SIF5020 Linear Methods

Norwegian University of Science and Technology Suggested solutions

Department of Mathematical Sciences Exam November 28, 2001
Problem 1

We have

i) 6(z1,22) > 0 and O(x1,22) = 0 & arctanx; = arctanxe < 1 = x2 (since arctan
is 1-1)

ii) 6(x1,x2) = 0(x2,21) since | —z| =z
iil) 0(x1,x2) < 60(x1,23) + 0(23,72) since |z + y| < |z| + |y|.
Hence 6 is a metric on R. The sequence (x,) where x,, = n is Cauchy since
0(zym, xyn) = | arctanm — arctann| — 0
as m,n — oo (since lim, . arctanz = ). If 2, — x, then

0(xy,x) = |arctann — arctanx| — 0

as n — oo. But 0(z,,x) — |5 — arctan x| # 0 since |arctanz| < § for all x.

Problem 2
a) We have
Ao = mae |(Az)i| = max | 3 agzes| < mas(3 a2
J J
< mg\X(Z |aij]) |2l co-
J
b) We get

17| < miax(z laigl) = ||
J i

for some 4p. With x = (z;) where z; = sgn(aj,;) we have [[Az|loc = >, |aig;llz||;
and we see that ||T'|| = max; (ZJ |agj]).

c) Let f(z) = Az + b where A is the 4 x 4-matrix

0 022 —-0.10 0.05
0.14 0 027 —-0.09
—0.17 0.10 0 0.03
0.25 0.14 -0.08 0

A=
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Then [|£(2) = £(9) e = 1A(z = y)lloo < 0.50]l2 — oo since max, (5, lassl) = 0.50.
Thus Banach’s Fixed Point Theorem tells us that we can find the solution s of
x = Az + b by iteration starting from any zo € R*, say xo = 0. The prior estimate
gives

0.5™ 0.5" 1

o5 %t ~ Tollo = 570-25 = oo,

[s = 2nlloo <
and the answer is yes.
Problem 3

a) We find the LU-factorization of A,

1 111 1 11 1 111 1 1111
A 1 2 3 4 111 2 3 111 2 3 111 2 3
|1 3 610 112 5 9 1 21 3 1 2|1 3
1 41020 113 9 19 |1 3|3 10 1 3 3|1
Thus -
1 00 0 1 1 11
1 100 01 2 3
A=LU = 1 210 0 01 3
13310001
Since U = LT, we have also found the Cholesky factorization of A.
b) We have
N(B):N({(l)%%%]):span{ _r})’ }
0013 3
Thus (let a = (1,-3,3,—1))
PIOjzr(B) T = Ezgia = ggzia = <a}a> (aTx)a = zioaaT:U,

and

. Lo 1] =3 9 -9 3
PROINGB) = 209" =95 | 3 —9 9 -3
1 3 -3 1

Since R(BT) = N (B)* we have

. . 1| 3 11 9 -3
projr(sn) =L =POINGE T35 | .3 9 11 3

1 -3 3 19

sif5020eksHO11f December 8, 2004 Page 2



SIF5020 Linear Methods

Problem 4
From the data we get the equation

! 0 17 (1.0 T

1 V32 1)2 1.6
C

1 V32 —1/2 D |l—| 14
1 0o -1 5 — 106
1 —V3/2 —1/2 0.2

L1 —V3/2  1/2 ] | 0.8 |

(i.e. Az =b), and we solve (AT Az = ATb)

6 0 O 5.6 14/15
03 0|z=]|+3 = z=| V3/3
0 0 3 0.8 4/15
Thus /3
14 3 . ,mt 4 Tt
Yy = ﬁ + ? SID(F) —+ ﬁ COS(F).
Problem 5

There are many possible choices, but take for instance X = R? equipped with the
maximum norm. Then X is a normed space, but not an inner product space, since the
norm can not be derived from an inner product as the parallelogram law fails,

1(1,0) + (0, )13 + 11(1,0) = (0, 1)[1%, = 2 # 2(/I(1, 0) 13 + 1(0, DIZ) = 4.

For an example of a metric space which is not a normed space, take X to be a subset
of R? (with the usual euclidean distance or some other distance) which is not R?, {0}
or a straight line through the origin.

Problem 6
Clearly N'(A) C N(A*A), and we have

A*Az =0 = 0= (A"Az,z) = (Az,Az) = Az=0.
Thus we also have N (A*A) C N(A), and hence N'(A4) = N(A*A).
Problem 7

We have for m > n
1 1 1
Hfm_an2 = (/O ’fm(m)_fn(x)‘z dx) = (/0 (\/TTL_\/H)Z dac) —|—/1 ndr = 2—2\/%.

m
|2 ~ 2 and no subsequence is Cauchy. Hence (f,,) has no convergent

For large m || fon — fn
subsequence.

Problem 8

Not covered by the current syllabus.
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