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You must give reasons for all your answers. You must include enough of your calculations so
that the chosen procedure becomes apparent. Read through the exam before you start. If there
is a point you can not do, you are still free to use the result other places in the exam.

Oppgave 1 Consider the matrix

B =
1

25

 9 0 −12
0 100 0

−12 0 16

 .

a) Give an orthogonal diagonalization of B.

b) Find etB and solve the initial value problem

x′(t) = Bx(t), x(0) =

 0
25
50

 .

In the remainder of the problem we let

A =

√
2

10


3 0 −4
0 10 0
−3 0 4
0 10 0

 .

For simplicity, we note that AT A = B.
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c) Find the singular value decomposition and the pseudoinverse of A.

d) Let b = [0 1 2 3]T . Find the x ∈ R3 with least norm which solves the least squares method
problem associated to the equation Ax = b.

Oppgave 2 Let V be a Banach space, and let A ∈ L(V ) (i.e. a bounded linear operator
on V ), with operator norm ||A|| < 1. In this problem we will show that I − A ∈ L(V ) is
invertible by using Banach’s fixed point theorem. Here I ∈ L(V ) is the identity: Iv = v for all
v ∈ V .

Let T : L(V ) → L(V ) be given by T (X) = I + AX for X ∈ L(V ).

a) Explain carefully how one can use Banach’s fixed point theorem to show that there is
one and only one X ∈ L(V ) such that

(I − A)X = I.

b) Show by induction that

T n+1(0) = I + A + A2 + · · ·+ An

for n ≥ 0, and conclude that

X =
∞∑

k=0

Ak

is the fxed point of T . Why do we have that X is the inverse of I − A, i.e. that
X(I − A) = (I − A)X = I?

Oppgave 3

a) Let A be a real n× n matrix. Explain why

〈x, y〉A = xT Ay

defines an inner product on Rn if and only if A is symmetric and positive definite.

b) Let v1, v2 be the real functions given by v1(t) = et and v2(t) = e−t. Consider the vector
space V = {av1 + bv2 | a, b ∈ R} with the inner product

〈x, y〉 =

∫ 1

0

x(t)y(t) dt.

Let T : V → R2 be given by

T (av1 + bv2) =

[
a
b

]
.

Find a 2 × 2 matrix A such that if R2 is given the inner product 〈 , 〉A defined in part
a), then T is unitary (inner product preserving, linear and bijective function).
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Oppgave 4

a) What is an orthonormal sequence in a Hilbert space? What is a complete orthonormal
sequence?

Let `2 be the Hilbert space of square summable sequences with the usual inner product.
For n ∈ N, let en ∈ `2 be the sequence with nth term equals 1 and all other terms equal
0. Check everything needed to conclude that (en)n∈N is a complete orthonormal sequence
in `2.

b) Let V be a Hilbert space. Show that the dual space V ∗ is also a Hilbert space.

Oppgave 5 Let v1, v2 be the real functions given by v1(t) = et og v2(t) = e−t. Consider
the vector space V = {av1 + bv2 | a, b ∈ R}.

Given a linear D : V → V , let A be the matrix of D w.r.t. the basis v1, v2, and let B be the
matrix of D w.r.t. the basis w1 = cosh, w2 = sinh. Find an invertible matrix S such that

A = S−1BS.

Finally, calculate A and B when D is derivation, and check also that A = S−1BS. Do you
have any comments?


