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Problem 1. (10 points)

For each of the following statements, decide whether it is true or false. If a statement is false, provide
a counterexample (you need not provide proofs of true statements).

a) Every Cauchy sequence in a complete metric space converges.

b) Assume that U is a Banach space and that F: U — U is such that [|[F(u) — F(0)|| < ||lu — ||
for all u, v € U. Then F has a fixed point in U.

c¢) The range of a linear transformation T: U — V between vector spaces U and V is a subspace
of V.

d) Let U be a vector space and let T: U — U be bounded linear and surjective. Then T is
invertible.

Solution.

a) True.
(A metric space is complete, if every Cauchy sequence in it converges.)

b) False.
The simplest example that comes to my mind is the function F: R — R, F(x) = x + 1. Then
|F(x) — F(y)| = |x — y| for all x, y € R, but there exists no x € R such that x + 1 = F(x) = x.
There are of course many different examples possible here.

c) True.

d) False.
One example we discussed in the lectures was the left shift operator L: £* — ¢* that maps

x = (x1,X2,...) to Lx = (x3,x3,...).

Problem 2. (10 points)

Define the following notions:

a) Assume that (U, ||-||y) is a normed space. Define the notion of an open set in U.

b) Let (U, ||-|lu) and (V, ||-|lv) be normed spaces. Define the notion of a bounded linear mapping
from U to V.
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c) Let X be a non-empty set. Define the notion of a metric on X.

d) Let (X, d) be a metric space. Define the notion of a Cauchy sequence in X.

Solution.

a) A setin S in a normed space U is open if there exists for each u € S some ¢ > 0 such that the
open ball B,(u) is contained in S. Here B, (u) = {0 eU:|u-v < e}.

b) A mapping T: U — V is bounded linear, if it is linear and there exists C > 0 such that
ITully < C|lully for allu € U.

c) A metric on a non-empty set X is a function d: X X X — R that has the following properties:

e d(x,y) > 0forallx, y € X.

« d(x,y) =0ifand only if x = y.

e d(x,y) =d(y,x) forall x, y € X.

e d(x,z) <d(x,y)+d(y,z) forallx, y,z € X.

d) A sequence {x,},en is a Cauchy sequence in (X, d) if there exists for each ¢ > 0 some N € N
such that d(x,, x,) < ¢ whenever n, m > N.

Problem 3. (10 points)
Define

a) Find the singular value decomposition of the matrix A.

b) Find x € R* with Ax = b such that ||x||; is minimal.

Solution.
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a) The SVD of A can be written as A = PXQT with P € R?? orthogonal, Q € R**? orthogonal,
and ¥ € R?*? diagonal with non-negative diagonal entries. Thus

AAT = p3QT o3P = p32pt

and thus the columns of P form an orthogonal eigenbasis of P and the diagonal entries of 2
are the eigenvalues of AAT.

We now compute

3 0
3 0 6 -6\|0 -2 81 0
AAT = :
(o -2 4 4) 6 4 (o 36)
—6 4

This implies that

Now we can write

Cecip1a (179 0)(3 0 6 -6\ (1/3 0 2/3 -2/3
QT_ZlPlA_(o 1/6)(0 -2 4 4)_(0 -1/3 2/3 2/3)'

The SVD of A is therefore

_ _ (1 0}(9 o}(1/3 0 2/3 -2/3
A_PZQT‘(O 1)(0 6)(0 -1/3 2/3 2/3)'

b) Here we recall that we can compute x as
x=A'b,

where AT is the pseudo-inverse of A. In this case,

1/3 0 1/27 0
oel1oT | O =1/3]{1/9 o) | o -1/18
AT = Q37PT = 2/3  2/3 (0 1/6)_ 2/27  1/9
-2/3 2/3 -2/27  1/9
and thus

1/27 0 1/3

B | oo —1/18((9) _|-1/3

x=ATb = 2/27  1/9 (6)_ 4/3 |

—2/27 1/9 0
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Problem 4. (10 points)

Assume that T: C" — C" is a linear transformation with minimal polynomial

p(z) =(z—-2)z(z+2)(z+5).

Find the minimal polynomial of T%.

Solution.

Since the minimal polynomial only includes linear terms, all Jordan blocks of T are necessarily
(1x 1) blocks. In other words, the operator T is diagonalisable. Thus there exists a basis of C" with
respect to which the matrix A of T is a diagonal matrix. Moreover, the diagonal entries of this matrix
are precisely the zeroes of the polynomial p, that is, the numbers 2, 0, -2, and -5 (in any order and
with any multiplicity > 1).

In the same basis, the matrix of T2 is the matrix A2, which is again a diagonal matrix, the entries
of which are the squares of the entries of A. That is, the diagonal entries of A? are precisely the
numbers 0, 4, and 25. Since T? is again diagonal, the minimal polynomial splits into linear factors of
the form z — A with A a diagonal entry of A%. Thus the minimal polynomial of T2 is the polynomial

q(z) =z(z — 4)(z — 25).

Problem 5. (10 points)

Assume that F: R — R is a contraction and that g: R — R is continuous and satisfies

[m|g(x)| dx < 1.

(o]

Define the mapping T: C([0,1]) — C([0,1]),

1
Tu(x) = / g(x = y)F(u(y)) dy for x € [0,1].
0
Show that there exists a unique function u € C([0,1]) such that
u(x) = Tu(x) for all x € [0,1].

You may assume without proof that Tu € C([0,1]) for allu € C([0,1]).

Solution.
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We have to show there exists a unique u € C([0,1]) such that Tu = u. In other words, we have to
show that the mapping T: C([0,1]) — C([0,1]) has a unique fixed point. For this, we will employ
the Banach fixed point theorem. Recall to that end that C([0,1]) is a Banach space with the norm

lulleo = max |u(x)].
x€[0,1]

Since F: R — R is a contraction, there exists 0 < C < 1 such that
|F(s) = F(t)| < Cl|s —t| foralls, t € R.

Now let u, v € C([0,1]). Then we can estimate
1
[Tuee) = 1o = | [ 90 = ) (Fu() - Fo() dy
1
< [ gt = P - Fe(n]dy
0
1
< [ lotx = picuty) - o] dy
0
1
<c /0 90 = )l max fu(2) - o(2)| dy
1
= Cllu - vl ~yld
Cllu - ol / l9(x - )l dy
— 0]l d
< Cllu - o] /R|g<y>| y

< Cllu - olle

for all x € [0,1]. Here we used in the last step that le g(y)| dy < 1. Taking the maximum over all
x € [0,1] it follows that

IT(u) — T(v)]|co = max |Tu(x) - Tv(x)| < Cllu = 9] co-
x€[0,1]

Since 0 < C < 1, this shows that T: C([0,1]) — C([0,1]) is a contraction (with contraction factor
C).

Since C([0,1]) is a Banach space with the norm ||-||, and thus in particular a complete metric space,

Banach’s fixed point theorem is applicable, and we can conclude that T has a unique fixed point in
C([0,1]). Thus there exists a unique function u € C([0,1]) with T(u) = u.

Problem 6. (10 points)
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Let (U, ||-|lv) and (V, ||-|lv) be normed spaces and let T: U — V be a bounded linear mapping. Show
that T is continuous.

Solution.

Since T is bounded linear, there exists some C > 0 such that
ITully < Cllullu forallu e U.
Now assume that u € U and that {u, },eny C U is a convergent sequence with u = lim,_,o, u,. Then

by definition
lim ||u — uy||y = 0.
n—o0

Moreover, the boundedness and linearity of T lets us estimate
0 < ||Tu = Tup|ly = [IT(u — un)llv < Cllu = tply —n—e0 0.

This implies that
lim ||[Tu — Tu,|| =0 or Tu = lim Tu,.
n—oo

n—,oo

Since this holds for every u € U and every sequence converging to u, the mapping T is continuous.

Problem 7. (10 points)

Consider the mapping T: £> — ¢? given by

2x1 — X3 ifn=1,
(Tx)n = .
2Xp — Xp—1 — Xpq1 ifn > 2,

for x = (xy, xp,...) € £2.

a) Show that T: £* — ¢* is a bounded linear operator.

b) Find the adjoint T* of T.

Solution.
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a) The linearity of T is clear from the definition. For the boundedness of T we note that we can
write

Tx =2x — Lx — Rx

for all x € £2 (or T = 2Id —R — L), where R, L: £> — ¢? are the right and left shift operators on
¢2, respectively. Thus T is the (finite) sum of bounded linear operators and thus itself bounded
linear. Alternatively, we can explicitly estimate ||Lx|| < ||x|| and ||[Rx|| < ||x]|| for all x € £2,
and thus

ITx]| = [[2x — Lx — Rx|| < [[2x]| + |[ILx|| + [[Rx[| < 4[|

for all x € £2. Thus T is bounded with ||T|| < 4.
b) For the adjoint, we note that
T"=(2Id-R-L)*=2Id*"-R*-L*=2Id-L-R=T.

Thus T = T* and T is self-adjoint.

Problem 8. (10 points)

Assume that U is a Hilbert space over the real numbers R. Recall that the space L(U, U) of bounded
linear operators T: U — U is a Banach space with the norm

IT|lcwu) = sup [|Tully.

llullu<1

Denote now by
S = {T € L(U,U) : T is self-adjoint }

the set of self-adjoint bounded linear operators T: U — U.

Show that S is a closed subspace of (L(U,U), ||'||L(U,U)).

Solution.

We show first that § is a subspace of L(U, U). Assume to that end that S, T € 8. Then $* = S and
T* =T. Thus

(u,(S+T)0) = {((S+T)u,v) = (Su,v) + (Tu,v)
=(u, S*0) + (u, T*0) = (u, Sv) + (u, To) = (u, (S + T)ov).
Since this holds for all u, v € U, it follows that

(S+T)" =S+T,
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which shows that S + T is self-adjoint as well, thatis, S+ T € S.
Now assume that T € S and A € K. Then
(u, (AT)*0) = ((AT)u,v) = A{Tu,v) = XMu, T*0) = XMu, To) = {(u, ATo).

Here we have used in the last step that U is a real Hilbert space, and thus we do not need to take a
complex conjugate. Since this holds for all u, v € U, it follows that

(AT)* = AT,

and thus AT is self-adjoint. Together, these results show that mathcalS is a subspace of L(U, U).

We still have to show that S is closed. Assume therefore that {T, } ,eiv is a sequence of self-adjoint
bounded linear operators converging (in the operator norm) to some T € L(U, U). We have to show
that T is self-adjoint. Assume therefore that u, v € U are arbitrary. Then in particular

Tu = lim Tu and To = lim T,v.

n—oo n—oo

The continuity of the inner product thus implies that

(u, T*0) = (Tu,v) = (lim T,u,0) = lim (T,u,0) = lim (u, T,0) = (u, Tv).



