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Problem 1. (10 points)

For each of the following statements, decide whether it is true or false. If a statement is false, provide
a counterexample (you need not provide proofs of true statements).

a) Every Cauchy sequence in a complete metric space converges.

)
b) Every linear transformation T: U — V between normed spaces U and V is continuous.
c) Every linear transformation T: U — U of a complex vector space U has an eigenvalue.

)

d) Every finite dimensional inner product space has an orthonormal basis.

Solution.

a) True.
(A metric space is complete, if every Cauchy sequence in it converges.)

b) False.
As an example, we can take U = C([0,1]) with the norm || f||; :== f01| f(x)| dx and the mapping
T:U - R, Tf = f(0).

c) False.
An example here is the right shift operator on (e.g.) £<.

d) True.
(We can use Gram-Schmidt orthogonalisation to transform an arbitrary basis into an orthonor-
mal basis.)

Problem 2. (10 points)

Define the following notions:

a) Let U be a vector space over C. Define the notion of a norm on U.
b) Assume that (U, ||-||y) is a normed space. Define the notion of an open set in U.

c) Let U be a vector space and S = {uy, ..., u,} a subset of U. Define what it means for the set S
to be linearly independent.

d) Let U be a Hilbert space andlet T: U — U be a bounded linear operator. Define what it means
for T to be normal.
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Solution.
a) Anorm on U is a function ||-||: U — R with the following properties:

« For all u € U we have ||u|| > 0, and we have ||u|| = 0 if and only if u = 0.
« Forallu € U and all A € C we have that ||Au|| = |A]|||u]|.

« Forall u, v € U we have that ||u + o|| < ||u|| + ||o]|.

b) A setin S in a normed space U is open if there exists for each u € S some ¢ > 0 such that the
open ball B,(u) is contained in S. Here B, (u) = {v eU:||lu—-v] < e}.

c) The set S is linearly independent if for all A;,..., A, € K such that

0= i AU,
k=1

we have that
Ak=0forallk=1,...,n.

d) The bounded linear operator T: U — U is normal, if TT* = T*T, where T*: U — U is the
adjoint of T.

Problem 3. (10 points)
Define

20 8 -2 12
A_(IO 19 14) and b_(—9)‘

a) Find the singular value decomposition of the matrix A.

b) Find x € R? with Ax = b such that ||x||, is minimal.

If you were unable to compute the SVD of A in part a), you may instead solve part b) for the problem Bx =

1 —
b, where the matrix B € R?*> has the singular value decomposition B = ULV with U = s (;L 43),

6 -2
2 0 1
3= (O 1), andV = - 3 6 |. Do note that this is not the actual SVD of A!
2 -3

Solution.



Linear Methods, August 2024 Page 3 of 8

a) We compute

20 10
AT = (20 8 =275 (o) (468 324
S0 19 14| ] 324 657)°

The characteristic polynomial of this matrix is
p(A) = (A —468) (A — 657) — 324% = A1* — 11251 + 202500.

The corresponding eigenvalues are therefore

1125 = V11252 — 4 202500 _ 1125+ 675 _ {900,
2 B 2 ) 225.

The singular values of A are therefore o; = 30 and o, = 15.

We next find an orthogonal eigenbasis of AAT. We start by computing an eigenvector of AAT
for the eigenvalue A; = 900. We have that

432 -324 16 -12
P001d=A = (—324 243 ) =27 (—12 9 )

) ) ) 3 ) )
From this, we see that an eigenvector of A is the vector ( 4), which we can normalise to

1

3 . .
U = ( 4). We can complete this vector with u; = 1

5

1(3 4
u=3(s )

30 0
>= ( 0 15)
are the first two ingredients of the singular value decomposition A = USV' of A. We then
can compute

1 (1 0)1(3 4)(20 8 -2
T _s-1p7-14 _ 1777 4 _ ~ _
viExUrAse UA_go(o 2)5(4 —3)(10 19 14)

1 (3 4\({20 8 -2} 1 {100 100 50\ 1(2 2 1
150 \8 —-6J/\10 19 14/ 150 \100 -50 -100) 3\2 -1 -2/°

b) Here we recall that we can compute x as

4 . .
(_3) to an orthonormal eigenbasis of

AAT. Thus

and

x=A"b,
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where A" is the pseudoinverse of A, which in this case is A" = VX7'UT. We compute

2 2 22 —4
- 1 1 (3 4 1
AT =vsTuT =22 —1—(8 _6):— -2 14
3\ _o/150 450\ _13 16
Thus
22 —4 300 2
1 12\ 1 1
x:ATb: 450 -2 14 (_9) = —450 —150 | = g -1].
-13 16 ~300 -2

If you were unable to compute the SVD in part a) and have relied on the given (wrong) decompo-
sition, you should instead have ended up with the results

L3602 L[ 44
Al = = -24 57 and x=A'b= = —-801].
26 —18 474

Problem 4. (10 points)
Assume that w, v € C" with n > 2 are such that w, v # 0, and (w, v) = 0. Define the transformation
T:C"'— C",

Tu == (u,v)w.

Find the characteristic polynomial of T, the minimal polynomial of T, and the Jordan normal form
of T.

Solution.

We start by finding all eigenvalues of T. Assume to that end that u is an eigenvector of T for the
eigenvalue A € C. Then
Au=Tu = (u,v)w.

For this equation to be satisfied, we either need that A = 0, or u is a multiple of w, or both. Let us
therefore assume that u is a multiple of w, say u = yw. Then

Au=Tu=T(uw) = (pw,v)w = p(w,v)w = 0.

Thus we have in any case that A = 0, which shows that A is the only eigenvalue of T. In particular,
the characteristic polynomial of T is y(x) = x".

Next we compute the corresponding eigenspace of T. The vector u € C" \ {0} is an eigenvector of T
for the eigenvalue 0, if and only if
0=Tu=(u,o)w.
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Since w # 0, this is equivalent to (u,v) = 0 and thus u € {v}*. The eigenspace for the eigenvalue 0
is therefore E(0,T) = {o}™*. In particular, the dimension of the eigenspace E(0,T) is n — 1 (as v # 0).
Since 0 is the only eigenvalue of T, it follows that the generalised eigenspace G(0, T) is the whole
space C".

Now we find the Jordan normal form of T. Because 0 is the only eigenvalue of T and dim(E(0,T)) =
n—1, we have n — 1 Jordan blocks. Thus precisely one block needs to be of size (2 X 2), and all others
need to be of size (1 X 1). Thus the Jordan normal form of T is

0 1 O 0

0 0 O 0
J=

0 0 0 O

Finally, since the largest Jordan block is of size (2 X 2), we conclude that the minimal polynomial of
T is p(x) = x%.

Problem 5. (10 points)

Assume that U is a normed space over K, that T: U — U is a bounded linear transformation of U,
and that p(x) = ap + a;x + ... + ap,x” is a polynomial with coefficients in K. Show that the mapping
p(T): U — U is a bounded linear transformation of U.

Note: You need to show both boundedness and linearity!

Solution.

Assume that u,v € U and A, p € K. We first note that

T (\u + o) = TFY T (Au + Uo)) = TFY(ATu + uTo)

= TF2(T(ATu + uTo)) = TF2(AT%u + uT?0) = ... = AT u + /lTkU
for all k. Thus
p(T)(Au + po) = Z axT* (Au + o) = Z ar(ATFu + ,uTkv)
k=0 k=0

=1 Z ax TR u + p Z axT*0 = Ap(T)u + pp(T)o,
k=0 k=0



Linear Methods, August 2024 Page 6 of 8

which proves the linearity of p(T).

Since T is bounded linear, it follows that || T|| < co. Thus we obtain for every u € U the estimate

n n n n
lp(ull = | Y et | < el ull < 3 la Tl = (D laxITIF) lull
k=0 k=0 k=0 k=0

Sine >/ _,la| IT||F < oo, it follows that p(T) is bounded.

Problem 6. (10 points)

Assume that z = {zx }ren € € is a bounded, real-valued sequence. Show that there exists a unique
real-valued sequence x = {x¢ }reny € £ such that

o 1
Xp =z + Z 3 sin(x,) for all k € N.
=1

Solution.

Define the mapping F: ¢ — £,

(FO =2+ Y % sin(xy).

We will show that F is a contraction on £.

First we need to show that F actually maps £ to £*. For this, we estimate

sup

1
2+ Z 37 Sin(xp)| < suplze| + Z SFlsin0] < 1zl + 5 < .
keN 2

Next we show that F is a contraction. Assume therefore that x, y € £*. Then

(F() = () = ) 57 sinlx) = 3 e sin(y) = = (sinCx) = sin(yp))
=1 =1 =1

for all kK € N. Now note that

|sin(t) — sin(s)| =

t
/ cos(p) dp‘ <|t—s
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for all t, s € R. As a consequence,

1FG) = F(9) o = supl (FCx) = FO)il = | 57 (sinGxp) = sin(y0)|
=1

keN
21 1 1
< —|xp, — S( —)sux— = —|lx — 0.
2= vl = (2 55 suplee =yl = llx =1

Thus F: £ — ¢* is a contraction with contraction factor 1/2. Since ¢* is a Banach space (and
thus complete), we can apply Banach’s fixed point theorem and conclude that there exists a unique
x € % such that x = F(x).

Problem 7. (10 points)

Define the mapping T: ¢! — ¢,
n
(Tx), = Z X
k=1

Show that T is bounded linear and compute the operator norm of T.

Solution.

The linearity of T is clear from the definition. Moreover, we have for every x € ¢! that

n n (o]
ITxlle = supl(Tx)al = sup| > x| < sup > il = " el = s
neN neN" neN 15 k=1

This shows that T is bounded with ||T|| < 1. We claim that, actually, ||T|| = 1. To that end, let
x:=(1,0,0,...) € £1. Then ||x||; = 1. Moreover, Tx = (1,1,1,...), and therefore ||Tx|| = 1. Thus

1Tyl o Tl _

Tl = =1
llxlls

yer\{0} I ¥llx

which, together with the previous estimate ||T|| < 1, shows that ||T|| = 1.

Problem 8. (10 points)

Let U be a Hilbert space and T: U — U a bounded linear transformation of U. Assume moreover
that W c U is a T-invariant subspace of U.

a) Show that W+ is a T*-invariant subspace of U.
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b) Show that W is a T-invariant subspace of U.

Solution.

a) Assume that v € W+. We have to show that T*v € W+ as well, that is, that (w, T*v) = 0 for
all w € W. Let therefore w € W. Since W is a T-invariant subspace of U, it follows that also
Tw € W. Since v € W+, it follows that

(w,T*0) = (Tw,v) = 0.

Since this holds for every w € W, we can conclude that T*v € W+. This shows that W+ is a
T*-invariant subspace of U.

b) From the first part of this problem, we know that W+ is T*-invariant. Moreover, we can apply
the same result to T* and W+, which implies that (W+)* is (T*)*-invariant. Since (W*)* = W
and (T*)* = T, we can conclude that W is T-invariant.



