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TMA4145 Linear Methods: Final Exam

Saturday 6th December 2008
Time: 09:00–13:00

Examination Aids: D
No written and handwritten examination support materials are permitted.

Calculator: Citizen SR-270X or Hewlett Packard HP30S

Problem 1.

Give the definitions of any four of the following terms.

i. A metric space
ii. A Cauchy sequence in a metric space

iii. A continuous map from one metric space to another
iv. The kernel (null space) of a linear transformation
v. An inner product on a complex vector space

vi. A Hilbert space
vii. A normed vector space

Problem 2.

In this problem we equip R3 and R4 with their standard Euclidean norms:

‖x‖ =
√

x2
1 + · · · + x2

n (n = 3 or 4)

Let

A =


1 3 4
2 2 4
3 −1 2
4 −1 3

 , b =


2
0
−4
−5

 , c =


0
3
0
−9


a. Find an x ∈ R3 such that Ax = b.
b. Find the set of y ∈ R3 such that Ay is the nearest point to c.
c. Find the point z ∈ R3 with the smallest norm such that Az is the nearest point to c.

Problem 3.

Let `∞ be the space of all bounded sequences in R with norm

‖(xn)‖∞ = sup{|xn|}.

Let `0
⊆ `∞ be the space of all sequences that are eventually zero; that is, x = (xn) ∈ `0 if

there is some N (depending on x) such that xn = 0 for n ≥ N. Let c0 ⊆ `∞ be the space of all
sequences x = (xn) for which limn→∞ xn exists and is equal to zero.

Prove that c0 is the closure of `0 in `∞.
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Problem 4.

a. Let (X, d) be a complete metric space, T : X → X a contraction. Let α < 1 be such that
d(Tx,Ty) ≤ αd(x, y) for all x, y ∈ X.
Let x∗ be the fixed point of T. Let x0 ∈ X and recursively define xn = T(xn−1) for n ≥ 1.
Prove that

d(xn, x∗) ≤
αn

1 − α
d(x0, x1) for all n ≥ 1.

b. Let C([0, 1],R) denote the vector space of all continuous functions from [0, 1] toR. Define
a map T : C([0, 1],R)→ C([0, 1],R) by

(Tx)(t) = 1 +
∫ t

0
sx(s)ds.

Show that T is a contraction and that one choice for α is 1
2 . Here, C([0, 1],R) is equipped

with its standard metric: d∞( f , g) = max{| f (t) − g(t)| : 0 ≤ t ≤ 1}.
c. The sequence produced starting with x0(t) = 0 begins

x1(t) = 1

x2(t) = 1 + t2/2

x3(t) = 1 + t2/2 + t4/8

x4(t) = 1 + t2/2 + t4/8 + t6/48

with general term

xn(t) =
n−1∑
k=0

t2k

2kk!

Let us write x∗ for the fixed point of T. Using part a, estimate how many terms are
needed to ensure that

∑n−1
k=0 1/2kk! is within 0.001 of x∗(1)?

d. To five significant figures, x∗(1) = 1.6487 whilst x5(1) = 1.6484. What does this tell you
about your previous answer?

Problem 5.
Let C([0, 1],C) denote the space of continuous functions from [0, 1] to C. Let

(
f , g

)
=

∫ 1

0
f (t)g(t)dt

be the standard inner product on C([0, 1],C).

a. Let T : C([0, 1],C)→ C([0, 1],C) be the linear transformation which sends f ∈ C([0, 1],C)
to the function T f given by (T f )(t) = t f (t). Show that T is self-adjoint; that is, that(

T f , g
)
=

(
f ,Tg

)
for all f , g ∈ C([0, 1],C).

b. For f , g ∈ C([0, 1],C) define
(

f , g
)

T by(
f , g

)
T =

(
T f , g

)
.

Prove that (·, ·)T is an inner product on C([0, 1],C).
c. Let V ⊆ C([0, 1],C) be the subspace {a + bt + cet : a, b, c ∈ C}. Find a, b such that∫ 1

0
t
∣∣∣et
− a − bt

∣∣∣2dt

is minimal.


