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Problem 1

We have

i) θ(x1, x2) ≥ 0 and θ(x1, x2) = 0 ⇔ arctanx1 = arctanx2 ⇔ x1 = x2 (since arctan
is 1–1)

ii) θ(x1, x2) = θ(x2, x1) since | − x| = x

iii) θ(x1, x2) ≤ θ(x1, x3) + θ(x3, x2) since |x + y| ≤ |x|+ |y|.

Hence θ is a metric on R. The sequence (xn) where xn = n is Cauchy since

θ(xm, xn) = | arctanm− arctann| → 0

as m,n →∞ (since limx→∞ arctanx = π
2 ). If xn → x, then

θ(xn, x) = | arctann− arctanx| → 0

as n →∞. But θ(xn, x) → |π2 − arctanx| 6= 0 since | arctanx| < π
2 for all x.

Problem 2

a) We have

‖Ax‖∞ = max
i
|(Ax)i| = max

i
|
∑

j

aijxj | ≤ max
i

(∑
j

|aij ||xj |
)

≤ max
i

(∑
j

|aij |
)
‖x‖∞.

b) We get
‖T‖ ≤ max

i

(∑
j

|aij |
)

=
∑

j

|ai0j |

for some i0. With x = (xj) where xj = sgn(ai0j) we have ‖Ax‖∞ =
∑

j |ai0j |‖x‖,
and we see that ‖T‖ = maxi

(∑
j |aij |

)
.

c) Let f(x) = Ax + b where A is the 4× 4-matrix

A =


0 0.22 −0.10 0.05

0.14 0 0.27 −0.09
−0.17 0.10 0 0.03

0.25 0.14 −0.08 0

 .
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Then ‖f(x)−f(y)‖∞ = ‖A(x−y)‖∞ ≤ 0.50‖x−y‖∞ since maxi

(∑
j |aij |

)
= 0.50.

Thus Banach’s Fixed Point Theorem tells us that we can find the solution s of
x = Ax + b by iteration starting from any x0 ∈ R4, say x0 = 0. The prior estimate
gives

‖s− xn‖∞ ≤ 0.5n

1− 0.5
‖x1 − x0‖∞ =

0.5n

0.5
0.25 =

1
2n+1

,

and the answer is yes.

Problem 3

a) We find the LU -factorization of A,

A =


1 1 1 1
1 2 3 4
1 3 6 10
1 4 10 20

 ∼


1 1 1 1
1 1 2 3
1 2 5 9
1 3 9 19

 ∼


1 1 1 1
1 1 2 3
1 2 1 3
1 3 3 10

 ∼


1 1 1 1
1 1 2 3
1 2 1 3
1 3 3 1

 .

Thus

A = LU =


1 0 0 0
1 1 0 0
1 2 1 0
1 3 3 1




1 1 1 1
0 1 2 3
0 0 1 3
0 0 0 1

 .

Since U = LT , we have also found the Cholesky factorization of A.

b) We have

N (B) = N
([ 1 1 1 1

0 1 2 3
0 0 1 3

])
= span

{[ 1
−3

3
−1

]}
.

Thus (let a = (1,−3, 3,−1))

projN (B) x = 〈x,a〉
〈a,a〉a = 〈a,x〉

〈a,a〉a = 1
〈a,a〉(a

T x)a = 1
20aaT x,

and

projN (B) = 1
20aaT =

1
20


1 −3 3 −1

−3 9 −9 3
3 −9 9 −3

−1 3 −3 1

 .

Since R(BT ) = N (B)⊥ we have

projR(BT ) = I − projN (B) =
1
20


19 3 −3 1
3 11 9 −3

−3 9 11 3
1 −3 3 19

 .
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Problem 4

From the data we get the equation

1 0 1
1

√
3/2 1/2

1
√

3/2 −1/2
1 0 −1
1 −

√
3/2 −1/2

1 −
√

3/2 1/2


 C

D
E

 =



1.0
1.6
1.4
0.6
0.2
0.8


(i.e. Ax = b), and we solve (AT Ax̄ = AT b) 6 0 0

0 3 0
0 0 3

 x̄ =

 5.6√
3

0.8

 ⇒ x̄ =

 14/15√
3/3

4/15

 .

Thus

y =
14
15

+
√

3
3

sin
(πt

6
)

+
4
15

cos
(πt

6
)
.

Problem 5

There are many possible choices, but take for instance X = R2 equipped with the
maximum norm. Then X is a normed space, but not an inner product space, since the
norm can not be derived from an inner product as the parallelogram law fails,

‖(1, 0) + (0, 1)‖2∞ + ‖(1, 0)− (0, 1)‖2∞ = 2 6= 2
(
‖(1, 0)‖2∞ + ‖(0, 1)‖2∞

)
= 4.

For an example of a metric space which is not a normed space, take X to be a subset
of R2 (with the usual euclidean distance or some other distance) which is not R2, {0}
or a straight line through the origin.

Problem 6

Clearly N (A) ⊆ N (A∗A), and we have

A∗Ax = 0 ⇒ 0 = 〈A∗Ax, x〉 = 〈Ax, Ax〉 ⇒ Ax = 0.

Thus we also have N (A∗A) ⊆ N(A), and hence N (A) = N (A∗A).

Problem 7

We have for m > n

‖fm−fn‖2 =
(∫ 1

0
|fm(x)−fn(x)|2 dx

)
=

(∫ 1
m

0
(
√

m−
√

n)2 dx
)
+

∫ 1
n

1
m

n dx = 2−2
√

n
m .

For large m ‖fm−fn‖2 ≈ 2 and no subsequence is Cauchy. Hence (fn) has no convergent
subsequence.

Problem 8

Not covered by the current syllabus.
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