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Problem 1 Determine whether the following statements are true or false. If

the statement is true, no further explanation is required. If the statement is false,

give a counterexample.

(i) If E µ R is closed and bounded, then E is compact.

(ii) Let X be a vector space, and d be a metric on X. The unit ball B1(0) =

{x œ X : d(x, 0) < 1} in the metric space (X, d) is convex.

(iii) Any two norms defined on the vector space ¸1
of summable sequences are

necessarily equivalent.

(iv) If T : X æ Y is a linear operator between normed spaces, and Y is finite-

dimensional, then T is bounded.

Problem 2 Show that

d(x, y) = ln(1 + |x ≠ y|)

defines a metric on R, and show that the metric space (R, d) is complete.

Note: You may use without proof that x ≠ x2/2 Æ ln(1 + x) Æ x when 0 < x < 1,
and that (R, | · |) is a complete metric space.

Problem 3 Consider the real vector space of continuous functions C[≠1, 1]

equipped with the metric induced by the supremum norm

d(f, g) = Îf ≠ gÎŒ = sup
≠1ÆtÆ1

|f(t) ≠ g(t)|.

Let T : C[≠1, 1] æ C[≠1, 1] be given by

(Tf)(t) =
1

2
f (≠t) + et ≠ 1 Æ t Æ 1.

Explain why T has a unique fixed point. Use iteration to find it, starting with

f0(t) = 0.
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Problem 4 Denote by Cb(R) the real vector space of bounded continuous

functions on R.

a) Show that the set of continuous functions that vanish at infinity

C0(R) =

;
f œ C(R) : lim

tæ±Œ
f(t) = 0

<
,

is a closed subspace of Cb(R) with respect to the supremum norm

Îf ≠ gÎŒ = sup
tœR

|f(t) ≠ g(t)|.

Explain why it follows that C0(R, Î · ÎŒ) is a Banach space.

b) Show that the functional µ : C0(R) æ R given by

µ(f) =

⁄ Œ

≠Œ
f(t)e≠|t| dt

is bounded, and determine the operator norm ÎµÎ.

Problem 5 Denote by ¸2
the space of square-summable sequences equipped

with the usual inner product

Èx, yÍ =

Œÿ

i=1
xiyi, x, y œ ¸2.

Consider the bounded linear operator T : ¸2 æ ¸2
given by

Tx = (2x1, 0, 2x3, 0, 2x5, 0, . . .).

Describe the range of T , as well as its orthogonal complement ran(T )
‹

. Determine

if T is an orthogonal projection onto a closed subspace of ¸2
.

Problem 6 Let U : X æ X be a bounded linear operator on a Hilbert space

(X, È·, ·Í) , and denote by ÎUÎ its operator norm.

a) Show that ÎUúÎ = ÎUÎ, where Uú
denotes the adjoint operator.

Note: You may use without proof that (Uú
)

ú
= U .

b) Suppose that ÎUÎ Æ 1. Show that if x œ X is a fixed point of U , then it is

also a fixed point of the adjoint Uú
.
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Problem 7 Let ¸2
be the Hilbert space of square summable sequences, and

denote by L : ¸2 æ ¸2
the left shift operator given by

L(x) = (x2, x3, x4, . . .), x = (xi)
Œ
i=1 œ ¸2.

Show that µ œ F is an eigenvalue of L if and only if |µ| < 1.

Problem 8 Let

A =

C
1 1

3 3

D

.

Find a singular value decomposition of A, and a polar decomposition of A.


