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Contact during the exam:
Christian Skau, 73 59 17 55

EXAM IN TMA4145 LINEAR METHODS

Friday, December 16, 2005
Time: 15:00 – 19:00

Permitted aids (Code D): Approved calculator (HP30S),
No handwritten or printed material allowed.

Grades: January 6, 2006.

Problem 1 Let (xn)∞n=1 and (yn)∞n=1 be two sequences in the metric space (X, d). Assume
that

xn −→
n→∞

a, yn −→
n→∞

a

where a is an element in X. Show that (zn)∞n=1 is a Cauchy sequence, where z2n−1 = xn and
z2n = yn for n = 1, 2, 3, . . ..

Problem 2

a) The matrix A has the following LU -factorization,

A =

0 1 2 3 4
0 1 2 4 6
0 0 0 1 2

 =

1 0 0
1 1 0
0 1 1

0 1 2 3 4
0 0 0 1 2
0 0 0 0 0

 .

Find bases for the fundamental subspaces R(A), N (A), R(AT ) and N (AT ) of A (R(A) =
im A and N (A) = ker A).
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b) Let

B =


1 0 0

−1 1 0
0 −1 1
0 0 −1

 .

Find the QR-factorization of B.

c) Finn a singular value decomposition (SVD) of

C =

 −1 0
1 −1
0 1

 .

Problem 3 Let E = C[0, 1] be the linear space of complex, continuous functions x :
[0, 1] → C. Define

‖x‖∞ = max
t∈[0,1]

|x(t)| and 〈x, y〉 =

∫ 1

0

x(t)y(t) dt,

where x, y ∈ E.

a) Show that ‖ · ‖∞ is a norm on E, and that 〈·, ·〉 is an inner product on E.

b) Show that M = {x ∈ E : x(0) = 0} is a closed linear subspace of E with respect to the
metric d induced by ‖ ·‖∞, but that M is not closed with respect to the metric d̃ induced
by 〈·, ·〉.

c) Show that the linear functional φ : E → C, defined by φ(x) = x(0), x ∈ E, is continuous
with respect to the metric d, but discontinuous with respect to the metric d̃ on E.

d) Find a, b ∈ C such that ∫ 1

0

|t4 − a− bt|2 dt

is minimal.
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Problem 4 The set C[−1
2
, 1

2
] of (real) continuous functions on the closed interval [−1

2
, 1

2
]

with the metric
d(x, x̃) = max

t∈[− 1
2
, 1
2
]
|x(t)− x̃(t)|

is a complete metric space. The function f(t, u) = u3 − 2t2 satisfies the Lipschitz condition
|f(t, u)− f(t, v)| ≤ 3

4
|u− v| in R = [−1

2
, 1

2
]× [−1

2
, 1

2
].

a) Define T : C[−1
2
, 1

2
] → C[−1

2
, 1

2
] by

(Tx)(t) =

∫ t

0

f
(
τ, x(τ)

)
dτ.

Show that T maps X into X, where X = {x ∈ C[−1
2
, 1

2
] : d(x, 0) ≤ 1

2
}.

b) Show that T : X → X is a contraction, with contraction constant α = 3
8
.

c) Let x0 = 0, x1 = Tx0, x2 = Tx1, . . . , xn+1 = Txn, . . .. Explain why the sequence (xn)∞n=1

converges to a function x̃ ∈ C[−1
2
, 1

2
], and give an argument for why x̃ = x̃(t) satisfies

the differential equation
x′ = x3 − 2t2, t ∈ (−1

2
, 1

2
),

with the initial condition x(0) = 0.


