B
∫ b

a
f (t)dt.

Show that β is continuous.
3. Explain why there is some g ∈ L2(0, 1) such that for all f ∈ C([0, 1],C),

〈 f , g〉 =

∫ b

a
f (t)dt.

Is g an element of C([0, 1],C)?


