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Problem 1
We have

i) d(z,y) > 0 since |z —y| > 0 and Int > 0 if ¢ > 1. Moreover d(z,y) = 0 <
In(l+[z—y))=0&|z—yl =0 z=y.
ii) d(z,y) = d(y, ) since |z —y| = [y — 2|

iii) For the triangle inequality,

d(z,y) = ln(l + |z — y\) < ln(l +lx—z+ |z — y|)
<n(1+ |z — 2|+ |2 —y|+ |z — 2z —y|) =Wn((1 + |z — 2)(1 + |z — y]))
=In(1+ |z —z|) +In(1+ |z —y|) = d(z,2) + d(z,y)

where we have used that 0 < s <t = Ins <Int and In(st) =Ins+Int.

This shows that d is a metric on R.

Let (z,,) be a Cauchy sequence in (R, d), then d(zy,xn) = ln(l + |z — xm[) — 0 as
m,n — oo which means that |z, — z,,| — 0 as m,n — oco. Hence (x,) is a Cauchy
sequence in (R, |- |). Since (R, |-]) is complete, (x,) has a limit with respect to | - |, say
z. Then |z, — 2| — 0 as n — oo, and this gives that d(z,,z) = In(1+ |z, — z|) — 0 as
n — oo. Thus (z,,) is convergent in (R, d) with limit z. Hence (R, d) is complete.

Problem 2

a) Let (X,d), X # (), be a complete metric space, and let f : X — X be a contraction.
Then f has exactly one fixed point.

b) We have

[ Az oo = max[(Az);] = max| Zaz’ﬂjl
J
= m?X(Z Jaijlla;]) < m?X(Z |aij]) |zl oo-
J J

Let A be the 4 x 4-matrix
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Then the row sums Zj |a;j| are for ¢ = 1,2,3,4: %,
maxi(zj la;j|) = 2 < 1. Let f(z) = b+ Az where b= (2,2,

17 @) = fW)lloe = Az = )]l < Ellz = lloo

and f is a contraction on (R*, |- ||« ). Hence Banach’s Fixed Point Theorem gives,
since (R, || - ||o0) is complete, that f(x) = x has a unique solution, and the system
may be solved by iteration (of f) starting from any zo € R*.

Problem 3

540 . . .
a) Here ATA = [3 5 8] has eigenvalues 9, 1 and 0 with corresponding orthonormal
eigenvectors

pay = 5 Agny = 51 and pey = LA = 5 [71]

Then with P = % H _H we have a singular value decomposition A = PXQT.

b) To find the least squares solution with minimal norm, we calculate o = A" [§]

where
1 1 0 L0 -1 2
1 3 1 11 1
AT =@QxtPT=—"11 -1 0] |0 1 [ ]— 2 —1
V2o o va|llo of V2LEL 3] g
2
Thus zg = [—(1]}.

Problem 4

a) The eigenvalue A = 3 has algebraic multiplicity m = 3. From

1 1 1 111
A—-A = 0 0 O0|~[0O00O0
-1 -1 -1 000

we see that the geometric multiplicity is d = 2. Hence a Jordan form is

J:

O O W
o w O
w = O
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b) We need to find (), 7(2) and x(3) such that

Az =3z()
Al’(g) = 3.7}(2)
A3y = 3x(3) + 7(2)-

From the above we see that any eigenvector looks like

1 1
s| =1 |+t 0|, (st)#(0,0).
0 -1
To find x(3) we solve
s+t
(A-3)z=| -—s
—t

From
1 1 1|s+t

0 0 O —s
-1 -1 —-1| -t

1
we see that we must take s = 0. Also let £ = 1. Then x(y) = [ (13] and for z(3) we

1
may take z(z) = [é}. Also we may take z(;) = [—(1)] (which is independent from

[E(Q)) Thus
1 1 1
S=|-1 00
0 -1 0
will do the job: ST1AS = J.
¢) We know that
1 00 1 1 t+1
w=cug=8e"Slug=e3S | 0 1 t |c=e]| -1 0 0 c
0 01 0o -1 -t
1 1 t+1
=13 | —1 | + e 0 | + c3e 0
0 -1 —t

Problem 5

Let 7, u and v € L?(—m,7) be given by x(t) = t, u(t) = ﬁe*“ and v(t) = ——=e’.
Then with U = span{u, v}

projy z = (x, u)u + (x,v)v = V2miu — V2miv.

Hence a =i and b = —i.
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Problem 6

We know that Yo% (x, ep)e, is convergent in H since Y oo, [(z,e,)|? < [|z]|* < oo. Let
y=1x—y 2 (x en)en. Then for all m

o
(Y, em) = (x,em) Z x,en){€n,en) (continuity of the inner product)
n=1

= (r,em) — (T, €em) (since (en,em) =0if m #n and 1 if m =n)

=0.

Since (e;,) is complete, y =0, and z =Y 7 | (z, epn)en.

Problem 7

Let (x(”))n be a sequence from ¢y and assume z = lim,, 2™ in [®°. Given € > 0. Then
there is an N such that n > N = ||z — (™|, < &. For each j > 1 we then have

N
|z — ;rg )| < 5.
Since (V) € ¢y, lim, xg-N) = 0, and there is a J such that |x§N)\ <gifj>J Forj=>J
we then have
‘x3‘<’%_ﬂf |—i—|x |<€,

and lim; z; = 0. This shows that x € ¢p and hence ¢o C [*° is a closed subspace. Since
[*° is complete, so is then ¢, and ¢y is a Banach space.
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