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EXAM IN TMA4145 LINEAR METHODS
Saturday, December 18, 2004

Time: 09:00 – 13:00

Permitted aids (Code D): Approved calculator (HP30S),
No handwritten or printed material allowed.

Grades: January 18, 2005.

Problem 1 Show that d(x, y) = ln
(
1 + |x − y|

)
defines a metric on the real numbers R.

Is (R, d) a complete metric space? (Here ln x denotes the logarithm of x to the base e.)

Problem 2

a) State (without proof) Banach’s Fixed Point Theorem.

b) Let A = [aij] be a real n× n matrix. Show that

‖Ax‖∞ ≤ max
1≤i≤n

( n∑
j=1

|aij|
)
‖x‖∞

for all x ∈ Rn. Here ‖x‖∞ = max1≤i≤n |xi|.
Explain why the system

6x1 = 2x2− 2x3 + x4 + 12

5x2 = x1 + 2x3−x4 + 10

4x3 = x1 + x2 −x4 + 8

3x4 = x2− x3 − 6

may be solved by iteration starting from any x0 ∈ R4.
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Problem 3 Let
A =

[
1 2 0
2 1 0

]
.

a) Find a singular value decomposition of A.

b) Find the least squares solution of

Ax =

[
0
3

]
with minimal norm.

Problem 4 The matrix

A =

 4 1 1
0 3 0

−1 −1 2


has characteristic polynomial (3− λ)3.

a) Find a Jordan form J of A.

b) Find a matrix S such that S−1AS = J .

c) Solve the differential equation u′ = Au.

Problem 5 Find a, b ∈ C such that
∫ π

−π

∣∣t− ae−it − beit
∣∣2 dt is minimal.

Problem 6 Let (en)∞n=1 be a complete orthonormal sequence in a Hilbert space H. Show
that x =

∑∞
n=1〈x, en〉en for all x ∈ H.

Problem 7 Let c0 denote the subspace of `∞ comprising all sequences (xn)∞n=1 which tend
to zero as n →∞. Prove that (c0, ‖ · ‖∞) is a Banach space.


