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Problem 1

Since Ā = X there are for any x ∈ X elements an ∈ A such that lim an = x. By
continuity of f and g we then have

f(x) = lim f(an) = lim g(an) = g(x)

since f and g agree on A. Hence f = g.

Problem 2

a) We have

‖Ax‖1 =
n∑

j=1

|(Ax)j | =
n∑

j=1

∣∣ n∑
k=1

ajkxk

∣∣ ≤ ∑
j

∑
k

|ajk||xk|

=
∑

k

(∑
j

|ajk|
)
|xk| ≤ max

k

(∑
j

|ajk|
) ∑

k

|xk| = max
1≤k≤n

( n∑
j=1

|ajk|
)
‖x‖1

for all x ∈ Cn.

b) Let f : Cn → Cn be given by f(x) = Ax + b, then a solution of x = Ax + b is a
fixed point of f . Let Cn have the metric given by d1(x, y) = ‖x− y‖1. Then since

‖f(x)− f(y)‖1 = ‖A(x− y)‖1 ≤ α‖x− y‖1

where α = maxk

(∑
j |ajk|

)
< 1, f is a contraction and hence has a unique fixed

point which may be found by iteration according to Banach’s fixed point theorem.
Hence x = Ax + b may be solved by iteration, i.e. if x(k+1) = Ax(k) + b, x(0) ∈ Cn,
then x = limk→∞ x(k).

Problem 3

a) A has only one eigenvalue λ = 2 and we need to find its geometric dimension. We
have

A− 2I =

 1 1 0
0 0 1

−1 −1 −1

 ∼
 1 1 0

0 0 1
0 0 0

 ,

and this gives that x = t(1,−1, 0), t 6= 0, are the only eigenvectors, and the
geometric dimension is 1. Thus

J =

 2 1 0
0 2 1
0 0 2

 .
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b) Let S = [x(1)|x(2)|x(3)]. Then Ax(1) = 2x(1), Ax(2) = 2x(2) + x(1) and Ax(3) =
2x(3) +x(2). We take x(1) = (1,−1, 0). Since we have to solve (A− 2I)x = y twice,
consider  1 1 0 a

0 0 1 b
−1 −1 −1 c

 ∼
 1 1 0 a

0 0 1 b
0 0 0 a + b + c

 .

If a + b + c = 0, the general solution is

x = t

 1
−1

0

 +

 a
0
b

 .

So (A− 2I)x = x(1) = (1,−1, 0) gives

x = t

 1
−1

0

 +

 1
0

−1

 .

And we let x(2) = (1, 0,−1). Then (A− 2I)x = x(2) = (1, 0,−1) gives

x = t

 1
−1

0

 +

 1
0
0


and we let x(3) = (1, 0, 0). This gives

S =

 1 1 1
−1 0 0

0 −1 0


such that S−1AS = J .

c) We have

u′ = Ju & u(0) =

 1
0
2

 ⇒

u(t) = etJ

 1
0
2

 = e2t

 1 t t2/2
0 1 t
0 0 1

 1
0
2

 = e2t

 1
0
0

 + e2t

 t2

2t
2

 .

Problem 4

If A can be diagonalized by a unitary matrix then A is normal, i.e. A∗A = AA∗. Then

‖A∗x‖2 = 〈A∗x,A∗x〉 = 〈x, AA∗x〉 = 〈x,A∗Ax〉 = 〈Ax,Ax〉 = ‖Ax‖2,

and hence ‖A∗x‖ = ‖Ax‖ for all x ∈ Cn.
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Problem 5

a) Given x ∈ C[0, 1]. Define xn ∈ U , n ≥ 1, by

xn(t) =

{
nx( 1

n)t 0 ≤ t ≤ 1
n

x(t) 1
n ≤ t ≤ 1.

Note that |xn(t)| ≤ ‖x‖∞ for all t ∈ [0, 1], and hence we have that

‖x− xn‖1 =
∫ 1

0
|x(t)− xn(t)| dt =

∫ 1
n

0
|x(t)− xn(t)| dt ≤ 2

n‖x‖∞ → 0

as n →∞. This shows that lim xn = x, and hence x ∈ Ū . Thus Ū = C[0, 1].

b) Since M ⊆ H is closed, M too is a Hilbert space, and since f ∈ M∗, Riesz’
representation theorem gives that there is a unique y ∈ M such that f(x) = 〈x, y〉
for all x ∈ M and ‖f‖ = ‖y‖. Then simply define f̃ : H → C by f̃(z) = 〈z, y〉 for
all z ∈ H. Then f̃ ∈ H∗ with ‖f̃‖ = ‖y‖ = ‖f‖, and f̃(x) = f(x) for all x ∈ M .

c) Let F ∈ H∗ be any extension of f with ‖F‖ = ‖f‖ = ‖y‖. Then there is a w ∈ H
such that F (z) = 〈z, w〉 for all z ∈ H, and ‖w‖ = ‖F‖ = ‖y‖. Since M ⊆ H
is closed we have an orthogonal direct sum H = M ⊕ M⊥ and we may write
w = w1 + w2 where w1 ∈ M and w2 ∈ M⊥. For all x ∈ M we have

〈x,w1〉 = 〈x,w〉 = F (x) = f(x) = 〈x, y〉

and hence w1 = y. Then ‖w2‖2 = ‖w‖2 − ‖w1‖2 = ‖y‖2 − ‖y‖2 = 0, and w2 = 0.
Thus w = y and F (z) = 〈z, y〉 = f̃(z) for all z ∈ H, i.e. F = f̃ .
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