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Contact during exam:
Kari Hag 73 59 35 21

EXAM IN COURSE SIF5020 LINEAR METHODS
Wednesday, November 28, 2001

Time: 09:00–14:00

Aids: A
– All printed and handwritten aids allowed
– All types of calculators allowed

The problem set consists of 11 parts (Problem 1, 2a, 2b, 2c, 3a, 3b, 4, 5, 6, 7 and 8) that
will have equal weight for the grade.

NB! You shall choose 10 of these. Give reasons for all answers.

Grades to be announced on December 19.

Problem 1

Explain that θ given by
θ(x1, x2) = | arctan x1 − arctan x2|

defines a metric on R so that (R, θ) is not a complete metric space.

Problem 2

a) Let A = [aij] be a real n× n-matrix and let T : Rn → Rn be given by

Tx = Ax.

Show that ‖Ax‖∞ ≤ (max
i

n∑
j=1

|aij|) ‖x‖∞.

b) What is ‖T‖? (Rn is equipped with the maximum norm here.)
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c) Give reasons why the scaled linear system of equations

x =


0 0.22 −0.10 0.05

0.14 0 0.27 −0.09
−0.17 0.10 0 0.03
0.25 0.14 −0.08 0

x +


0.12
0.08
0.25
0.10


has a unique solution s that can be found by iterations form x0 = 0. Is the error (relative
to s) for each coordinate in the nth iterated vector less than 2−(n+1)?

Problem 3

a) Find the LU -factoring of

A =


1 1 1 1
1 2 3 4
1 3 6 10
1 4 10 20


Notice that U = LT . Comments?

b) We consider now a submatrix of A:

B =

1 1 1 1
1 2 3 4
1 3 6 10


Find N (B) and the matrices of the orthogonal projections of R4 onto the vector spaces
N (B) and R(BT ).

Problem 4
We have the observations

t 0 2 4 6 8 10
y 1.0 1.6 1.4 0.6 0.2 0.8

and assume the following connection between t and y

y = C + D sin(
πt

6
) + E cos(

πt

6
).

Fit the parameters C, D and E to the observations using the method of least squares.

Problem 5
We have (with ‖x‖2 =< x, x >, d(x, y) = ‖x− y‖) :
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X is an inner product space ⇒ X is a normed space

X is a normed space ⇒ X is a metric space.

Show by examples that none of the implications is an equivalence.

Problem 6
Given A ∈ Cm×n, i.e. an m × n-matrix, or more generally A ∈ L(H1, H2) where H1 and H2

are Hilbert spaces.

Show that
N (A∗A) = N (A)

(Strang writes AH for A∗, Young writes Ker instead of N .)

Problem 7
For n = 1, 2, 3, ... let the functions fn : [0, 1] → R be given by

fn(t) =


√

n for 0 ≤ t ≤ 1

n

0 for
1

n
< t ≤ 1

Explain why the sequence (fn) does not have a convergent subsequence in the Hilbert space
L2(0, 1).

Can the result be used to prove that the identity operator on L2(0, 1) is not compact?

Problem 8
Explain that the spectral theorem for compact Hermitian operators on Hilbert spaces implies
the spectal theorem for Hermitian matrices (5 S ”complex case”, p. 309 in Strang).


