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Problem 1. (10 points)

For each of the following statements, decide whether it is true or false. If a statement is false, provide
a counterexample (you need not provide proofs of true statements).

a) Every Cauchy sequence in a complete metric space converges.

b) Every linear transformation 𝑇 : 𝑈 → 𝑉 between normed spaces𝑈 and 𝑉 is continuous.

c) Every linear transformation 𝑇 : 𝑈 → 𝑈 of a complex vector space𝑈 has an eigenvalue.

d) Every finite dimensional inner product space has an orthonormal basis.

Problem 2. (10 points)

Define the following notions:

a) Let𝑈 be a vector space over C. Define the notion of a norm on𝑈 .

b) Assume that (𝑈 , ∥·∥𝑈 ) is a normed space. Define the notion of an open set in𝑈 .

c) Let𝑈 be a vector space and 𝑆 = {𝑢1, . . . , 𝑢𝑛} a subset of𝑈 . Define what it means for the set 𝑆
to be linearly independent.

d) Let𝑈 be a Hilbert space and let𝑇 : 𝑈 → 𝑈 be a bounded linear operator. Define what it means
for 𝑇 to be normal.
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Problem 3. (10 points)

Define
𝐴 =

(
20 8 −2
10 19 14

)
and 𝑏 =

(
12
−9

)
.

a) Find the singular value decomposition of the matrix 𝐴.

b) Find 𝑥 ∈ R3 with 𝐴𝑥 = 𝑏 such that ∥𝑥 ∥2 is minimal.

If you were unable to compute the SVD of𝐴 in part a), you may instead solve part b) for the problem 𝐵𝑥 =

𝑏, where the matrix 𝐵 ∈ R2×3 has the singular value decomposition 𝐵 = 𝑈 Σ𝑉𝑇 with 𝑈 =
1
5

(
4 −3
3 4

)
,

Σ =

(
2 0
0 1

)
, and 𝑉 =

1
7
©­«
6 −2
3 6
2 −3

ª®¬. Do note that this is not the actual SVD of 𝐴!

Problem 4. (10 points)

Assume that𝑤 , 𝑣 ∈ C𝑛 with 𝑛 ≥ 2 are such that𝑤 , 𝑣 ≠ 0, and ⟨𝑤, 𝑣⟩ = 0. Define the transformation
𝑇 : C𝑛 → C𝑛 ,

𝑇𝑢 := ⟨𝑢, 𝑣⟩𝑤.

Find the characteristic polynomial of 𝑇 , the minimal polynomial of 𝑇 , and the Jordan normal form
of 𝑇 .

Problem 5. (10 points)

Assume that𝑈 is a normed space over K, that 𝑇 : 𝑈 → 𝑈 is a bounded linear transformation of𝑈 ,
and that 𝑝 (𝑥) := 𝑎0 + 𝑎1𝑥 + . . . + 𝑎𝑛𝑥𝑛 is a polynomial with coefficients in K. Show that the mapping
𝑝 (𝑇 ) : 𝑈 → 𝑈 is a bounded linear transformation of𝑈 .

Note: You need to show both boundedness and linearity!
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Problem 6. (10 points)

Assume that 𝑧 = {𝑧𝑘}𝑘∈N ∈ ℓ∞ is a bounded, real-valued sequence. Show that there exists a unique
real-valued sequence 𝑥 = {𝑥𝑘}𝑘∈N ∈ ℓ∞ such that

𝑥𝑘 = 𝑧𝑘 +
∞∑︁
ℓ=1

1
3ℓ

sin(𝑥ℓ) for all 𝑘 ∈ N.

Problem 7. (10 points)

Define the mapping 𝑇 : ℓ1 → ℓ∞,

(𝑇𝑥)𝑛 :=
𝑛∑︁
𝑘=1

𝑥𝑘 .

Show that 𝑇 is bounded linear and compute the operator norm of 𝑇 .

Problem 8. (10 points)

Let 𝑈 be a Hilbert space and 𝑇 : 𝑈 → 𝑈 a bounded linear transformation of𝑈 . Assume moreover
that𝑊 ⊂ 𝑈 is a 𝑇 -invariant subspace of𝑈 .

a) Show that𝑊 ⊥ is a 𝑇 ∗-invariant subspace of𝑈 .

b) Show that𝑊 is a 𝑇 -invariant subspace of𝑈 .


