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Problem 1. (10 points)

For each of the following statements, decide whether it is true or false. If a statement is false, provide
a counterexample (you need not provide proofs of true statements).

a) Every Cauchy sequence in a complete metric space converges.

b) Every linear transformation 𝑇 : 𝑈 → 𝑉 between normed spaces𝑈 and 𝑉 is continuous.

c) Every linear transformation 𝑇 : 𝑈 → 𝑈 of a complex vector space𝑈 has an eigenvalue.

d) Every finite dimensional inner product space has an orthonormal basis.

Solution.

a) True.
(A metric space is complete, if every Cauchy sequence in it converges.)

b) False.
As an example, we can take𝑈 = 𝐶 ( [0, 1]) with the norm ∥ 𝑓 ∥1 :=

∫ 1
0 |𝑓 (𝑥) | 𝑑𝑥 and the mapping

𝑇 : 𝑈 → R, 𝑇 𝑓 = 𝑓 (0).

c) False.
An example here is the right shift operator on (e.g.) ℓ∞.

d) True.
(We can use Gram–Schmidt orthogonalisation to transform an arbitrary basis into an orthonor-
mal basis.)

Problem 2. (10 points)

Define the following notions:

a) Let𝑈 be a vector space over C. Define the notion of a norm on𝑈 .

b) Assume that (𝑈 , ∥·∥𝑈 ) is a normed space. Define the notion of an open set in𝑈 .

c) Let𝑈 be a vector space and 𝑆 = {𝑢1, . . . , 𝑢𝑛} a subset of𝑈 . Define what it means for the set 𝑆
to be linearly independent.

d) Let𝑈 be a Hilbert space and let𝑇 : 𝑈 → 𝑈 be a bounded linear operator. Define what it means
for 𝑇 to be normal.
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Solution.

a) A norm on𝑈 is a function ∥·∥ : 𝑈 → R with the following properties:

• For all 𝑢 ∈ 𝑈 we have ∥𝑢∥ ≥ 0, and we have ∥𝑢∥ = 0 if and only if 𝑢 = 0.
• For all 𝑢 ∈ 𝑈 and all 𝜆 ∈ C we have that ∥𝜆𝑢∥ = |𝜆 |∥𝑢∥.
• For all 𝑢, 𝑣 ∈ 𝑈 we have that ∥𝑢 + 𝑣 ∥ ≤ ∥𝑢∥ + ∥𝑣 ∥.

b) A set in 𝑆 in a normed space𝑈 is open if there exists for each 𝑢 ∈ 𝑆 some 𝜀 > 0 such that the
open ball 𝐵𝜀 (𝑢) is contained in 𝑆 . Here 𝐵𝜀 (𝑢) =

{
𝑣 ∈ 𝑈 : ∥𝑢 − 𝑣 ∥ < 𝜀

}
.

c) The set 𝑆 is linearly independent if for all 𝜆1, . . . , 𝜆𝑛 ∈ K such that

0 =

𝑛∑︁
𝑘=1

𝜆𝑘𝑢𝑘 ,

we have that
𝜆𝑘 = 0 for all 𝑘 = 1, . . . , 𝑛.

d) The bounded linear operator 𝑇 : 𝑈 → 𝑈 is normal, if 𝑇𝑇 ∗ = 𝑇 ∗𝑇 , where 𝑇 ∗ : 𝑈 → 𝑈 is the
adjoint of 𝑇 .

Problem 3. (10 points)

Define
𝐴 =

(
20 8 −2
10 19 14

)
and 𝑏 =

(
12
−9

)
.

a) Find the singular value decomposition of the matrix 𝐴.

b) Find 𝑥 ∈ R3 with 𝐴𝑥 = 𝑏 such that ∥𝑥 ∥2 is minimal.

If you were unable to compute the SVD of𝐴 in part a), you may instead solve part b) for the problem 𝐵𝑥 =

𝑏, where the matrix 𝐵 ∈ R2×3 has the singular value decomposition 𝐵 = 𝑈 Σ𝑉𝑇 with 𝑈 =
1
5

(
4 −3
3 4

)
,

Σ =

(
2 0
0 1

)
, and 𝑉 =

1
7
©­«
6 −2
3 6
2 −3

ª®¬. Do note that this is not the actual SVD of 𝐴!

Solution.
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a) We compute

𝐴𝐴𝑇 =

(
20 8 −2
10 19 14

) ©­«
20 10
8 19
−2 14

ª®¬ =
(
468 324
324 657

)
.

The characteristic polynomial of this matrix is

𝑝 (𝜆) = (𝜆 − 468) (𝜆 − 657) − 3242 = 𝜆2 − 1125𝜆 + 202500.

The corresponding eigenvalues are therefore

1125 ±
√
11252 − 4 ∗ 202500

2 =
1125 ± 675

2 =

{
900,
225.

The singular values of 𝐴 are therefore 𝜎1 = 30 and 𝜎2 = 15.
We next find an orthogonal eigenbasis of 𝐴𝐴𝑇 . We start by computing an eigenvector of 𝐴𝐴𝑇

for the eigenvalue 𝜆1 = 900. We have that

900 Id−𝐴 =

(
432 −324
−324 243

)
= 27

(
16 −12
−12 9

)
From this, we see that an eigenvector of 𝐴 is the vector

(
3
4

)
, which we can normalise to

𝑢1 =
1
5

(
3
4

)
. We can complete this vector with 𝑢2 = 1

5

(
4
−3

)
to an orthonormal eigenbasis of

𝐴𝐴𝑇 . Thus
𝑈 =

1
5

(
3 4
4 −3

)
and

Σ =

(
30 0
0 15

)
are the first two ingredients of the singular value decomposition 𝐴 = 𝑈 Σ𝑉𝑇 of 𝐴. We then
can compute

𝑉𝑇 = Σ−1𝑈 −1𝐴 = Σ−1𝑈𝑇𝐴 =
1
30

(
1 0
0 2

)
1
5

(
3 4
4 −3

) (
20 8 −2
10 19 14

)
=

1
150

(
3 4
8 −6

) (
20 8 −2
10 19 14

)
=

1
150

(
100 100 50
100 −50 −100

)
=

1
3

(
2 2 1
2 −1 −2

)
.

b) Here we recall that we can compute 𝑥 as

𝑥 = 𝐴†𝑏,
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where 𝐴† is the pseudoinverse of 𝐴, which in this case is 𝐴† = 𝑉 Σ−1𝑈𝑇 . We compute

𝐴† = 𝑉 Σ−1𝑈𝑇 =
1
3
©­«
2 2
2 −1
1 −2

ª®¬ 1
150

(
3 4
8 −6

)
=

1
450

©­«
22 −4
−2 14
−13 16

ª®¬ .
Thus

𝑥 = 𝐴†𝑏 =
1

450
©­«
22 −4
−2 14
−13 16

ª®¬
(
12
−9

)
=

1
450

©­«
300
−150
−300

ª®¬ = 1
3
©­«
2
−1
−2

ª®¬ .
If you were unable to compute the SVD in part a) and have relied on the given (wrong) decompo-
sition, you should instead have ended up with the results

𝐴† =
1
70

©­«
36 2
−24 57
26 −18

ª®¬ and 𝑥 = 𝐴†𝑏 =
1
70

©­«
414
−801
474

ª®¬ .
Problem 4. (10 points)

Assume that𝑤 , 𝑣 ∈ C𝑛 with 𝑛 ≥ 2 are such that𝑤 , 𝑣 ≠ 0, and ⟨𝑤, 𝑣⟩ = 0. Define the transformation
𝑇 : C𝑛 → C𝑛 ,

𝑇𝑢 := ⟨𝑢, 𝑣⟩𝑤.

Find the characteristic polynomial of 𝑇 , the minimal polynomial of 𝑇 , and the Jordan normal form
of 𝑇 .

Solution.

We start by finding all eigenvalues of 𝑇 . Assume to that end that 𝑢 is an eigenvector of 𝑇 for the
eigenvalue 𝜆 ∈ C. Then

𝜆𝑢 = 𝑇𝑢 = ⟨𝑢, 𝑣⟩𝑤.

For this equation to be satisfied, we either need that 𝜆 = 0, or 𝑢 is a multiple of𝑤 , or both. Let us
therefore assume that 𝑢 is a multiple of𝑤 , say 𝑢 = 𝜇𝑤 . Then

𝜆𝑢 = 𝑇𝑢 = 𝑇 (𝜇𝑤) = ⟨𝜇𝑤, 𝑣⟩𝑤 = 𝜇⟨𝑤, 𝑣⟩𝑤 = 0.

Thus we have in any case that 𝜆 = 0, which shows that 𝜆 is the only eigenvalue of 𝑇 . In particular,
the characteristic polynomial of 𝑇 is 𝜒 (𝑥) = 𝑥𝑛 .

Next we compute the corresponding eigenspace of𝑇 . The vector 𝑢 ∈ C𝑛 \ {0} is an eigenvector of𝑇
for the eigenvalue 0, if and only if

0 = 𝑇𝑢 = ⟨𝑢, 𝑣⟩𝑤.
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Since𝑤 ≠ 0, this is equivalent to ⟨𝑢, 𝑣⟩ = 0 and thus 𝑢 ∈ {𝑣}⊥. The eigenspace for the eigenvalue 0
is therefore 𝐸 (0,𝑇 ) = {𝑣}⊥. In particular, the dimension of the eigenspace 𝐸 (0,𝑇 ) is 𝑛 − 1 (as 𝑣 ≠ 0).
Since 0 is the only eigenvalue of 𝑇 , it follows that the generalised eigenspace 𝐺 (0,𝑇 ) is the whole
space C𝑛 .

Now we find the Jordan normal form of𝑇 . Because 0 is the only eigenvalue of𝑇 and dim(𝐸 (0,𝑇 )) =
𝑛 − 1, we have 𝑛 − 1 Jordan blocks. Thus precisely one block needs to be of size (2× 2), and all others
need to be of size (1 × 1). Thus the Jordan normal form of 𝑇 is

𝐽 =

©­­­­­­«

0 1 0 . . . . . . 0
0 0 0 . . . . . . 0
...

. . .
. . .

. . .
...

...
. . .

. . .
. . .

...

0 . . . . . . 0 0 0

ª®®®®®®¬
.

Finally, since the largest Jordan block is of size (2 × 2), we conclude that the minimal polynomial of
𝑇 is 𝑝 (𝑥) = 𝑥2.

Problem 5. (10 points)

Assume that𝑈 is a normed space over K, that 𝑇 : 𝑈 → 𝑈 is a bounded linear transformation of𝑈 ,
and that 𝑝 (𝑥) := 𝑎0 + 𝑎1𝑥 + . . . + 𝑎𝑛𝑥𝑛 is a polynomial with coefficients in K. Show that the mapping
𝑝 (𝑇 ) : 𝑈 → 𝑈 is a bounded linear transformation of𝑈 .

Note: You need to show both boundedness and linearity!

Solution.

Assume that 𝑢, 𝑣 ∈ 𝑈 and 𝜆, 𝜇 ∈ K. We first note that

𝑇 𝑘 (𝜆𝑢 + 𝜇𝑣) = 𝑇 𝑘−1(𝑇 (𝜆𝑢 + 𝜇𝑣)) = 𝑇 𝑘−1(𝜆𝑇𝑢 + 𝜇𝑇𝑣)
= 𝑇 𝑘−2(𝑇 (𝜆𝑇𝑢 + 𝜇𝑇𝑣)) = 𝑇 𝑘−2(𝜆𝑇 2𝑢 + 𝜇𝑇 2𝑣) = . . . = 𝜆𝑇 𝑘𝑢 + 𝜇𝑇 𝑘𝑣

for all 𝑘 . Thus

𝑝 (𝑇 ) (𝜆𝑢 + 𝜇𝑣) =
𝑛∑︁

𝑘=0
𝑎𝑘𝑇

𝑘 (𝜆𝑢 + 𝜇𝑣) =
𝑛∑︁

𝑘=0
𝑎𝑘 (𝜆𝑇 𝑘𝑢 + 𝜇𝑇 𝑘𝑣)

= 𝜆

𝑛∑︁
𝑘=0

𝑎𝑘𝑇
𝑘𝑢 + 𝜇

𝑛∑︁
𝑘=0

𝑎𝑘𝑇
𝑘𝑣 = 𝜆𝑝 (𝑇 )𝑢 + 𝜇𝑝 (𝑇 )𝑣,
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which proves the linearity of 𝑝 (𝑇 ).

Since 𝑇 is bounded linear, it follows that ∥𝑇 ∥ < ∞. Thus we obtain for every 𝑢 ∈ 𝑈 the estimate

∥𝑝 (𝑇 )𝑢∥ =



 𝑛∑︁
𝑘=0

𝑎𝑘𝑇
𝑘𝑢




 ≤ 𝑛∑︁
𝑘=0

|𝑎𝑘 |∥𝑇 𝑘𝑢∥ ≤
𝑛∑︁

𝑘=0
|𝑎𝑘 |∥𝑇 ∥𝑘 ∥𝑢∥ =

( 𝑛∑︁
𝑘=0

|𝑎𝑘 |∥𝑇 ∥𝑘
)
∥𝑢∥.

Sine
∑𝑛

𝑘=0 |𝑎𝑘 |∥𝑇 ∥𝑘 < ∞, it follows that 𝑝 (𝑇 ) is bounded.

Problem 6. (10 points)

Assume that 𝑧 = {𝑧𝑘}𝑘∈N ∈ ℓ∞ is a bounded, real-valued sequence. Show that there exists a unique
real-valued sequence 𝑥 = {𝑥𝑘}𝑘∈N ∈ ℓ∞ such that

𝑥𝑘 = 𝑧𝑘 +
∞∑︁
ℓ=1

1
3ℓ sin(𝑥ℓ) for all 𝑘 ∈ N.

Solution.

Define the mapping 𝐹 : ℓ∞ → ℓ∞,

(𝐹 (𝑥))𝑘 := 𝑧𝑘 +
∞∑︁
ℓ=1

1
3ℓ sin(𝑥ℓ).

We will show that 𝐹 is a contraction on ℓ∞.

First we need to show that 𝐹 actually maps ℓ∞ to ℓ∞. For this, we estimate

sup
𝑘∈N

���𝑧𝑘 + ∞∑︁
ℓ=1

1
3ℓ sin(𝑥ℓ)

��� ≤ sup
𝑘∈N

|𝑧𝑘 | +
∞∑︁
ℓ=1

1
3ℓ |sin(𝑥ℓ) | ≤ ∥𝑧∥∞ + 1

2 < ∞.

Next we show that 𝐹 is a contraction. Assume therefore that 𝑥 , 𝑦 ∈ ℓ∞. Then

(𝐹 (𝑥) − 𝐹 (𝑦))𝑘 =

∞∑︁
ℓ=1

1
3ℓ sin(𝑥ℓ) −

∞∑︁
ℓ=1

1
3ℓ sin(𝑦ℓ) =

∞∑︁
ℓ=1

1
3ℓ
(
sin(𝑥ℓ) − sin(𝑦ℓ)

)
for all 𝑘 ∈ N. Now note that

|sin(𝑡) − sin(𝑠) | =
���∫ 𝑡

𝑠

cos(𝑝) 𝑑𝑝
��� ≤ |𝑡 − 𝑠 |
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for all 𝑡 , 𝑠 ∈ R. As a consequence,

∥𝐹 (𝑥) − 𝐹 (𝑦)∥∞ = sup
𝑘∈N

| (𝐹 (𝑥) − 𝐹 (𝑦))𝑘 | =



 ∞∑︁
ℓ=1

1
3ℓ (sin(𝑥ℓ) − sin(𝑦ℓ))





≤

∞∑︁
ℓ=1

1
3ℓ |𝑥ℓ − 𝑦ℓ | ≤

( ∞∑︁
ℓ=1

1
3ℓ
)
sup
ℓ∈N

|𝑥ℓ − 𝑦ℓ | =
1
2 ∥𝑥 − 𝑦 ∥∞.

Thus 𝐹 : ℓ∞ → ℓ∞ is a contraction with contraction factor 1/2. Since ℓ∞ is a Banach space (and
thus complete), we can apply Banach’s fixed point theorem and conclude that there exists a unique
𝑥 ∈ ℓ∞ such that 𝑥 = 𝐹 (𝑥).

Problem 7. (10 points)

Define the mapping 𝑇 : ℓ1 → ℓ∞,

(𝑇𝑥)𝑛 :=
𝑛∑︁
𝑘=1

𝑥𝑘 .

Show that 𝑇 is bounded linear and compute the operator norm of 𝑇 .

Solution.

The linearity of 𝑇 is clear from the definition. Moreover, we have for every 𝑥 ∈ ℓ1 that

∥𝑇𝑥 ∥∞ = sup
𝑛∈N

| (𝑇𝑥)𝑛 | = sup
𝑛∈N

��� 𝑛∑︁
𝑘=1

𝑥𝑘

��� ≤ sup
𝑛∈N

𝑛∑︁
𝑘=1

|𝑥𝑘 | =
∞∑︁
𝑘=1

|𝑥𝑘 | = ∥𝑥 ∥1.

This shows that 𝑇 is bounded with ∥𝑇 ∥ ≤ 1. We claim that, actually, ∥𝑇 ∥ = 1. To that end, let
𝑥 := (1, 0, 0, . . .) ∈ ℓ1. Then ∥𝑥 ∥1 = 1. Moreover, 𝑇𝑥 = (1, 1, 1, . . .), and therefore ∥𝑇𝑥 ∥∞ = 1. Thus

∥𝑇 ∥ := sup
𝑦∈ℓ1\{0}

∥𝑇 𝑦 ∥∞
∥𝑦 ∥1

≥ ∥𝑇𝑥 ∥∞
∥𝑥 ∥1

= 1,

which, together with the previous estimate ∥𝑇 ∥ ≤ 1, shows that ∥𝑇 ∥ = 1.

Problem 8. (10 points)

Let 𝑈 be a Hilbert space and 𝑇 : 𝑈 → 𝑈 a bounded linear transformation of𝑈 . Assume moreover
that𝑊 ⊂ 𝑈 is a 𝑇 -invariant subspace of𝑈 .

a) Show that𝑊 ⊥ is a 𝑇 ∗-invariant subspace of𝑈 .
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b) Show that𝑊 is a 𝑇 -invariant subspace of𝑈 .

Solution.

a) Assume that 𝑣 ∈𝑊 ⊥. We have to show that 𝑇 ∗𝑣 ∈𝑊 ⊥ as well, that is, that ⟨𝑤,𝑇 ∗𝑣⟩ = 0 for
all𝑤 ∈𝑊 . Let therefore𝑤 ∈𝑊 . Since𝑊 is a 𝑇 -invariant subspace of𝑈 , it follows that also
𝑇𝑤 ∈𝑊 . Since 𝑣 ∈𝑊 ⊥, it follows that

⟨𝑤,𝑇 ∗𝑣⟩ = ⟨𝑇𝑤, 𝑣⟩ = 0.

Since this holds for every𝑤 ∈𝑊 , we can conclude that 𝑇 ∗𝑣 ∈𝑊 ⊥. This shows that𝑊 ⊥ is a
𝑇 ∗-invariant subspace of𝑈 .

b) From the first part of this problem, we know that𝑊 ⊥ is 𝑇 ∗-invariant. Moreover, we can apply
the same result to𝑇 ∗ and𝑊 ⊥, which implies that (𝑊 ⊥)⊥ is (𝑇 ∗)∗-invariant. Since (𝑊 ⊥)⊥ =𝑊

and (𝑇 ∗)∗ = 𝑇 , we can conclude that𝑊 is 𝑇 -invariant.


