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Problem 1

Let X and Y be metric spaces and let f : X — Y and g : X — Y be continuous functions.
Show that if A C X is a subset with A = X and f(a) = g(a) for all a € A, then f = g (that
is f(z) = g(z) for all x € X).

Problem 2

Let A = [a;;] be a complex n X n-matrix.

a) Show that ||Az||; < max (> |ak|)||z||1 for all z € C™. Here ||z|; = > |zl
b) Let b € C". Explain why we may solve the linear system x = Ax + b by iteration if A is

such that > |aj| <1for 1 <k <mn.
j=1
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Problem 3

The matrix

A=

_ O W
e
— = O

has characteristic polynomial (2 — \)3.

a) Find a Jordan form J of A.
b) Find a matrix S such that S™1AS = J.

c) Solve the differential equation v’ = Ju with initial condition «(0) = [1 0 2]7.

Problem 4

Let A be a complex n x n-matrix. Show that if A can be diagonalized by a unitary matrix,
then ||A*z|| = ||Ax]|| for all z € C". Here A* = A" = An,

Problem 5
a) Let C[0, 1] have the norm given by ||z|; = fol |z(t)|dt and let
U = {z|z € C[0,1] & x(0) = 0}.
Show that U = C[0, 1].

Let M C H be a closed subspace of a Hilbert space H, and let f : M — C be a linear

functional with ||f|| = sup |f(z)| < oc.
=<1

b) Show that there exists an extension f of f to H with £l = IIfl, that is f: H — Cis a
linear functional with || f|| = || f|| and f(z) = f(x) for all z € M.

c) Show that the extension f in b) is unique.



