
EXAM IN TMA4145 LINEAR METHODS, 04TH DECEMBER 2023

GRADING DOCUMENT

General remarks concerning the grading of the exam:

• The exam together with a detailed solution proposal can be found on the
wiki page of the course.

• Each problem counts for 10 points; it is not possible to get negative points
for a problem.

• All answers have to be justified, and they should include enough details in
order to see how they have been obtained.

– If an answer comes with no or almost no explanation/justification, a
significant number of points are deducted, even if the result happens
to be correct.

• I usually do not deduct points for subsequent errors (“følgefeil”), unless
they significantly simplify the rest of the problem. In particular, this con-
cerns problem 3b), where I gave full marks if the correct formula for the
pseudoinverse was applied to a wrong SVD (provided that the dimension
of the matrices were correct).

• I exercise discretion when awarding points for all the problems.

Details for the different problems:

(1) 2 points for the each of the correct “True” statements (1a and 1c); 3
points for each of the correct “False” statements (1b and 1d). If a correct
“False” statement comes without explanation, I have deducted 2 points; if
it comes with an incorrect explanation, I have deducted 1–2 points.

(2) 10 points for the whole problem. For each of the definitions, I deducted up
to 3 points depending on (3 points if a definition was missing or completely
wrong; 1–2 points for mistakes/inaccuracies of different severity).

(3) 6 points for part a) (finding the SVD); 4 points for part b) (finding the
minimal norm solution of Ax = b. Both a full SVD and a reduced SVD
are valid answers; in case of a full SVD A = PΣQT , the matrix Q ∈ R4×4

should be orthogonal, else I have deducted 1 point. In part b), I have given
partial marks if the computation of x has not been performed (because
e.g. part a) was not completed), but I got a good (and correct) explanation
as to how one would do this.

(4) 10 points for the problem. I awarded only up to 5 points, if the dimension
of the space was simply assumed to be n = 4 without any comment (which
of course makes the rest of the problem almost trivial). If one tries to
argue with the diagonalisability of the mapping T , there needs to be some
argument as to why this actually holds (e.g. by stating that the Jordan
blocks need all to be of size 1). I have deducted up to 5 points, if I have
gotten a choice of several different possible minimal polynomials at the end.

(5) 10 points for the problem.
• Since the mapping T (as well as F ) is not necessarily linear, one needs
an estimate for ∥Tu−Tv∥∞ and not simply ∥Tu∥∞; if only the latter
was estimated (and thus T and F were assumed to be linear) I awarded
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only up to 6 points for this problem, provided that everything else was
correct.

• In order to be able to deduce that the fixed point is continuous, it is
necessary to show that T is a contraction with respect to ∥·∥∞; other
Lp-norms won’t work here. Of course, it is also necessary to mention
which norm one actually uses.

• There were quite a few errors during the estimation of the integrals. I
usually deducted 1–2 points here.

• For the Banach fixed point Theorem to be applicable, one needs an
estimate of the form ∥Tu − Tv∥∞ ≤ C∥u − v∥∞ with some constant
0 ≤ C < 1. If only the weaker estimate ∥Tu− Tv∥∞ < ∥u− v∥∞ was
obtained, I have deducted 2 points.

(6) 10 points for the problem. In the case of an ε–δ proof, the important point
is that one first chooses an arbitrary ε > 0 and then defines δ as δ := ε/C. If
the argumentation was opposite, that is, if δ was chosen and then a suitable
ε was defined (and the rest of the proof was fine), I deducted 4 points. Also,
during the proof it is necessary to make clear use of the linearity of T : The
boundedness of T only implies that ∥T (u− v)∥V ≤ C∥u− v∥U , but for the
continuity of T one needs at some point the estimate ∥T (u) − T (v)∥V ≤
C∥u− v∥U , for which linearity is required. I have deducted up to 3 points
if this step was omitted in the proof.

(7) 5 points for the boundedness; 5 points for the computation of the adjoint.
• It was not required to prove linearity; if linearity was (correctly) shown,
I awarded up to 2 points to compensate for errors in the other parts
of the problem.

• There were quite a few mistakes during the proof of the boundedness,
for which I have deducted in total 1–3 points depending on severity;
e.g. the surprisingly common estimate |2xn−xn−1−xn+1|2 ≤ 4|xn|2−
|xn−1|2 − |xn+1|2 deserved a deduction of 3 points; the equally com-
mon but much more understandable estimate |2xn − xn−1 − xn+1|2 ≤
4|xn|2 + |xn−1|2 + |xn+1|2 and similar errors only a deduction of 1
point.

• Since the problem does not state whether we are dealing with the
ℓ2-space over the real or the complex numbers, both assumptions are
deemed correct (the only difference are really the complex conjugates
one might need in part b).

(8) 5 points for showing that S is a subspace; 5 points for showing that S
is closed. I awarded 0 points for an attempt at showing that S is a closed
subspace of U instead of L(U,U).

Grading scale:

A: 70–80 points.
B: 59–69 points.
C: 48–58 points.
D: 37–47 points.
E: 28–36 points.
F: 0–27 points.


