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Problem 1

We have

i) d(x, y) ≥ 0 since |x − y| ≥ 0 and ln t ≥ 0 if t ≥ 1. Moreover d(x, y) = 0 ⇔
ln

(
1 + |x− y|

)
= 0 ⇔ |x− y| = 0 ⇔ x = y.

ii) d(x, y) = d(y, x) since |x− y| = |y − x|.
iii) For the triangle inequality,

d(x, y) = ln
(
1 + |x− y|

)
≤ ln

(
1 + |x− z|+ |z − y|

)
≤ ln

(
1 + |x− z|+ |z − y|+ |x− z||z − y|

)
= ln

(
(1 + |x− z|)(1 + |z − y|)

)
= ln

(
1 + |x− z|

)
+ ln

(
1 + |z − y|

)
= d(x, z) + d(z, y)

where we have used that 0 < s ≤ t ⇒ ln s ≤ ln t and ln(st) = ln s + ln t.

This shows that d is a metric on R.

Let (xn) be a Cauchy sequence in (R, d), then d(xn, xm) = ln
(
1 + |xn − xm|

)
→ 0 as

m,n → ∞ which means that |xn − xm| → 0 as m,n → ∞. Hence (xn) is a Cauchy
sequence in (R, | · |). Since (R, | · |) is complete, (xn) has a limit with respect to | · |, say
x. Then |xn − x| → 0 as n →∞, and this gives that d(xn, x) = ln

(
1 + |xn − x|

)
→ 0 as

n →∞. Thus (xn) is convergent in (R, d) with limit x. Hence (R, d) is complete.

Problem 2

a) Let (X, d), X 6= ∅, be a complete metric space, and let f : X → X be a contraction.
Then f has exactly one fixed point.

b) We have

‖Ax‖∞ = max
i
|(Ax)i| = max

i
|
∑

j

aijxj |

≤ max
i

(∑
j

|aij ||xj |
)
≤ max

i

(∑
j

|aij |
)
‖x‖∞.

Let A be the 4× 4-matrix

A =


0 2

6 −2
6

1
6

1
5 0 2

5 −1
5

1
4

1
4 0 −1

4

0 1
3 −1

3 0

 .
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Then the row sums
∑

j |aij | are for i = 1, 2, 3, 4: 5
6 , 4

5 , 3
4 and 2

3 . This gives
maxi

(∑
j |aij |

)
= 5

6 < 1. Let f(x) = b + Ax where b = (2, 2, 2,−2). Then

‖f(x)− f(y)‖∞ = ‖A(x− y)‖∞ ≤ 5
6‖x− y‖∞

and f is a contraction on (R4, ‖ · ‖∞). Hence Banach’s Fixed Point Theorem gives,
since (R4, ‖ · ‖∞) is complete, that f(x) = x has a unique solution, and the system
may be solved by iteration (of f) starting from any x0 ∈ R4.

Problem 3

a) Here AT A =
[

5 4 0
4 5 0
0 0 0

]
has eigenvalues 9, 1 and 0 with corresponding orthonormal

eigenvectors

q(1) = 1√
2

[
1
1
0

]
, q(2) = 1√

2

[ 1
−1

0

]
, q(3) =

[
0
0
1

]
.

So we let Q = 1√
2

[
1 1 0
1 −1 0
0 0

√
2

]
and Σ = [ 3 0 0

0 1 0 ]. Let

p(1) = 1
σ1

Aq(1) = 1√
2
[ 1
1 ] and p(2) = 1

σ2
Aq(2) = 1√

2

[−1
1

]
.

Then with P = 1√
2

[
1 −1
1 1

]
we have a singular value decomposition A = PΣQT .

b) To find the least squares solution with minimal norm, we calculate x̄0 = A+ [ 0
3 ]

where

A+ = QΣ+P T =
1√
2

1 1 0
1 −1 0
0 0

√
2

1
3 0
0 1
0 0

 1√
2

[
1 1

−1 1

]
=

1
3

−1 2
2 −1
0 0

 .

Thus x̄0 =
[

2
−1

0

]
.

Problem 4

a) The eigenvalue λ = 3 has algebraic multiplicity m = 3. From

A− λI =

 1 1 1
0 0 0

−1 −1 −1

 ∼

 1 1 1
0 0 0
0 0 0


we see that the geometric multiplicity is d = 2. Hence a Jordan form is

J =

 3 0 0
0 3 1
0 0 3

 .
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b) We need to find x(1), x(2) and x(3) such that

Ax(1) = 3x(1)

Ax(2) = 3x(2)

Ax(3) = 3x(3) + x(2).

From the above we see that any eigenvector looks like

s

 1
−1

0

 + t

 1
0

−1

 , (s, t) 6= (0, 0).

To find x(3) we solve

(A− 3I)x =

 s + t
−s
−t

 .

From  1 1 1 s + t
0 0 0 −s

−1 −1 −1 −t


we see that we must take s = 0. Also let t = 1. Then x(2) =

[ 1
0
−1

]
and for x(3) we

may take x(3) =
[

1
0
0

]
. Also we may take x(1) =

[
1
−1

0

]
(which is independent from

x(2)). Thus

S =

 1 1 1
−1 0 0

0 −1 0


will do the job: S−1AS = J .

c) We know that

u = etAu0 = SetJS−1u0 = e3tS

 1 0 0
0 1 t
0 0 1

 c = e3t

 1 1 t + 1
−1 0 0

0 −1 −t

 c

= c1e
3t

 1
−1

0

 + c2e
3t

 1
0

−1

 + c3e
3t

 t + 1
0
−t

 .

Problem 5

Let x, u and v ∈ L2(−π, π) be given by x(t) = t, u(t) = 1√
2π

e−it and v(t) = 1√
2π

eit.
Then with U = span{u, v}

projU x = 〈x, u〉u + 〈x, v〉v =
√

2πiu−
√

2πiv.

Hence a = i and b = −i.

tma4145eksH04lf February 21, 2005 Page 3



TMA4145 Linear Methods

Problem 6

We know that
∑∞

n=1〈x, en〉en is convergent in H since
∑∞

n=1 |〈x, en〉|2 ≤ ‖x‖2 < ∞. Let
y = x−

∑∞
n=1〈x, en〉en. Then for all m

〈y, em〉 = 〈x, em〉 −
∞∑

n=1

〈x, en〉〈en, em〉 (continuity of the inner product)

= 〈x, em〉 − 〈x, em〉 (since 〈en, em〉 = 0 if m 6= n and 1 if m = n)
= 0.

Since (en) is complete, y = 0, and x =
∑∞

n=1〈x, en〉en.

Problem 7

Let (x(n))n be a sequence from c0 and assume x = limn x(n) in l∞. Given ε > 0. Then
there is an N such that n ≥ N ⇒ ‖x− x(n)‖∞ < ε

2 . For each j ≥ 1 we then have

|xj − x
(N)
j | < ε

2 .

Since x(N) ∈ c0, limj x
(N)
j = 0, and there is a J such that |x(N)

j | < ε
2 if j ≥ J . For j ≥ J

we then have
|xj | ≤ |xj − x

(N)
j |+ |x(N)

j | < ε,

and limj xj = 0. This shows that x ∈ c0 and hence c0 ⊆ l∞ is a closed subspace. Since
l∞ is complete, so is then c0, and c0 is a Banach space.
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