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Problem 1

a) Let B̃ = 25B. Then

det(B̃ − λI) =
∣∣∣∣ 9−λ 0 −12

0 100−λ 0
−12 0 16−λ

∣∣∣∣ = (100− λ)(λ2 − 25λ) = 0

with roots λ = 100, 25 and 0. Hence B has eigenvalues λ1 = 4, λ2 = 1 and λ3 = 0
with corresponding orthonormal eigenvectors

q(1) =
[

0
1
0

]
, q(2) = 1

5

[ 3
0

−4

]
, q(3) = 1

5

[
4
0
3

]
.

Hence

QTBQ = Λ =

 4 0 0
0 1 0
0 0 0

 where Q =
1
5

 0 3 4
5 0 0
0 −4 3

 .
b) We have

etB = QetΛQT = Q

 e4t 0 0
0 et 0
0 0 1

QT =
1
25

 16 + 9et 0 12− 12et

0 25e4t 0
12− 12et 0 9 + 16et


and hence

x(t) = etBx(0) =
[

24−24et

25e4t

18+32et

]
= 6

[
4
0
3

]
− 8et

[ 3
0

−4

]
+ 25e4t

[
0
1
0

]
.

c) Since ATA = B, we have that the singualr values of A are σ1 =
√

4 = 2, σ2 =√
1 = 1, and we can use the Q from a). Then

p(1) = 1
2Aq(1) = 1√

2
(0, 1, 0, 1) and p(2) = 1

1Aq(2) = 1√
2
(1, 0,−1, 0).

In order to extend to an orthonormal basis p(1), p(2), p(3), p(4) for R4, consider[
0 1 0 1
1 0 −1 0

]
∼

[
1 0 −1 0
0 1 0 1

]
⇒ x = s

[
1
0
1
0

]
+ t

[ 0
−1

0
1

]
.

Say p(3) = 1√
2
(1, 0, 1, 0) and p(4) = 1√

2
(0, 1, 0,−1), i.e.

P =
1√
2


0 1 1 0
1 0 0 1
0 −1 1 0
1 0 0 −1

 .
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Then A = PΣQT where

Σ =


2 0 0
0 1 0
0 0 0
0 0 0

 and Q =
1
5

 0 3 4
5 0 0
0 −4 3

 .
Since Σ+ =

[
1
2

0 0 0
0 1 0 0
0 0 0 0

]
we get

A+ = QΣ+P T =
√

2
20

 6 0 −6 0
0 5 0 5

−8 0 8 0

 .
d)

Ax = b ⇒ x̄0 = A+b =
√

2
20

 −3
5
4

 .
Problem 2

Not covered by the current syllabus.

Problem 3

a) Let A ∈ Rn×n, then

〈x, y〉A = xTAy = 〈x,Ay〉 defi-
nes an inner product on Rn

}
⇔ A > 0 (in particular A is symmetric).

⇒ If 〈·, ·〉A is an inner product, then in particular 〈x, y〉A = 〈y, x〉A i.e. 〈x,Ay〉 =
〈Ax, y〉 for all x, y ∈ R. But then AT = A and A is symmetric. And also
0 < 〈x, x〉A = xTAx, and A > 0.

⇐ i) If A > 0, then 〈x, x〉A = xTAx > 0 if x 6= 0
ii) For all A, 〈x, y〉A = 〈x,Ay〉 is linear in the first factor
iii) If AT = A, then 〈x, y〉A = 〈x,Ay〉 = 〈Ax, y〉 = 〈y,Ax〉 = 〈y, x〉A.

Hence 〈·, ·〉A is an inner product on Rn if and only if A > 0.

b) V = {av1 + bv2 | a, b ∈ R} where v1(t) = et and v2(t) = e−t with inner product

〈x, y〉 =
∫ 1

0
x(t)y(t) dt.

(If 〈x, x〉 =
∫ 1
0 (aet + be−t)2 dt = 0, then aet + be−t = 0 for all t ∈ [0, 1], and hence

a = b = 0. It is then clear that we have an inner product on V .)
T : V → R2 given by T (av1 + bv2) = [ a

b ] is clearly linear and bijective, and it is
unitary if and only if ‖T (av1 + bv2)‖2

A = ‖av1 + bv2‖2 for all a, b ∈ R. Thus we
must have[

a b
]
A

[
a
b

]
=

∫ 1

0
(aet + be−t)2 dt = a2 1

2(e2 − 1) + 2ab+ b2 1
2(1− e2)

⇒ A =
[

1
2(e2 − 1) 1

1 1
2(1− e2)

]
.
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Problem 4

a) An orthonormal sequence in a Hilbert space V is a sequence (en)∞n=1, en ∈ V such
that

〈em, en〉 =

{
0 m 6= n

1 m = n
.

It is complete if 〈x, en〉 = 0 for all n ≥ 1 implies that x = 0.
In `2 en = (0, . . . , 0, 1, 0, . . .) gives a complete orthonormal sequence (en)∞n=1. Since
〈x, y〉 =

∑
n xnȳn in `2 it is clear that 〈em, en〉 = 0 if m 6= n and 1 if m = n. If

x = (xn)n and 0 = 〈x, en〉 = xn for all n, then x = 0, so (en)∞n=1 is complete.

b) We know that V ∗ is a Banach space where the norm of ϕ ∈ V ∗ is given by ‖ϕ‖ =
sup‖x‖≤1 |ϕ(x)|. We can use the unique y, z ∈ H such that ϕ(x) = 〈x, y〉 and
ψ(x) = 〈x, z〉 for all x ∈ V to define an inner product on V ∗ by

〈ϕ,ψ〉 = 〈z, y〉.

Then

i) 〈ϕ,ϕ〉 = 〈y, y〉 > 0 if ϕ 6= 0 (⇔ y 6= 0)
ii) If ϕ(x) = 〈x, y〉, ψ(x) = 〈x, z〉 and ξ(x) = 〈x,w〉 then (αϕ+βψ)(x) = α〈x, y〉+

β〈x, z〉 = 〈x, ᾱy + β̄x〉. So we get

〈αϕ+ βψ, ξ〉 = 〈w, ᾱy + β̄z〉 = α〈w, y〉+ β〈w, z〉 = α〈ϕ, ξ〉+ β〈ψ, ξ〉

iii) 〈ψ,ϕ〉 = 〈y, z〉 = 〈z, y〉 = 〈ϕ,ψ〉.
Hence we have an inner product on V ∗.
If ϕ(x) = 〈x, y〉, then ‖ϕ‖ = ‖y‖, and hence

〈ϕ,ϕ〉 = 〈y, y〉 = ‖y‖2 = ‖ϕ‖2

so the norm derived from 〈·, ·〉 on V ∗ is the given norm on V ∗.

Problem 5

If we define F,G : V → R2 by F (av1 + bv2) = [ a
b ] and G(aw1 + bw2) = [ a

b ], then by
definition A = FDF−1 and B = GDG−1. From this we see that S = GF−1. Hence

S = [Se(1) | Se(2)] = [GF−1e(1) | GF−1e(2)]

= [Gv1, Gv2] = [G(w1 + w2), G(w1 − w2)] =
[

1 1
1 −1

]
.

If D is differentiation, then D(av1 + bv2) = av1 − bv2 and D(aw1 + bw2) = aw2 + bw1.
This gives

A =
[

1 0
0 −1

]
and B =

[
0 1
1 0

]
.
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